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Abstract- Differential Evolution (DE) is well known as a simpe and efficient scheme for global
optimization over continuous spaces. It has reportly outperformed a few Evolutionary
Algorithms (EAs) and other search heuristics like lhe Particle Swarm Optimization (PSO) when
tested over both benchmark and real-world problemsDE, however, is not completely free from
the problems of slow and/or premature convergencé&his article describes a family of improved
variants of the DE/target-to-best/1/bin scheme, whh utilize the concept of the neighborhood of
each population member. The idea of small neighbodods, defined over the index-graph of
parameter vectors, draws inspiration from the commuity of the PSO algorithms. The proposed
schemes balance the exploration and exploitation dites of DE without imposing serious
additional burdens in terms of function evaluations They are shown to be statistically
significantly better than or at least comparable toseveral existing DE variants as well as a few
other significant evolutionary computing techniquesover a test-suite of 24 benchmark functions.
The paper also investigates the applications of theew DE-variants to two real-life problems
concerning parameter estimation for frequency moduwdted sound waves and spread spectrum
radar poly-phase code design.

Keywords: Differential evolution, Evolutionary algorithms, Numerical optimization, Particle
swarm optimization, Meta-heuristics.

1 Introduction

Differential Evolution (DE), proposed by Storn aRdce [1-3], is a simple yet powerful algorithm for
real parameter optimization. Recently, the DE atgor has become quite popular in the machine
intelligence and cybernetics communities. It hasceasfully been applied to diverse domains of
science and engineering, such as mechanical emgigaetesign [4, 5], signal processing [6], chemical
engineering [7, 8], machine intelligence, and pattecognition [9, 10]. It has been shown to perfor
better than the Genetic Algorithm (GA) [11] or tRarticle Swarm Optimization (PSO) [12] over
several numerical benchmarks [13]. Many of the miesent developments in DE algorithm design
and applications can be found in [14]. Like otheolationary algorithms, two fundamental processes
drive the evolution of a DE population: thariation process, which enables exploring different
regions of the search space and $ledectionprocess, which ensures the exploitation of previou
knowledge about the fithess landscape.

Practical experience, however, shows that DE mapasionally stop proceeding toward the global
optimum even though the population has not convktgea local optimum or any other point [15].
Occasionally, even new individuals may enter thpytation, but the algorithm does not progress by
finding any better solutions. This situation is aléyireferred to astagnation DE also suffers from the



problem of premature convergence, where the pdpuolabnverges to some local optima of a multi-
modal objective function, losing its diversity. dlprobability of stagnation depends on how many
different potential trial solutions are availabledaalso on their capability to enter into the papioh

of the subsequent generations [15]. Like otherwgiamary computing algorithms, the performance of
DE deteriorates with the growth of the dimensidgadif the search space as well. There exists a good
volume of works (a review of which can be found S$®ction 3), attempting to improve the
convergence speed and robustness (ability to peodirilar results over repeated runs) of DE by
tuning the parameters like population i@, the scale factdf, and the crossover ra@r.

In the present work, we propose a family of vasawitthe DE/target-to-best/1 scheme [3, page 140],
which was also referred to as “Scheme DEZ2” in tin&t technical paper on DE [1]. In some DE
literature this algorithm is referred to as DE/emtrto-best/1 [16, 17]. To combine the exploratoal
exploitation capabilities of DE, we propose a nearid mutation scheme that utilizes an explorative
and an exploitive mutation operator, with an ohjectof balancing their effects. The explorative
mutation operator (referred to as tloeal mutation model) has a greater possibility of laogtthe
minima of the objective function, but generally deenore iterations (generations). On the other hand
the exploitative mutation operator (called by ue gfobal mutation model) rapidly converges to a
minimum of the objective function. In this caserthexists the danger of premature convergence to a
suboptimal solution. In the hybrid model we lingacbmbine the two mutation operators using a new
parameter, called the weight factor. Four differecttemes have been proposed and investigated for
adjusting the weight factor, with a view to alleuig user intervention and hand tuning as much as
possible.

Here we would like to mention that although a pnéfiary version of this work appeared as a
conference paper in [18], the present version e ltonsiderably enhanced and it differs in many
aspects from [18]. It critically examines the effeof the global and local neighborhoods on the
performance of DE and explores a few different wafysuning of the weight factor (see Section 4)

used for unification of the neighborhood models.alifdition, it compares the performance of the
proposed approaches with several state-of-thefarv@iants as well as other evolutionary algorithms
over a test-bed of 24 well-known numerical benctk®mand one real-world optimization problem in

contrast to [18], which uses only six benchmarks grovides limited comparison results.

The remainder of this paper is organized as folldwsSection 2, we provide a brief outline of the& D
family of algorithms. Section 3 provides a shantvey of previous research on improving the
performance of DE. Section 4 introduces the propdaenily of variants of the DE/target-to-best/1
algorithm. Experimental settings for the benchmaka simulation strategies are explained in Sectio
5. Results are presented and discussed in Séktiinally, conclusions are drawn in Section 7.

2 The DE Algorithm

Like any other evolutionary algorithm, DE startstwa population oNP D-dimensional parameter
vectors representing the candidate solutions. Wall stienote subsequent generations in DE

byG = 01...,G,,,- Since the parameter vectors are likely to be gbdrover different generations,

we may adopt the following notation for represegtthei-th vector of the population at the current
generation as:

Xic =[Xic Xai6 Xgi6 e Xpigl- (1)
For each parameter of the problem, there may bertaic range within which the value of the
parameter should lie for better search results.ifiitial population (a6 = 0) should cover the entire

search space as much as possible by uniformly maizditey individuals within the search space
constrained by the prescribed minimum and maximum

bOUﬂdSX min = { XLmin ) X 1XD’min} andxmax = { X X

L max }. Hence we may
initialize thej-th component of theth vector as

2min?tt 2,max""7XD,max



Xjio =X +rand; ; (01) (Xj max _Xj,min)v ) (2

whererand, ; (O1) is a uniformly distributed random number lying beem 0 and 1 and is instantiated

j,min

independently for each component of i vector. The following steps are taken next: rioitg
crossover, and selection (in that order), whichex@ained in the following subsections.

a) Mutation:

After initialization, DE creates donor vector Vi’G corresponding to each population member or

target vector XiyG in the current generation through mutation and dones using arithmetic

recombination too. It is the method of creatinig tthonor vector that differentiates one DE scheme
from another. Five most frequently referred strie@gmplemented in the public-domain DE codes for
producing the donor vectors (available online d@p:Htvww.icsi.berkeley.edu/~storn/code.html) are

listed below:

