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Abstract: Extracting multiple minor components from the in-
put signal is quite useful for many practical applications. In this
paper, a globally convergent MCA algorithm that can extract
multiple minor components sequentially is proposed. Conver-
gence of this MCA algorithm is analyzed via the deterministic
discrete time (DDT) method. Sufficient conditions are obtained
to guarantee the convergence of this MCA algorithm. Simula-
tions are carried out to further illustrate the theoretical results
achieved.
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I. Introduction

The minor component is the direction in which the data has
the smallest covariance. The statistical method for extract-
ing minor components from the input data is called minor
component analysis (MCA). As an important tool for signal
processing and data analysis, MCA has been applied to total
least squares (TLS) [1] [2], moving target indication [3], clut-
ter cancellation [4], computer vision [5], curve and surface
fitting [6], digital beamforming [7], frequency estimation [8]
[9], and bearing estimation [10], etc.
Extracting multiple minor components from the input data
is quite useful to many practical applications. Some neural
learning algorithms have been proposed to obtain multiple
minor components sequentially. In [11], Luoet al. proposed
an interesting MCA learning algorithm. By extending this
algorithm, Luoet al. [12] gave a sequential MCA algorithm
that can obtain multiple minor components. However, Chen
et al. [13] pointed out that the sequential algorithm proposed
by Luo [12] does not extract more than one minor component
and presented a novel sequential MCA algorithm. Unfortu-
nately, Chen’s MCA algorithm may diverge to infinity since
Chen’s MCA algorithm is obtained by extending the MCA
algorithm proposed by Luo [11] and the latter suffers from

the divergence problem, as discussed in [14]. In [15], Feng
proposed an effective MCA algorithm, called OJAm algo-
rithm, that can extract the subspace that is spanned by minor
components. However, OJAm algorithm can not obtain in-
dividual minor components. In this paper, we will extend
OJAm algorithm to obtain a globally convergent MCA al-
gorithm that can extract multiple minor components sequen-
tially.
Convergence is crucial for MCA learning algorithm toward
practical applications. However, most of neural MCA learn-
ing algorithms are described by stochastic discrete time
(SDT) system and it is difficult to study the convergence of
the SDT system directly. To indirectly analyze the conver-
gence of MCA learning algorithms, a traditional method is
to transform an MCA algorithm into a corresponding deter-
ministic continuous time (DCT) system, the convergence of
the MCA algorithm then can be interpreted by studying the
convergence of the DCT system. The DCT method is based
on a fundamental theorem of stochastic approximation the-
ory [16]. To use this fundamental theorem of stochastic ap-
proximation, some crucial conditions must be satisfied. One
important condition is that the learning rate of MCA algo-
rithms must approach zero. However, this restrictive condi-
tion cannot be satisfied in many practical applications due
to the round-off limitation and tracking requirements. Thus,
from application points of view, the DCT method is not rea-
sonable for studying the convergence of MCA algorithms.
Recently, deterministic discrete time (DDT) method has
been used to study Oja’s stochastic PCA learning algorithm
[17, 18]. This DDT method transforms Oja’s stochastic PCA
learning algorithm into a deterministic discrete time system.
It does not require the learning rate to approach zero. DDT
systems preserve the discrete time nature of original SDT
systems and can shed some light on the convergence char-
acteristics of SDT systems. In this paper, we will analyze the
convergence of the proposed sequential MCA algorithm via
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DDT method.
This paper is organized as follows. We discuss some exist-
ing sequential MCA algorithms in Section 2. In Section 3,
a new sequential MCA algorithm is proposed by extending
OJAm MCA algorithm. The convergence analysis is given
in Section 4 and Section 5. Simulations are given in Section
6. Finally, the conclusion follows in Section 7.