"DEfand/1V, g = X s +F (X ;5= X, ). 3)

"DE/DeSL’Y, g = Xpegia +F (X1 g =Xy g )- 4)
"DE/target-to-best/1":V; g = X; 6 +F (Xpesi = Xia)*F (X i 6= X1 0)- (5)
"DE/Dest2”: Vi g = Xpesia + F (X s 6 = Xy )+ F (X g =X 6): 6)
"DEfrand/2"V; g = X, o +F (X o =X )+ F Xy o= X1 0). )

The indices’.’li \ r2i \ r3i ,rj, and r5i are mutually exclusive integers randomly chosemfthe range [1,

NP], and all are different from the base index hese indices are randomly generated once fdr eac
donor vector. The scaling factdf is a positive control parameter for scaling thefedénce

vectors.X .. is the best individual vector with the best fitagse. lowest objective function value

for a minimization problem) in the population atngeationG. Note that some of the strategies for
creating the donor vector may be mutated recomtsnaor example, equation (5) listed above

basically mutates a two-vector recombinakt.; + F (X - X; ). The general convention used

for naming the various mutation strategies is DE/xfutagre DE stands for Differential Evolution, x
represents a string denoting the vector to be perturbedhg rmumber of difference vectors considered
for perturbation of x, and z stands for the type of cromsdeing used (exp: exponential; bin:
binomial). The following section discusses the crossoegrist DE.

b) Crossover:

To increase the potential diversity of the population, a cvessoperation comes into play after
generating the donor vector through mutation. The DE fawofilalgorithms can use two kinds of
crossover schemesexponentialandbinomial [1-3]. The donor vector exchanges its components with

the target vector X;; under this operaton to form the trial  vector

Ui =[Uy g Uy 6:Usjs---Mp;c]. In exponential crossover, we first choose an integer
randomly among the numbdisD] . This integer acts as a starting point in the target vefrmm

where the crossover or exchange of components with the geotmr starts. We also choose another
integerL from the interva[l, D]. L denotes the number of components; the donor vector actually

contributes to the target. After a choicenadndL the trial vector is obtained as:



Uic =) Viie for] :<n>D’<n+]>D""<n+ L_:DD
Xjic for all otherj _ [1,D], (8)
where the angular bracke(s>D denote a modulo function with modulls The integet is drawn

from [1, D] according to the following pseudo-code.
L=0;
DO

{
L=L+1;

}WHILE (( (rand (0) < Cr) AND (L < D));

‘Cr' is called thecrossover rateand appears as a control parameter of DE jusHikéence in effect,
probability L ) = (Cr) *forany > 0. For each donor vector, a new set ahdL must be chosen
randomly as shown above.

On the other hand, binomial crossover is performed on eattte &f variables whenever a randomly
picked number between 0 and 1 is less than or equal t€rthalue. In this case the number of
parameters inherited from the donor has a (nearly) binonsalkidition. The scheme may be outlined
as:

Uic = Viic if (rand; ; QD £Cror | = j.q)
Xjic» Otherwise, 9)
whererand, ; (OD)_ [01]is a uniformly distributed random number, which is calleeva for each-

th component of théth parameter vectorj 4 . [12,....,D]is a randomly chosen index, which

ensures thal, ; gets at least one component fry; .

X * U ic

Vi,G n M m U2_i,G

Ul_i,G
U4_i,G '

> X

|

Fig. 1. Change of the trial vectors generated througlethssover operation described in equation (9) due t
rotation of the coordinate system.



The crossover operation described in equation (9) is basgallgcrete recombination [3]. Figure 1
illustrates a two-dimensional example of recombining gheameters of two vectorX; ; andV,
according to this crossover operator, where the poteriahhectors are generated at the corners of a
rectangle. Note thaV/; ; can itself be the trial vector (i.&J; ;=V, ;) whenCr = 1 As can be seen

from Figure 1, discrete recombination is a rotationally vari@peration. Rotation transforms the
coordinates of both vectors and thus changes the shape oédfamgle as shown in Figure 1.

Consequently, the potential location of the trial vector mdnara the possible seld; ; ;.U, ;)

to (U; ;¢.U, ) To overcome this limitation, a new trial vector generasisategy ‘DE/current-
to-rand/1’ is proposed in [19], which replaces the crogsoperator prescribed in equation (9) with
the rotationally invariant arithmetic crossover operatogéoerate the trial vectdr:Ji’G by linearly

combining the target vecto)(i’G and the corresponding donor ved{% as follows:
Uic = Xjc +K (Vig - Xig)

Now incorporating equation (3) in equation (10) we have:

Uic =Xig tK (X, c tF (X, 6 - X, c) - Xig)
which further simplifies to:

Uic =Xjc t K (X, 6 - Xig) + F/ (X, 6 = X,6) (10)
whereK is the combination coefficient, which has been shown {a%je effective when it is chosen
with a uniform random distribution from [0, 1] ard’ = K Fis a new constant here.

c) Selection:

To keep the population size constant over subsequent gengrdtiemext step of the algorithm calls
for selectionto determine whether the target or the trial vector survivabemext generation i.e.
atG = G +1. The selection operation is described as:

Xigun =Uig, it fUc)Ef(Xig)
= Xic> if f(Ui,G) > f(xi,G)’ (11)

where f (X)is the function to be minimized. So if the new trial vegiietds an equal or lower value

of the objective function, it replaces the correspondingetargctor in the next generation; otherwise
the target is retained in the population. Hence the populatibarejets better (with respect to the
minimization of the objective function) or remains the sam fitness status, but never deteriorates.
The complete pseudo-code of the DE is given below:

Pseudo-code for the DE algorithm family

Step 1. Set the generation numbefs = Oand randomly initialize a population ofNP

individualsPy ={ X g,...... X\pg} With X, ¢ =[X;; ¢, Xp; 61 Xgi gs--Xpjc] and each

individual uniformly distributed in the rangX . s X o] »

Wherexmin = { X1,min ’ X2,min ""’XD,min} andxmax = { Xl,max’ X
i =[12,....NP].

,xD]max} with

2,max?*""

Step 2.WHILE the stopping criterion is not satisfied
DO



FOR =1to NP //do for eatiividual sequentially

Step 2.1Mutation Step
Generate a donor veckry ={Vy; 5 ,....... Vpi o} corresponding to thei-th target

vector Xi’G via one of the different mutation schemes of DE (equat@nto (7))
Step 2.Zrossover Step
Generate a trial vectdd; s ={Uy g,....... Up; g} for the i-th target vector

Xi’G through binomial crossover (equation (9)) or exponentiastreer (equation (8))
or through the arithmetic crossover (equation (10)).

Step 2.3election Step
Evaluate the trial vecldr, .

Ff(U) € (X)) THENX 5, =U g, F(X;) = f(U, )

IFf (Ui,G) < f(xbestG) , THEN X5 =Ui 6. f(xbestG) = f(Ui,G)

END IF
END IF

ELSEX, g = X6, f(Xigu) = F(Xig)
END FOR
Step 2.4ncrease the Generation Cout= G +1
END WHILE

3 A Review of Previous Work on Improving the DE Algorithm

Over the past few years researchers have been investigating ofvaysproving the ultimate
performance of the DE algorithm by tuning its controlgpaeters. Storn and Price in [1] have
indicated that a reasonable value Kt® could be between®>and 1@ (D being the dimensionality of
the problem), and a good initial choiceFottould be 0.5. The effective value Bfusually ranges in
[0.4, 1].

Gamperleet al. [20] evaluated different parameter settings for DE on the 8plRasenbrock’s and
Rastrigin’s functions. Their experimental results revealatittie global optimum searching capability
and the convergence speed are very sensitive to the choice ofl garameterdNP, F, and Cr.
Furthermore, a plausible choice of the population BiReis between B and @, with the scaling
factorF = 0.6 and the crossover rafe in [0.3, 0.9]. Recently, the authors in [16] claim thati¢glly
0.4 <F < 0.95 withF = 0.9 is a good first choic€r typically lies in (0, 0.2) when the function is
separable, while in (0.9, 1) when the function’s parameterdependent.

As can be seen from the literature, several claims and count@iscleere reported concerning the
rules for choosing the control parameters, confusing enginedms try to solve real-world
optimization problems with DE. Further, many of these clailmsk sufficient experimental
justification. Therefore researchers consider techniques susdifaglaptation to avoid manual tuning
of the parameters of DE. Usually self-adaptation is apptietdirie the control parameteffsand Cr.
Liu and Lampinen introduced Fuzzy Adaptive Differential ltion (FADE) [21] using fuzzy logic
controllers, whose inputs incorporate the relative functionesland individuals of successive
generations to adapt the parameters for the mutation and \erpseperation. Based on the
experimental results over a set of benchmark functions, tHeEFAlgorithm outperformed the
conventional DE algorithm. In this context, Q&b al proposed a Self-adaptive DE (SaDE) [22]
algorithm, in which both the trial vector generation styés and their associated parameters are
gradually self-adapted by learning from their previous expeggnf generating promising solutions.



Zaharie proposed a parameter adaptation strategy for DE (A&¥edion the idea of controlling the
population diversity, and implemented a multi-populatimproach [23]. Following the same line of
thinking, Zaharie and Petcu designed an adaptive Pareto DElagdor multi-objective optimization
and also analyzed its parallel implementation [24]. AbbaSkde@lf-adapted the crossover r&tefor
multi-objective optimization problems, by encoding the galof Cr into each individual and
simultaneously evolving it with other search variablese $haling factolF was generated for each
variable from a Gaussian distributidh(0, 1).

Omranet al [26] introduced a self-adaptive scaling factor parantet@ihey generated the value ©f

for each individual from a normal distributidh (0.5, 0.15). This approach (called SDE) was tested on
four benchmark functions and performed better than othsiover of DE. Besides adapting the control
parameterd- or Cr, some researchers also adapted the population size. Teo proposeith[Belf
Adapting Populations (DESAP) [27], based on Abbass’sagkdptive Pareto DE [25]. Recently, Brest
et al [28] encoded control parametdrsandCr into the individual and evolved their values by using

two new probabilitiesf; andZ,. In their algorithm (called SADE), a set Bfvalues was assigned to

each individual in the population. With probabillty, F is reinitialized to a new random value in the
range of [0.1, 1.0], otherwise it is kept unchanged. TharaoparameterCr, assigned to each
individual, is adapted in an identical fashion, but with a different i&lization range of [0, 1] and
with the probabilityf, . With probabilityZ, , Cr takes a random value in [0, 1], otherwise it retains its
earlier value in the next generation.

Das et al. [29] introduced two schemes for adapting the scale fdetor DE. In the first scheme
(called DERSF: DE with Random Scale Factor) they vaFethndomly between 0.5 and 1.0 in
successive iterations. They suggested decredsiligearly from 1.0 to 0.5 in their second scheme
(called DETVSF: DE with Time varying Scale Factor). This emages the individuals to sample
diverse zones of the search space during the early stages aaticl. During the later stages, a
decaying scale factor helps to adjust the movements of dlisticns finely so that they can explore
the interior of a relatively small space in which the suspegitazhl optimum lies.

DE/rand/1/either-or is a state-of-the-art DE variant desdriby Priceet al [3, page 118]. In this
algorithm, the trial vectors that are pure mutants occur aifimobabilityp. and those that are pure

recombinants occur with a probabillty P . The scheme for trial vector generation may be outlined
as:

Ui = Xrl‘,G +F (xrz‘,e - Xig) irand; (01) < p:

r3,
= )(rlin +K (szi,G + Xrg,e - Z'Xrli,e) , otherwise (12)

Where, according to Pricet al, K =05 (F +1) serves as a good choice of the paramitéor a
givenF.

Rahnamayaret al. have proposed an Opposition-based DE (ODE) [30] thapasially suited for
noisy optimization problems. The conventional DE algorith@s enhanced by utilizing the opposition
number-based optimization concept in three levels, namely, gapulinitialization, generation
jumping, and local improvement of the population’s besiminer.