II. Some Discussions on Existing Sequential
MCA Algorithms

Consider a single linear neuron with the following input out-
put relation:

y(k) = wT (k)x(k), (k = 0, 1, 2, . . .),

where y(k) is the neuron output, the input sequence
{x(k)|x(k) ∈ Rn(k = 0, 1, 2, . . .)} is a zero mean station-
ary stochastic process andw(k) ∈ Rn(k = 0, 1, 2, . . .) is
the weight vector of the neuron. The target of MCA is to ex-
tract the minor component from the input data by updating
the weight vectorw(k) adaptively. LetR = E[x(k)xT (k)]
be the autocorrelation matrix of input signalx(k). Since the
autocorrelation matrixR is a symmetric nonnegative def-
inite matrix, R has the ordered eigenvaluesλ1 > λ2 >
. . . > λn ≥ 0 and the corresponding unit eigenvectors
v1, v2, . . . , vn. Let

R =
n∑

i=1

λiviv
T
i (1)

be the eigenvalue decomposition ofR. In [11], Luo et al.
proposed an interesting MCA algorithm:

w(k + 1) = w(k)− η[Rw(k)wT (k)w(k)
−w(k)wT (k)Rw(k)], (2)

whereη > 0 is the learning rate, and proved the convergence
result of (2):

lim
k→∞

w(k) = ±‖w(0)‖vn, (3)

if wT (0)vn 6= 0. By extending the algorithm (2), Chenet al.
[13] proposed a sequential MCA algorithm to extract multi-
ple minor components. This algorithm is as follows [13]:
(1) Extract the first minor componentvn by

w1(k + 1) = w1(k)− η[R1w1(k)wT
1 (k)w1(k)

−w1(k)wT
1 (k)R1w1(k)], (4)

whereR1 = R = E[x(k)xT (k)] andη > 0 is the learning
rate.
(2) For a constantγ > λ1, set

R2(k) = R1 + γw1(k)wT
1 (k)R1. (5)

(3) Extract the second minor componentvn−1 by

w2(k + 1) = w2(k)− η[R2(k)w2(k)wT
2 (k)w2(k)

−w2(k)wT
2 (k)R2(k)w2(k)]. (6)

(4) Repeat the above procedure to extract further minor com-
ponents. Denote the number of the extracted minor compo-
nents byp(n ≥ p ≥ 1). This algorithm is summarized for
j = 1, 2, . . . , p as follows.

Rj(k) = R1 + γ

j−1∑

i=1

wi(k)wT
i (k)R1, (7)

and

wj(k + 1) = wj(k)− η[Rj(k)wj(k)wT
j (k)wj(k)

−wj(k)wT
j (k)Rj(k)wj(k)]. (8)

The idea of Chen’s algorithm is to by (5), makevn become
the largest principal component ofR2(k) andvn−1 become
the smallest minor component ofR2(k). Thus,w2(k) will
converge tovn−1, ask →∞, in (6). By repeating the above
procedure, the third and further minor components can be
extracted sequentially.
Unfortunately, Chen’s algorithm does not extract multiple
minor components under some condition. Next, we will
show the reason. Suppose that‖w1(0)‖ = 1. From (3), it
holds that in (4)

lim
k→∞

w1(k) = ±vn. (9)

From (1), (5) and (9), it follows that

lim
k→∞

R2(k) =
n−1∑

i=1

λiviv
T
i + λn(1 + γ)vnvT

n . (10)

Suppose that the eigenvalues ofR have the following rela-
tion:

λn > 0 and λ1 <
λn−1

λn
− 1,

andγ satisfies the following condition:

λ1 < γ <
λn−1

λn
− 1, (11)

i.e.
λn(1 + γ) < λn−1. (12)

From (10) and (12), clearly,vn is still the smallest minor
component of the matrixR2(k), ask → ∞. Therefore, (6)
can not extract the second minor componentvn−1 under the
condition (11).
Next, we will use a simulation result to illustrate the problem
of Chen’s algorithm. Let the autocorrelation matrixR be

R =




5 0 0
0 4 0
0 0 0.1


 .
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Let us extract the first and second minor component of the
matrix R by (4) and (6) withγ = 5.5 > λ1, η = 0.01 and
w1(0) = w2(0) = [0.1 0.1 0.1]T . The simulation result
shows that for largek,

w1(k) = [0 0 0.1732]T

and
w2(k) = [0 0 0.1732]T .

Clearly, bothw1(k) andw2(k) will converge to the direction
of the same minor component and the second minor compo-
nent is not extracted.

III. The Proposed Algorithm

In [15], Fenget al. proposed an effective MCA learning algo-
rithm that may extract the minor subspace spanned by minor
components. This MCA learning algorithm, called OJAm
algorithm, is as follows:

w(k+1) = w(k)−η

{
y(k)x(k)− y2(k)

[wT (k)w(k)]2
· w(k)

}
,

(13)
whereη > 0 is the learning rate. By extending the algorithm
(13), we can obtain a novel sequential MCA algorithm. This
algorithm is presented as:
(1) Extract the first minor componentvn by (13), as follows

w1(k + 1) = w1(k)− η

{
x(k)xT (k)w1(k)

− wT
1 (k)x(k)xT (k)w1(k)[

wT
1 (k)w1(k)

]2 · w1(k)
}

.(14)

(2) For a constantγ > λ1, set

C2(k) = γ
w1(k)wT

1 (k)
wT

1 (k)w1(k)
. (15)

(3) Extract the second minor componentvn−1 by

w2(k + 1)

= w2(k)− η

{
[
x(k)xT (k) + C2(k)

]
w2(k)

− wT
2 (k)

[
x(k)xT (k) + C2(k)

]
w2(k)

[
wT

2 (k)w2(k)
]2 · w2(k)

}
.(16)

(4) Repeat the above procedure to extract further minor com-
ponents. Denote the number of the extracted minor compo-
nents byp(n ≥ p ≥ 1). The sequential MCA algorithm is
summarized forj = 1, 2, . . . , p as follows.

wj(k + 1)

= wj(k)− η

{
[
x(k)xT (k) + Cj(k)

]
wj(k)

− wT
j (k)

[
x(k)xT (k) + Cj(k)

]
wj(k)

[
wT

j (k)wj(k)
]2 · wj(k)

}
,(17)

where

C1(k) = 0, Cj(k) = γ

j−1∑

i=1

wi(k)wT
i (k)

wT
i (k)wi(k)

(18)

for p ≥ j > 1.

IV. Convergence Analysis of OJAm MCA Algo-
rithm

Since the sequential MCA algorithm (14) - (18) is obtained
by extending OJAm MCA algorithm, the convergence analy-
sis of the original OJAm MCA algorithm is important. In
[15], one crucial condition to guarantee the convergence of
OJAm MCA algorithm is that the learning rateη is small
enough. However, in many practical applications due to the
round-off limitation and tracking requirements, the learning
rate is usually a constant. Let us consider a one-dimensional
example with constant input valuesx(k) = 1, the learning
rateη = 1 and the initial weight vectorw(0) = 0.5. From
(13), we can get the following system:

w(k + 1) = 1/w(k). (19)

Clearly,w(k) does not converge in (19). This example shows
that OJAm MCA algorithm may diverge if the learning rate
η is a constant. A problem to address is therefore to find
out the conditions under which OJAm MCA algorithm can
converge.
For convenience of analysis, next, some preliminaries are
given. By taking conditional expectation operatorE{w(k +
1)/w(0), x(i), i < k} to (13) and identifying the conditional
expected value as the next iterate, a DDT system can be ob-
tained as:

w(k + 1) = w(k)− η

[
Rw(k)− wT (k)Rw(k)

[wT (k)w(k)]2
· w(k)

]
,

(20)
whereR = E[x(k)xT (k)] is the autocorrelation matrix of
{x(k)|x(k) ∈ Rn(k = 0, 1, 2, . . .)}.
Since the autocorrelation matrixR is a symmetric nonnega-
tive definite matrix, there exists an orthonormal basis ofRn

composed of the unit eigenvectors{vi|i = 1, 2, . . . , n} of
R. Then, for eachk ≥ 0, the weight vectorw(k) can be
represented as :

w(k) =
n∑

i=1

zi(k)vi, (21)

wherezi(k)(i = 1, 2, . . . , n) are some constants, and then

Rw(k) =
n∑

i=1

λizi(k)vi. (22)

Clearly, it holds from (20) that

zi(k+1) =
[
1− ηλi +

wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)