Yanget al.[31] proposed a hybridization of DE with the Neighborth@earch (NS), which appears as
a main strategy underpinning Evolutionary Programming (BB]. The resulting algorithm, known
as NSDE, performs mutation by adding a normally distedurandom value to each target-vector
component in the following way:



Vig =X, . +| ds.N(0509),if rand (0) < 05

r,G
ds.ad, otherwise, (13)

whered, ; = Xri G X is the usual difference vectd(0.5, 0.5) denotes a Gaussian random
, 2

.G
number with mean 0.5 and standard deviation 0.5,chdénotes a Cauchy random variable with scale

parametert = 1. Recently Yanget al.[33] used a Self-adaptive NSDE in the cooperative coevolution
framework that is capable of optimizing large scale non-selgapabblems (up to 1000 dimensions).
They proposed a random grouping scheme and adaptive weigbti problem decomposition and
coevolution. Somewhat similar in spirit to the presenepapthe study by Yangt al. [34] on self-
adaptive differential evolution with neighborhood search (JaR). SaNSDE incorporates self-
adaptation ideas from the Qgt als SaDE [22] and proposes three self-adaptive strategies: self-
adaptive choice of the mutation strategy between two alternasiedésdaptation of the scale factgr

and self-adaptation of the crossover @teWe would like to point out here that in contrast to Yahg
al.’s works on NSDE and SaNSDE, we keep the scale factor moieima and use a ring-shaped
neighborhood topology (inspired by PSO [37]), definadhe index graph of the parameter vectors, in
order to derive a local neighborhood-based mutation modeb iAltead ofF and Cr, the weight
factor that unifies two kinds of mutation models, have beade self-adaptive in one of the variants of
DE/target-to-best/1 scheme, proposed by us. Section 4 lueEsthniese issues in sufficient details.

Noman and Iba [35, 36] proposed thitest Individual Refinemen(FIR); a crossover-based local
search method for DE. The FIR scheme accelerates DE by enhatiscs®gich capability through
exploration of the neighborhood of the best solutioruotessive generations.

As will be evident from Section 4, the proposed methof@ifsignificantly from the works described
in the last couple of paragraphs. It draws inspiratiomfthe neighborhood topologies used in PSO
[37]. Similar to DE, PSO has also emerged as a powedlupsrameter optimization technique during
the late 1990s. It emulates the swarm behavior of insagisials herding, birds flocking, and fish
schooling, where these swarms search for food in a collab®nai@nner. A number of significantly
improved variants of basic PSO have been proposed in neasinto solve both benchmark and real-
world optimization problems, for example, see [38, Bclier attempts to hybridize DE with different
operators of the PSO algorithm may be traced to the wéikisamget al.[40] and Da%t al. [41].

4 DE with a Neighborhood-based Mutation Operator
4.1 The DE/target-to-best/1 --- A few Drawbacks

Most of the population-based search algorithms try to baléetween two contradictory aspects of
their performanceexploration and exploitation The first one means the ability of the algorithm to
‘explore’ or search every region of the feasible search space thigilsecond denotes the ability to
converge to the near-optimal solutions as quickly as gesSibe DE variant known as DE/target-to-
best/1 (equation (5)) uses the best vector of the popultdigenerate donor vectors. By ‘best’ we
mean the vector that corresponds to the best fithess (e.dawtest objective function value for a
minimization problem) in the entire population at a paléicigeneration. The scheme promotes
exploitation since all the vectors/genomes are attracted towardarte best position (pointed to by
the ‘best’ vector) on the fithess landscape through itergtihwereby converging faster to that point.
But as a result of such exploitative tendency, in many cdbespopulation may lose its global
exploration abilities within a relatively small number of gations, thereafter getting trapped to some
locally optimal point in the search space.

In addition, DE employs a greedy selection strategy (therettween the target and the trial vectors
is selected) and uses a fixed scale fa&toftypically in [0.4, 1]). Thus if the difference vector

X, ¢ = X, &, used for perturbation is small (this is usually the aglsen the vectors come very
1 21

close to each other and the population converges to a smallnjpthai vectors may not be able to



explore any better region of the search space, thereby finddiffi¢ult to escape large plateaus or

suboptimal peaks/valleys. Mezura-Montetsal., while comparing the different variants of DE for

global optimization in [16], have noted that DE/target-toieshows a poor performance and remains
inefficient in exploring the search space, especially fortirmubdal functions. The same conclusions
were reached by Priet al. [3, page 156].

4.2 Motivations for the Neighborhood-based Mutation

A proper trade—off between exploration and exploitationdsessary for the efficient and effective
operation of a population-based stochastic search techniqu®tikd?SO etc. The DE/target-to-
best/1, in its present form, favors exploitation onigcs all the vectors are attracted by the same best
position found so far by the entire population, therebyeaying faster towards the same point.

In this context we propose two kinds of neighborhoodief®for DE. The first one is called thozal
neighborhood modglwhere each vector is mutated using the best position faurddrsn a small
neighborhood of it andot in the entire population. On the other hand, the secondrefegred to as

the global mutation modelkakes into account the globally best vecfégestG of the entire population

at current generatio® for mutating a population member. Note that DE/targetetst/h employs only
the global mutation strategy.

A vector’s neighborhood is the set of other parameter vetttatst is connected to; it considers their
experience when updating its position. The graph of intenedions is called the neighborhood
structure. Generally, neighborhood connections are independehe gfositions pointed to by the
vectors. In théocal model, whenever a parameter vector points to a good regibe ekarch space, it
only directly influences its immediate neighbors. Its seadegree neighbors will only be influenced
after those directly connected to them become highly succelsfukelves. Thus, there is a delay in
the information spread through the population regardiveg iest position of each neighborhood.
Therefore, the attraction to specific points is weaker, whigvamts the population from getting
trapped in local minima. We would like to mention here thattars belonging to docal
neighborhoodare not necessarily local in the sense of their geographicalessaon similar fitness
values. As will be seen in the next section, the overlappéighhorhoods have been created in DE
according to the order of the indices of the population mesnbdltowing the neighborhood models in
PSO.

Finally we combine the local and the global model usingegght facto that appears as a new
parameter in the algorithm. The weight factor may be tunedainy different ways. In what follows
we describe these issues in sufficient details. Note thatetigaborhoods of different vectors were
chosen randomly and not according to their fitness vabuegeographical locations on the fithess
landscape, following the PSO philosophy [37]. This presetkie diversity of the vectors belonging to
the same neighborhood.

4. 3 The Local and Global Neighborhood-based mutains in DE

Suppose we have a DE populationP, =[X 4, X,q,....Xyps] Wwhere each

Xi'G (i = 1,2,...,NP) is a D-dimensional parameter vector. The vector indices are sorthd on
randomly (as obtained during initialization) in order tegarve the diversity of each neighborhood.
Now for every vectorXi’G we define a neighborhood of radiigwherek is a non-zero integer from 0

to(NP-1)/2, as the neighborhood size must be smaller than the papukitie, i.e2k +1£ NP),

consisting of vectorX,_, 5,...,X; g,...,X;, - We assume the vectors to be organized on a ring

topology with respect to their indices, such thatters X,,,and X,;are the two immediate
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neighbors of vectoXlG. The concept of local neighborhood is schematidilistrated in Figure 2.