]
zi(k),

(23)
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(i = 1, 2, . . . , n), for all k ≥ 0. SinceR is a symmetric
matrix, according to the relevant properties of the Rayleigh
Quotient, we have that

λ1 ≥ wT Rw

wT w
≥ λn, (24)

for all w 6= 0.
Next, we will prove some interesting lemmas and theorems
to obtain the conditions to guarantee the convergence of (20).
Lemma 1: It holds that

(1− ηλn) s +
ηλn

s
≥ 1,

for all s ∈ [1,+∞), if ηλn < 0.5.
Proof: Define a differentiable function

f(s) = (1− ηλn) s2 − s + ηλn,

for all s ≥ 1. It follows that

ḟ(s) = 2 (1− ηλn) s− 1

for all s ≥ 1. Sinceηλn < 0.5, clearly,2(1 − ηλn) > 1.
Then,2(1 − ηλn)s − 1 ≥ 0, i.e., ḟ(s) ≥ 0, for all s ≥ 1.
This means thatf(s) is monotone increasing on the interval
[1, +∞). Thus, for alls ≥ 1, it holds thatf(s) ≥ f(1) = 0,
i.e.,

(1− ηλn) s2 − s + ηλn ≥ 0.

Clearly,

(1− ηλn) s +
ηλn

s
≥ 1,

for all s ∈ [1,+∞). This completes the proof.
Lemma 2: If ηλ1 < 0.5 andwT (0)vn 6= 0, then there exists
a constantδ > 0 such that

‖w(k)‖ ≥ δ,

for all k ≥ 0, whereδ = min {‖w(0)‖, 1− ηλ1}.
Proof: It follows from (24) that

1− ηλi +
wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)
≥ 1− ηλ1, (25)

(i = 1, 2, . . . , n), for all k ≥ 0. By ηλ1 < 0.5, it holds from
(25) that

1−ηλi+
wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)
> 0, (i = 1, 2, . . . , n),

(26)
for all k ≥ 0. Next, two cases will be considered to complete
the proof.
Case 1: ‖w(k)‖ ≥ 1.
By ‖w(k)‖ ≥ 1, from (23), (25) and (26), it follows that

‖w(k + 1)‖2

=
n∑

i=1

z2
i (k + 1)

=
n∑

i=1

z2
i (k) ·

[
1− ηλi +

wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)

]2

≥ (1− ηλ1)
2 ·

n∑

i=1

z2
i (k)

≥ (1− ηλ1)
2
.

Thus, it holds that if‖w(k)‖ ≥ 1, then

‖w(k + 1)‖ ≥ 1− ηλ1. (27)

Case 2: ‖w(k)‖ < 1.
Denote

Θ(k) = w(k)− ηRw(k) + η
wT (k)Rw(k)
wT (k)w(k)

· w(k). (28)

From (21) and (22), it holds that

Θ(k) =
n∑

i=1

[
1− ηλi + η

wT (k)Rw(k)
wT (k)w(k)

]
· zi(k)vi,

and

‖Θ(k)‖2 =
n∑

i=1

z2
i (k) ·

[
1− ηλi + η

wT (k)Rw(k)
wT (k)w(k)

]2

.

(29)
From (28), we have that

wT (k) · [Θ(k)− w(k)] = 0,

i.e.,w(k) ⊥ [Θ(k)− w(k)]. Clearly,

‖Θ(k)‖ ≥ ‖w(k)‖. (30)

By ‖w(k)‖ < 1, from (23), (26), (29) and (30), it follows
that

‖w(k + 1)‖2

=
n∑

i=1

z2
i (k + 1)

=
n∑

i=1

z2
i (k) ·

[
1− ηλi +

wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)

]2

≥
n∑

i=1

z2
i (k) ·

[
1− ηλi + η

wT (k)Rw(k)
wT (k)w(k)

]2

= ‖Θ(k)‖2
≥ ‖w(k)‖2.

Thus, it holds that if‖w(k)‖ < 1, then

‖w(k + 1)‖ ≥ ‖w(k)‖. (31)

From (27) and (31), clearly,

‖w(k)‖ ≥ min {‖w(0)‖, 1− ηλ1} ,
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for all k ≥ 0. The proof is completed.
Lemma 3: If ηλ1 < 0.5 andwT (0)vn 6= 0, then there exists
a constantζ > 0 such that

‖w(k)‖ ≤ ζ,

for all k ≥ 0.
Proof: Sinceηλ1 < 0.5, clearly,

1−ηλi+
wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)
≥ 1−ηλ1 > 0, (32)

(i = 1, 2, . . . , n). Using Lemma 2, clearly, there exists a
constantδ > 0, such that

1
wT (k)w(k)

≤ 1
δ2

, (33)

for all k ≥ 0. In many practical applications, due to the noisy
signals, the smallest eigenvalueλn of the covariance matrix
R of the input data is usually larger than zero. Without loss
of generality, we assume thatλn > 0. Next, two cases will
be considered to complete the proof.
Case 1: ‖w(k)‖2 < λ1/λn.
By ‖w(k)‖2 < λ1/λn, from (23), (24), (32) and (33), it
follows that

‖w(k + 1)‖2

=
n∑

i=1

z2
i (k + 1)

=
n∑

i=1

z2
i (k) ·

[
1− ηλi +

wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)

]2

≤
n∑

i=1

z2
i (k) ·

[
1− ηλn + λ1 · η

wT (k)w(k)

]2

≤
n∑

i=1

z2
i (k) ·

(
1− ηλn +

ηλ1

δ2

)2

≤
(

1− ηλn +
ηλ1

δ2

)2

· ‖w(k)‖2

<

(
1− ηλn +

ηλ1

δ2

)2

· λ1

λn
.

Thus, it holds that if‖w(k)‖2 < λ1/λn, then

‖w(k + 1)‖ <

(
1− ηλn +

ηλ1

δ2

)
·
√

λ1

λn
, (34)

for all k ≥ 0.
Case 2: ‖w(k)‖2 ≥ λ1/λn.
Since‖w(k)‖2 ≥ λ1/λn, clearly,

1− ηλn +
ηλ1

wT (k)w(k)
≤ 1. (35)

It follows from (23), (24), (32) and (35) that

‖w(k + 1)‖2

=
n∑

i=1

z2
i (k + 1)

=
n∑

i=1

z2
i (k) ·

[
1− ηλi +

wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)

]2

≤
n∑

i=1

z2
i (k) ·

[
1− ηλn + λ1 · η

wT (k)w(k)

]2

≤
[
1− ηλn +

ηλ1

wT (k)w(k)

]2

· ‖w(k)‖2

≤ ‖w(k)‖2.

Thus, it holds that if‖w(k)‖2 ≥ λ1/λn, then

‖w(k + 1)‖ ≤ ‖w(k)‖. (36)

From (34) and (36), clearly, there exists a constant

ζ = max

{
‖w(0)‖,

(
1− ηλn +

ηλ1

δ2

)
·
√

λ1

λn

}
,

such that‖w(k)‖ ≤ ζ, for all k ≥ 0. The proof is completed.
Theorem 1: If ηλ1 < 0.5 andwT (0)vn 6= 0, then it holds
that

lim
k→∞

zi(k) = 0, (i = 1, 2, . . . , n− 1).

Proof: Sinceηλ1 < 0.5, clearly,

1−ηλi+
wT (k)Rw(k)
wT (k)w(k)

· η

wT (k)w(k)
≥ 1−ηλ1 > 0, (37)

(i = 1, 2, . . . , n). Using Lemma 2, there exists a constant
δ > 0, such that

wT (k)w(k) ≥ δ2, (38)

for all k ≥ 0. From (23), (24), (37) and (38), it follows that
∣∣∣∣
zi(k + 1)
zn(k + 1)

∣∣∣∣

=
1− ηλi + ηwT (k)Rw(k)/

[
wT (k)w(k)

]2

1− ηλn + ηwT (k)Rw(k)/ [wT (k)w(k)]2
·
∣∣∣∣
zi(k)
zn(k)

∣∣∣∣

≤
{

1− η(λi − λn)
1− ηλn + ηλ1/ [wT (k)w(k)]

}
·
∣∣∣∣
zi(k)
zn(k)