Note that the neighborhood topology is static aasl leen defined on the set of indices of the vector
Although various neighborhood topologies (like staheel, pyramid, 4-clusters, and circular) have
been proposed in the literature for the PSO algmst [42], after some initial experimentation over
numerical benchmarks, we find that in the case Bf(here the population size is usually larger than
in the case of PSO) the circular or ring topologgviles best performance compared to other salient
neighborhood structures.

For each member of the population a local donotoreis created by employing the best (fittest)
vector in the neighborhood of that member and amg btther vectors chosen from the same
neighborhood. The model may be expressed as:

Lic=Xigta (Xn_pestc ~ Xig) t 0 (Xp - Xge), (14)
where the subscripth_best indicates the best vector in the neighborhood Xfi’G and
p,q. [i - Kk,i +Kk]with p,, q,, 1. Similarly the global donor vector is created as:
Jic = Xig*ta (Xg pesic = Xig) 0 (X 6 - X, 6) 51
where the subscripg_bestindicates the best vector in the entire populatdrgenerationG and
r,r, . [LNPJwith 1 ,, 1, ,, 1. &andb are the scaling factors.

Note that in equations (14) and (15), the firsttymration term on the right hand side (the one
multiplied bya ) is an arithmetical recombination operation, whiile second term (the one multiplied
by £) is the differential mutation. Thus in both thelghl and local mutation models, we basically

generate mutated recombinants, not pure mutants.

Fig. 2. The ring topology of neighborhood in DE. The dapkeres indicate a neighborhood of radius 2 of-the
population member where= 9.

Now we combine the local and global donor vects®ma a scalar weighwv_ (01) to form the
actual donor vector of the proposed algorithm:
Vig =Wg s +@-wW).L,. (16)

I
Clearly, ifw = 1and in additio@® = 6 = F , the donor vector generation scheme in (16) resltme
that of DE/target-to-best/1. Hence the latter maycbnsidered as a special case of this more general

strategy involving both global and local neighbarimf each vector synergistically. From now on, we
shall refer to this version as DEGL (DE with Glokeid Local neighborhoods). The rest of the
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algorithm is exactly similar to DE/rand/1/bin. DEGises a binomial crossover scheme and follows the
pseudo-code given in Section 3.

Note that in each generation, the vectors bel@ntgira DE population are perturbed sequentiallg. If
target vector Xi’G is replaced with the corresponding trial ve&:ﬂqb, the neighborhood-best

X bes.c @and the globally best vectoK, .. may also be updated bl ;, provided the latter

yields a lower value of the objective function.Section 4.5, we discuss the additional computationa
complexity of updating the neighborhood-best vextor DEGL after the replacement of each target
vector in a generation.

4. 4 Control Parameters in DEGL

DEGL introduces four new paramete@; b, W, and the neighborhood radiksAmong thema and
b are playing the same role as the congfaint (5). Thus, in order to reduce the number obpsters

further, we tak& = 6 = F . The most crucial parameter in DEGL is perhapsvikght factorw,

which controls the balance between the exploratind exploitation capabilities. Small valuesvef
(close to 0) in (16) favor the local neighborhoadnponent, thereby resulting in better exploration.
the other hand, large values (close to 1) favorglobal variant component, promoting exploitation.
Therefore, values ofv around the middle point, 0.5, of the range [Oyedult in the most balanced
DEGL versions. However, such balanced versionsatdake full advantage of any special structure
of the problem at hand (e.g., uni-modality, contiertc.). In such cases, weight factors that aaeda
towards 0 or 1 may exhibit better performance. Mwueg, on-line adaptation of during the execution
of the algorithm can enhance its performance. Qgitiralues of the weight factor will always depend
on the problem at hand. We considered three diffesehemes for the selection and adaptatiom tf
gain intuition regarding DEGL's performance anddescribe them in the following paragraphs.

1) Increasing Weight Factor All vectors have the same weight factor whiclmisialized to 0 and is
increased up to 1 during the execution of the @lgaor. Thus, exploration is favored in the firstgeta
of the algorithm’s execution (sincey = 0 corresponds to the local neighborhood modelj a
exploitation is promoted at the final stages, wherassumes higher values. L& denote the

generation numberW; the weight factor at generatid®, and Gy. the maximum number of
generations. We considered two different increaschedules in our study:

A) Linear Increment: wis linearly increased from 0 to 1:

w, = G | (17)
Gmax
B) Exponential Increment The weight factor increases from 0 to 1 in anagmgntial fashion as
follows:
= exp -2 (18)
W = exp G—.In(Z) -1

max
This scheme results in slow transition frerploration to exploitation in the early stagesttud
algorithm’s execution, but exhibits faster tramsitin the later stages.

2) Random Weight Factor In this scheme the weight factor of each vecsomade to vary as a
uniformly distributed random number in (0, 1) i. & 5 ~ rand (0) . Such a choice may decrease

the convergence speed (by introducing more diwgrsit
3) Self Adaptive Weight Factor:In this scheme, each vector has its own weighbfadthe factor is
incorporated in the vector as an additional vagablugmenting the dimension of the problem. Thus, a

generation now consists of vectods, ={ X, 5,S g} where S ; ={W, s} and W,  is the weight
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factor for vector)(i’G . During the initialization phase of DBV, . is randomly initialized in (0.0, 1.0).
Next, while evolving a vectd, ., at first local and global mutant vectols ; and g; ; are formed
for Xi'G following equations (14) and (15). The sub-vecfdundergoes global mutation only and

weight factors perturbingS come from the same population memberéG andarZ’G, which were
also used to forrg, ;. The mutation ofW, ; leads to the formation of a new trial weight factor

Wi/'G according to the following equation:

Wig = Wig + (W pego = Wie) + F.(W g - W, ). (19)
where, W, . is the weight factor associated with the best pater vectong_,DestG . The value
of the newly formeol\/\/i/’G is restricted to the range [0.05, 0.95] in thedwiing way:

i, > 095, w/; = 095;
else W/ ; < 005, w/; = 005, (20)

W/

| ¢ is then used to combirlg ; and g; ; according to equation (16) and this leads to ¢neétion

of the new donor parameter vecM(G . The donor vector thus formed exchanges its comypisrwith

X, . following the binomial crossover and results in iieduction of the trial vectdd, . Note that
the weight factor does not undergo crossover. Nbg/newly formed weight factor is promoted to the
next generation only il‘JiyG yields an equal or lower objective function vaasecompared tb(iYG ,

i. e,

86 ={ X6 =U6,Seu =Wl .if fUo)E F(Xs)
& ={Xigu = X, S ={W )} , otherwise. (21)

The process is repeated sequentially for each vécta generation. Note that the weight factors
associated with the neighborhood-best and gloldadlst vectors are not updated every time a trial
vector replaces the corresponding target. The wéaghor for a parameter vector is changed onlyonc
according to equations (19) and (20) in each geioeraAccording to the self-adaptation scheme, the

dynamics of DEGL are allowed to determine the ogtitw, ; for each vector, individually, capturing
any special structure of the problem at hand.