∣∣∣∣

≤
[
1− η(λn−1 − λn)

1− ηλn + ηλ1/δ2

]
·
∣∣∣∣
zi(k)
zn(k)

∣∣∣∣ ,

≤
[
1− η(λn−1 − λn)

1− ηλn + ηλ1/δ2

]k+1

·
∣∣∣∣
zi(0)
zn(0)

∣∣∣∣ ,

(i = 1, 2, . . . , n− 1), for all k ≥ 0. By ηλ1 < 0.5, clearly,

1 > 1− η(λn−1 − λn)
1− ηλn + ηλ1/δ2

> 0.
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Then,

lim
k→∞

∣∣∣∣
zi(k)
zn(k)

∣∣∣∣ = 0, (i = 1, 2, . . . , n− 1).

Using Lemma 3, clearly,‖w(k)‖ is bounded and then|zn(k)|
is also bounded. Thus,

lim
k→∞

|zi(k)| = 0, (i = 1, 2, . . . , n− 1).

This completes the proof.
Theorem 2: If ηλ1 < 0.5 andwT (0)vn 6= 0, then it holds
that

lim
k→∞

zn(k) = ±1.

Proof: Using Theorem 1, clearly,w(k) will converge to the
direction of the minor componentvn, ask →∞. Suppose at
timek0, w(k) has converged to the direction ofvn, i.e.,

w(k0) = zn(k0) · vn. (39)

From (20), it holds that

zn(k + 1) = zn(k) ·
[
1− ηλn +

ηλn

z2
n(k)

]
, (40)

for all k ≥ k0. Sinceηλ1 < 0.5, clearly,

1− ηλn +
ηλn

z2
n(k)

> 0. (41)

Then, it holds that from (40) and (41) that

|zn(k + 1)| = (1− ηλn) |zn(k)|+ ηλn

|zn(k)| . (42)

for all k ≥ k0. And then,

|zn(k + 1)|
|zn(k)| = 1 + ηλn

(
1

|zn(k)|2 − 1

)

=





> 1, if |zn(k)| < 1
= 1, if |zn(k)| = 1
< 1, if |zn(k)| > 1.

(43)

From (43), clearly,|zn(k)| = 1 is the stable equilibrium of
(42). Next, three cases will be considered to complete the
proof.
Case 1: |zn(k0)| ≥ 1.
Sinceηλ1 < 0.5, clearly,ηλn < ηλ1 < 0.5. Using Lemma
1, it holds from (42) that

|zn(k + 1)| = (1− ηλn) |zn(k)|+ ηλn

|zn(k)| ≥ 1,

for all k ≥ k0. Then, from (43),|zn(k)| is monotone de-
creasing for allk ≥ k0. Thus,|zn(k)| must converge to the
equilibrium1, ask →∞.
Case 2: |zn(k0)| < 1 and|zn(k)| < 1, for all k > k0.

By (43), |zn(k)| is monotone increasing for allk ≥ k0.
Clearly, |zn(k)| will converge to the equilibrium1, ask →
∞.
Case 3: |zn(k0)| < 1 and there exists a positive integer
N(N > k0), such that|zn(N)| ≥ 1.
Since |zn(N)| ≥ 1, in the same way as Case 1, it can be
proven that|zn(k)| must converge to the equilibrium1, as
k →∞.
From the above three cases, we have that

lim
k→∞

|zn(k)| = 1.

It follows from (40) and (41) thatzn(k) > 0 for all k > k0

if zn(k0) > 0, andzn(k) < 0 for all k > k0 if zn(k0) < 0.
Thus,zn(k) will converge if |zn(k)| converges. This com-
pletes the proof.
Using Theorem 1 and Theorem 2, we can obtain the follow-
ing convergence result of (20).
Theorem 3: If ηλ1 < 0.5 andwT (0)vn 6= 0, then it holds
that

lim
k→∞

w(k) = ±vn.

In the above theorem, it requires that the initial weight vec-
tor wT (0)vn 6= 0. In practical application, any small dis-
turbance can result inwT (0)vn 6= 0, i.e., the condition is
easy to meet. From this perspective, we can deduce that if
ηλ1 < 0.5, then almost all trajectories will converge to a
unit eigenvector associated with the smallest eigenvalue of
the autocorrelation matrixR.