Finally we would like to point out that a propefestion of the neighborhood size affects the traffe—
between exploration and exploitation. However, éhare no general rules regarding the selection of
neighborhood size, and it is usually based on ¥pemrence of the user. The effect of neighborhood
size on the performance of DEGL has been furtherstigated in Section 6.5.

4.5 Runtime Complexity of DEGL — a Discussion

Runtime-complexity analysis of the population-bastxthastic search techniques like DE, GA etc. is
a critical issue by its own right. Following therks of Zielinskiet al. [43] we note that the average
runtime of a standard DE algorithm usually depemdsts stopping criterion. While computing the
run-time complexity, we usually take into accouhe tftundamental floating-point arithmetic and
logical operations performed by an algorithm [4¥]e may neglect very simple operations like
copy/assignment etc. as these are merely datddranperations between the ALU and/or CPU
registers and hardly require any complex digitedwtry like adder, comparator etc. [44, 45]. Now,
each generation of DE, a loop oW is conducted, containing a loop oV@r Since the mutation and
crossover operations are performed at the compolesel for each DE vector, the number of
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fundamental operations in DE/rand/1/bin is promordi to the total number of loops conducted until
the termination of the algorithm. Thus, if the aitfum is stopped after a fixed number of generation

Gmax then the runtime complexity @(NP D G,,,,) .

For DE/target-to-best/1, runtime complexity of fimgl the globally best vector depends only on
comparing the objective function value againstgimgle best vector’'s objective function value. Note
that the best objective function evaluation valuastrbe upgraded for each newly generated trial
vector, if it replaces the target vector. Now thaans in the worst possible case (when the target
vector is always replaced by the trial vector)s tisidoneNP G, times. Thus, the overall runtime

remaingd(Max(NP Gy, NP D Gpp)) =O(NP D Gpay) .

In DEGL, besides the globally best vector, we h&wvdake into account the best vector of each
neighborhood as well. Each individual vector is@med with a small memory, which can keep track
of the best vector in its neighborhood and the exponding objective function value. At the very
onset, once all the vectors are initialized, a deas performed to detect the neighborhood-best for
each individual. Note that this search is perforrety once a6 = 0. In subsequent generations,
these locally best vectors only need to be updatébde memory of the neighboring vectors. This is
just like the updating phase of the globally bestter in DE/target-to-best/1 according to stepd.3
the DE pseudo-code provided earlier. Now let ugdrgstimate the cost of the initial search. Nbotd t
the neighborhoods in DEGL are actually overlappingnature (on the index-graph) and this is
illustrated in Figure 3. Any two adjacent vectorwitfi respect to their indices) will have
2k +1+1- 2= 2k number of common neighbors.

Neighborhood

Region of
Overlap

Neighborhood of
X i+1,G

Fig. 3. The overlapping of neighborhoods in DEGL.
SupposeN, (Xi,G) indicates the set of vectors belonging to the imatecheighborhood of radids

for the vectorX; 5. Then evidently the cardinality of both the sét (X, 5) = N (X,,5)and
Ne (X s) = N (Xi,16)is exactly 1 (whereN stands for complement of the $f). We observe
that Xi_rg . N (Xig) " Nf(Xisg) andXiseaic « Ng(Xig) ™ Ne(Xii16) . Now we start by
detecting the best vector of the neighborhood of aopulation member, S@gi,e and call

it Xn_besp,G . This is equivalent to finding the lowest entrgrfr an array o2k + 1 numbers (objective



14

function values) and require2k number of comparisons. Next, to calculate the bestor in the

neighborhood oK, 5, if Xn best,c » Xi-k,c then we simply need to compare the objective fanct

values of Xj,gand X, best,c N Order to determinel | best,;,G- THiS requires only one

comparison. But if unfortunatel,, et ¢ = Xi_i g, We shall have to find the neighborhood best of

xi+l,G by taking its 2k neighbors into account and this requil®§k) runtime. Hence in the worst

possible case (when the current neighborhood’s \mxgbr is always excluded from the serially next
vector’s neighborhood) searching the best vectdrsalb the neighborhoods is completed in
O(NP k) time.

Once the search for all neighborhood-bests isHeds in subsequent generations, the best vectbein
neighborhood oin’G is updated only if a newly generated trial vedth(G replaces the target vector

X and in addition to thaf (U; ;) < f (X, peqc)- It is possible thatX, .. g differs from

Xn best,,c -6 two vectors, adjacent on the index graph, rhaye distinct neighborhood-best

vectors. This happens when the best vector in éighborhood ofxi+lG is Xi+k+Lg. Under this
condition, it is possible tha); ;is better thaan_besF’G but not better thaX, o, - Hence in
order to update the best vectors in the memories albf the neighbors of Xi,G (when
f(U;c) < F(X, pesc) is satisfied) we have to compare the objective foncvalues ofJ; ; and

the neighborhood-bests in the memoriesZd¢ neighbors oin’G. Thus in the worst possible case,

updating of all the local best vectors in the meae®rof the neighbors of each vector requires
O(NP k) comparisons in each generation. Evidently, o8eg,, generations, the number of additional

comparisons necessaryQ§NP k G,..,) - This implies that the worst case complexity of @Eis
actuallyO(max(NP k G ... NP D G4)) . Now, the asymptotic order of complexity for DEGL

remainsO(NP D G, _,)if k£ D. Please note that this condition is usually setisivhen DEGL

is applied to the optimization of higher dimensiofuactions. For example, the usual population size
for DE isNP=10D . If the neighborhood size is approximately 10%hef population size (which, as
can be seen later, provides reasonably good resuMth DEGL), we have

2k+1= (01 NP=D :DT_lwithD >1. Clearly, in this case we haké& D. Simple

algebraic calculations show that this conditiofdldrue if the neighborhood size is below 20%heaf t
population size NP andD >1. Hence, we can say that under such conditions,

O(maxlP k G,,0 NP D G,,,,))=O(NP D G5, and thus DEGL does not impose any serious
burden on the runtime complexity of the existing diants.