V. Convergence Analysis of The Proposed Al-
gorithm

To establish the convergence results for the proposed sequen-
tial MCA algorithm, we will proceed the similar analysis to
that of the original OJAm MCA algorithm. By taking con-
ditional expectation operatorE{w(k + 1)/w(0), x(i), i <
k} to (17) and identifying the conditional expected value
as the next iterate, a DDT system can be obtained for all
j = 1, 2, . . . , p as:

wj(k + 1) = wj(k)− η

{
[R + Cj(k)] wj(k)

− wT
j (k) [R + Cj(k)] wj(k)

[
wT

j (k)wj(k)
]2 · wj(k)

}
, (44)

whereR = E[x(k)xT (k)] is the autocorrelation matrix of
{x(k)|x(k) ∈ Rn(k = 0, 1, 2, . . .)} and

C1(k) = 0 and Cj(k) = γ

j−1∑

i=1

wi(k)wT
i (k)

wT
i (k)wi(k)

, (p ≥ j > 1).

(45)
Although (44) has the same structure as the original OJAm
MCA algorithm (20), there exists a variant matrixR+Cj(k)
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in (44). Using Theorem 3, clearly, the estimation of the
largest eigenvalue of the matrixR+Cj(k) is crucial to guar-
antee the convergence of (44). Next, we will prove an inter-
esting theorem to give a practical method to estimate an up-
per bound of the largest eigenvalue of the matrixR + Cj(k).
Theorem 4: If η [λ1 + (p− 1)γ] < 0.5 and
wT

j (0)vn−j+1 6= 0(j = 1, 2, . . . , p), then it holds that

lim
k→∞

wj(k) = ±vn−j+1, (j = 1, 2, . . . , p),

whereγ > λ1 is a constant andp(n ≥ p ≥ 1) is the number
of the extracted minor components.
Proof: Clearly,R + Cj(k) is a symmetric nonnegative defi-
nite matrix for allk ≥ 0. Then, denote theith eigenvalue of
the matrixR + Cj(k) by λ

(j)
i that are ordered by

λ
(j)
1 > λ

(j)
2 > . . . > λ(j)

n ≥ 0.

SinceC1(k) = 0, clearly,λ(1)
1 = λ1, whereλ1 is the largest

eigenvalue of the autocorrelation matrixR. From (45), we
have that

R + Cj+1(k) = R + Cj(k) + γ
wj(k)wT

j (k)
wT

j (k)wj(k)
, (46)

(j = 1, 2, . . . , p−1). Using Interlacing Eigenvalue Theorem
[19], it holds from (46) that

λ
(j+1)
1 ≥ λ

(j)
1 ≥ λ

(j+1)
2 ≥ . . . ≥ λ(j+1)

n ≥ λ(j)
n , (47)

(j = 1, 2, . . . , p− 1), and

n∑

i=1

λ
(j+1)
i −

n∑

i=1

λ
(j)
i = γ, (j = 1, 2, . . . , p− 1). (48)

From (47) and (48), it holds that

λ
(j+1)
1 ≥ λ

(j)
1 and λ

(j+1)
1 ≤ λ

(j)
1 + γ. (49)

Then,

λ
(p)
1 ≥ λ

(p−1)
1 ≥ . . . ≥ λ

(2)
1 ≥ λ

(1)
1 = λ1, (50)

and

λ
(p)
1 ≤ λ

(p−1)
1 +γ ≤ . . . ≤ λ

(1)
1 +(p−1)γ = λ1 +(p−1)γ.

(51)
Sinceη [λ1 + (p− 1)γ] < 0.5, it follows from (50) and (51)
that,

η <
1

2 [λ1 + (p− 1)γ]
≤ 1

2λ
(p)
1

≤ . . . ≤ 1

2λ
(1)
1

=
1

2λ1
.