In order to validate the arguments made above, noeige in Table 1 the results of code-function
profiling for our implementations of classical DBE/rand/1/bin) and DEGL (with random weight
factor) using the profiler available with MS Visuak+ 6.0. Both the algorithms were coded inGhe
language and run on the simple 50-dimensional splueiction (f;in the list of benchmarks provided

in Table 4). The least complex sphere function efassen so that most of the CPU time may be spent
on the DE operators and not on function evaluatibtese our primary objective is to observe what
percentage of the total CPU time is used by théudwnary operators of DEGL and DE/rand/1/bin.
Both algorithms use the same prime modules or dmdetions: init_pop (for initializing population),
mutate_vector (for performing mutation and creatifogor vector), recombine (to perform crossover
and create the trial vector), select_and_updatedtopare the objective function values of trial and
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target vectors and in DEGL also to update the rmighood bests if for theth vector, the condition
f(U;c) < F(X, pest,c)holds), DE_Operator (module that calls the functiomutate_vector,

recombine, and select_and_update for each veatoesdally), evaluate_cost (function that evaluates
the objective function for a parameter vector), #tr@lmain. The programs were run on a Pentium IV,
2.2 GHz PC, with 512 KB cache and 2 GB of main mgnio Windows Server 2003 environment. In
Table 1 we provide the code function profiling rfésuas means (with standard deviations in
parentheses) of 1000 runs of the programs, eacttontinued up to 10 cost function evaluations
(FEs).

Table 1. Code-function runtime profiles for DE/rand/1/bimdaDEGL

Total Code-function runtime as % of CPU time
Algorithm execution init_pop mutate_ recombine | select_and | DE_operator| evaluate | main
time (in vector _update cost
milliseconds)
DE/rand/ 9382.703 0.122 16.728 29.661 8.726 28.824 13.721 2.018
1/bin (1825.335) (0.0051) (0.628) (1.481) (7.335) (3.561) (2.727) | (0.114)
DEGL 9739.684 0.109 15.431 16.362 16.839 36.836 12.954 | 1.469
(1473.627) (0.0046) (0.937) (2.771) (6.361) (1.663) (1.638) | (0.118)

Table 1 shows that, as expected, the total exettitive for DEGL is only marginally higher than that
for DE/rand/1/bin. This is because around 16.9%the total CPU time is consumed by the
select_and_update function in DEGL, due to the aextomparisons required for updating the
neighborhood-bests. However, if we select a stappriterion based on a threshold objective fumctio
value, instead of the stopping criterion based aximum number of FEs, DEGL can even take less
computation time as compared to DE/rand/1/bin ime@ases. This is because DEGL can attain the
threshold objective function value much quickemsaming significantly smaller number of FEs, due
to the better trade-off between exploration andlatgiion abilities achieved by its neighborhood-
based mutation operators. This fact has beenrdligst by providing, in Tables 2 and 3, the mean
processor-time taken by both the algorithms forhbstopping criteria over five most popular
benchmark functions used for testing the evolutiprsdgorithms. Note that both the algorithms start
from the same initial population and run under saene software and hardware platforms. All the
numerical benchmarks dealt in here are in 25 dimaashave their true optima at 0.00, and for &ll o
them the target threshold value was set at 1.00e-0%les 2 and 3. A detailed description of these
functions can be found in Table 4 in the followsegrtion. Each result is the average of 50 indepgnde
runs.

We would like to point out that, in the evolutiopacomputing literature, comparison of the
computational costs of various evolutionary aldoris is usually performed on the basis of the number
of FEs they take to reach a predefined functiomaProcessor time cannot serve as a reliableanetri
in this context, because first, it is not indepamdaf the hardware and software platforms used and
second, it may provide some unfair advantage torikgns that use lower computational overheads.
In addition, the processor time depends on thee sificoding an algorithm [46]. The advantage of
measuring the runtime complexity by counting thenbar of FEs is that the correspondence between
this measure and the processor time becomes straadke function complexity increases. In Section
6, we compare the computational cost and convesgspeed of a number of DE-variants using this
measure. The tables included in this section aended only to provide an approximate feel of the
relative time-complexities of DEGL and classical.DE

Table 2 shows that when DEGL and DE/rand/1/binranefor the same number of FEs (corresponding
to the same number of generations for both, aslheg the same population size), the processor time
required by the former is slightly higher than tbéthe latter. Table 3, however, indicates thatdDE
may reach the predefined threshold value with Iggscessor time as compared to DE/rand/1/bin.
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Table 2. A comparison of absolute run-times of DEGL and fag&d/1/bin, when both the algorithms were run for
a fixed number of FEs.

Mean processor time (in milliseconds) and
Function standard deviation (in parentheses)
DE/rand/1/bin DEGL
Step functionfg) 3692.84 3973.38
(688.25) (827.51)
Rosenbrock’s 6726.57 7061.48
function (s) (1425.53) (1930.51)
Rastrigin’s function 5883.54 6273.38
(fg) (629.63) (447.23)
Ackley’s function 5094.68 5268.46
(f10) (1624.83) (324.68)
Griewank’s 5635.92 6163.28
function (1) (1023.35) (729.46)

Table 3. A comparison of absolute run-times of DEGL and i2&d/1/bin, when both the algorithms were run
until they attain a pre-defined objective functiaiue.

Mean processor time (in milliseconds) an
. Threshold L
Function objective- standard deviation (in parentheses)
function value to DE/rand/1/bin DEGL
reach
Step functionfg) 1.00-05 3022.84 2873.38
(271.22) (712.58)
Rosenbrock’s functiorfd) 1.00-05 5718.92 5448.37
(1425.53) (1628.31)
Rastrigin’s function fg) 1.00-05 2483.56 1682.94
(442.67) (538.19)
Ackley’s function §11) 1.00-05 839.68 692.70
(154.41) (32.61)
Griewank’s functionf,) 1.00-05 4836.29 4667.25
(1023.35) (1416.47)

5. Experimental Set-up

5.1 Benchmark Functions

o

We have used a test-bed of twenty-one traditionetharical benchmarks (Table 4) [47] and three
composition functions from the benchmark problemaggested in CEC 2005 [48] to evaluate the
performance of the new DE-variant. The 21 tradaldmenchmarks described by Yabal. have been

reported in Table 4 whei® represents the number of dimensions. fpr- f ;we have tested fdd =

25 to 100 in steps of 25. Among these benchmanksctions f, - f,, are multi-dimensional

problems. Functionsfl - f5 are uni-modal (there is some recent evidence H&f{ is multi-modal

for D > 3). Function f; is a step function with one minimum and is disgwnus. Functionf, is a
noisy quartic function, whemandom|O0, 1) is a uniformly distributed random numbeifGn 1).
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Functions f, - f,,are multi-modal with the number of local minima rieasing exponentially with
the problem dimension [47]. They apparently belemghe most difficult class of problems for many
optimization algorithms. Functiond,, - f,, are low-dimensional functions which have only @ fe

local minima. For uni-modal functions, the converge rates of the DE algorithms are more
interesting than the final results of optimizatias there are other methods which are specifically
designed to optimize uni-modal functions. For maoitdal functions, the final results are much more
important since they reflect an algorithm'’s abild escaping from poor local optima and locating a

good near-global optimum. We omitteiﬂ19 and 1‘20 from Yao et al's study [47] because of
difficulties in obtaining the definitions of the mstants used in these functions.