(52)
By Theorem 3, (52) guarantees that for allj = 1, 2, . . . , p,
wj(k) will converge to the unit eigenvector associated the
smallest eigenvalue of the matrixR+Cj(k) in (44). Clearly,
we have that whenj = 1,

lim
k→∞

w1(k) = ±vn. (53)

From (1), (45) and (53), then,

lim
k→∞

R + C2(k)

=
n∑

i=1

λiviv
T
i + γvnvT

n

=
n−1∑

i=1

λiviv
T
i + (γ + λn)vnvT

n . (54)

Clearly, ask → ∞, the matrixR + C2(k) has the ordered
eigenvalues:

γ + λn > λ1 > . . . > λn−2 > λn−1,

and the corresponding eigenvectors are
vn, v1, . . . , vn−2, vn−1. Thus, vn becomes the eigen-
vector associated with the largest eigenvalue andvn−1

becomes the eigenvector associated with the smallest eigen-
value of the matrixR + C2(k), ask → ∞. Using Theorem
3, it holds from (52) that

lim
k→∞

w2(k) = ±vn−1.

In the same way, we can prove thatwj(k) will converge to
the corresponding minor componentvn−j+1, for all j(p ≥
j ≥ 1). The proof is completed.

VI. Simulation results

The simulations presented in this section will illustrate the
effectiveness of the proposed sequential MCA algorithm. We
randomly generate a4× 4 correlation matrix as:

R =




0.6400 0.1581 0.1936 −0.0769
0.1581 0.7164 0.0610 0.0322
0.1936 0.0610 0.4732 0.3507
−0.0769 0.0322 0.3507 0.6484


 .

The initial weight vector is taken as:

w(0) = [0.2643 0.3684 0.1601 0.8161]T .

In the first simulation, we will extract the first minor com-
ponent of the autocorrelation matrixR. Let the learning rate
η = 0.25 < 0.5/λ1. Fig1 shows the convergence of the
componentzi(k) of w(k) in (20), wherezi(k) = wT (k)vi

is the coordinate ofw(k) on the direction of the eigenvector
vi(i = 1, 2, 3, 4). In the simulation result,zi(k)(i = 1, 2, 3)
converges to zero andz4(k) converges to−1, ask → ∞,
which is consistent with the convergence results obtained in
Theorem 3.
In the second simulation, we will extract all minor compo-
nents of the autocorrelationR, sequentially. Letγ = 1 > λ1

and η = 0.12 < 0.5/ [λ1 + (p− 1)γ]. In order to fur-
ther measure the convergence and accuracy of the sequen-
tial MCA algorithm, we compute the norm ofwi(k) and the
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Figure. 1: Convergence of component ofw(k).

direction cosine ofwi(k) by [20]:

Direction Cosine ofwi(k) =

∣∣wT
i (k) · vn−i+1

∣∣
‖wi(k)‖ · ‖vn−i+1‖ ,

(i = 1, 2, 3, 4). Fig2 shows that all Direction Cosine
of wi(k)(i = 1, 2, 3, 4) converge to1. This means that
wi(k)(i = 1, 2, 3, 4) converges to the direction of the cor-
responding minor componentvn−i+1(i = 1, 2, 3, 4), respec-
tively. Fig3 shows that the norm ofwi(k)(i = 1, 2, 3, 4) con-
verge to1. Clearly, the simulation result illustrated by Fig 2
and Fig 3 is consistent with the convergence results obtained
in Theorem 4.
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Figure. 2: Convergence of direction cosine ofwi(k).

Besides the above simulation results, further simulations
with high dimensions persist to show that the proposed se-
quential MCA algorithm has a satisfactory convergent result.

0 20 40 60 80 100 120 140 160 180 200
0.96

0.97

0.98

0.99

1

1.01

1.02

1.03

1.04

Number of iterations

N
o

rm
 o

f 
w

(k
)

Norm of w1(k)
Norm of w2(k)
Norm of w3(k)
Norm of w4(k)

Figure. 3: Convergence of‖wi(k)‖.

VII. Conclusions

By extending OJAm MCA algorithm, we propose a globally
convergent MCA algorithm that can extract multiple minor
components from the input data sequentially. The conver-
gence of the proposed learning algorithm is studied via DDT
method. Some sufficient conditions for convergence of the
learning algorithm with constant learning rate are obtained.
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