The three composition functiorfgy(X), f,o(X), andf,,(X), taken from CEC 2005

benchmarking problems [48], are here marked as CFR, and CF3 respectively. All of them are
non-separable, rotated, and multi-modal functiagaining a large number of local optima. For &ll o

them the search range Xs_ [-55]°. The global optimum of both CF1 and CF2 is
f (X") =10and that for CF3 i (X ") = 360. The detailed principle of the composite functitss
given in [48].
For the generalized penalized functiofis, andf,, in Table 1, note that
u(x,ak,m) =k(x -a)™, if x >a
=0, Hafx £a
=k(-x -a@)", if x <-a
1

and Vi :1+Z(1+ X ) .
Values of the other constants used in the expnessibthe benchmark functions can be found in [47].
5.2 Other Optimization Problems Considered
In this section we describe two interesting reaftd/problems that have been used to test the effica
of the DEGL family. The problems are selected adiog to the level of difficulty that they present
the proposed algorithms.
5.2.1 The Spread Spectrum Radar Poly-phase Code Dgrs Problem
A famous problem of optimal design arises in tleddfiof spread spectrum radar poly-phase codes [50].

Such a problem is very well-suited for the applmatbf global optimization algorithms like DE. The
problem can be formally stated as:

Global minf (X) =max{f,(X),.... J,,(X)}, (22)
wher& ={(X,,....%) . ~ ° |0£x, £2p,)=1...D} andm=2D -1,
D i
with g, (X)= cos( Xy ), 1=12,....D
j=i k=[2i-j-1-1
D j .
J,(X)=05+ cos( J x.), 1=12..D-1
j=i+l k=[2i-j-1-1
g (X)=-J,(X), 1=212,....m. (23)

According to [50] the above problem has no polyrairtime solution. The objective function fbr=
2 is shown in Figure 4.
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Function D Search Range Optimum Value
B 25, 50, 75, _ —
f,(X) = ) X‘Z and 100 100£ X £100 f1 (O) =0
D D 25, 50, 75, _ -
()= [+ % and 100 10£x £10 f.(0)=0
i=1 i=1
B i 25, 50, 75, _ -
fa(X) = (Y and 100 100£ x £100 f,0)=0
i=1 j=1
f,(X)=max|x [1Ei £D 22;“5&0705' -100£ x, £100 f,000=0
D-1 25, 50, 75, - =
fo(X) = [100 (Xis1 - x2)2 + (X - 1)?] and 100 30£ x £30 f,(1)=0
i=1
) 25, 50, 75, - _ 1 1
fe(X) = ( X; + 0.5 )2 and 100 100£ x £100 fs(p)ZO’_EEpi<E
i=1
f7 (X) - ( ° i.XI4) + rand [0 ’1) 22;"301’0705' - 128 £ X‘ £ 128 f7(0) =0
i=1
5 _ 25,50, 75, | _ f,(42097) = -418983
fa (X)) = - x.sinC /] % [) and 100 500 £ x £ 500 o forgzloo
i=1
25, 50, 75, -
fg(X): D [Xi2-10 COS(ZPXi)+10] and 100 - 5.12£X| £ 5.12 fg(O)—O
i=1
5 25, 50, 75, —
fo(X) = -20exp - 0.2 /%7 X2 - and 100 -32£x £32 f,0=0
exp % ° cos 2px, +20 +e
1 ° D . 25,50, 75, | _ —
f(X) = g xi- cos( 2+ 1| oo’ | ~600E X £600 .0 =0
f,(X) :%{lOSinz(pyl) + D:l(xi - 1)2[1+10sin?(py,,,)] 22;}3%0705' -50£ x £50 flz(?l) =0
+(yp - D+ _D u(x, 10,100,4)
00 =0%sin* @)+ (¢ D [r s’ @]l | anatoo |~ 20E X £50 ftmare)
+ (%, —1){1+sin®(2ox, )} + ° u(x, ,51004)
1% ! B} 2 - -3105
fu(X)=(==+ (j+1+ (x-3)%)" 6554£ X £6554 f,, (- 31.95)
500 - =0 = 0.998
; _w X, (b2 +b,%,) +, 4 -5EX£5 f,;(0.19280.19080.12310.1359
s = @ e x, ' =0.000307!
fie (X)) = 4xg ‘2-1X3+lxos+ Xo Xy 2 _5£X|£5 f.(-009,0.71)
s = -1.031€
- 4ax,?+ axt
fl7(X)=(Xl—457'12X02+EX0—6)2+ 2 _5£X|£5 f17 (942 ’247)
L p P = 0.39¢
10 (1 - —)cos( x,) + 10
8p
fo(X) = {1+ (X, + X, +1)2(19 - 14 %, + 3x,° 2 “2f£x £2 f,, (14% - 05,100)
S14x, - 6x%, + 3%7)H 30 + (2%, - 3%,)° ' =3
(18 - 32X, + 12X, + 48X, - 36 XX, + 27 X.°)}
4 _ _
fa(X) = - ° (X -a) (X -a)+c)™ 10£ x £10 fo(4) = -10.1532
i=1
7 4 _ —_
fo(X)=- (X-a) (X-a)+c,)" 10£ x £10 f,o(4) = -10.4029
i=1
10 4 -10£x £10 f,.(4) = -105364

fa(X)=- (X-a) (X-a)+c)™

i=1
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Fig. 4.  (X) of equation (22) fob = 2.

5.2.2 Application to Parameter Estimation for Freqiency-Modulated (FM) Sound Waves

Frequency-modulated (FM) sound synthesis playsrgoitant role in several modern music-systems.
This section describes an interesting applicatiothe proposed DE algorithms to the optimization of
parameters of an FM synthesizer. A few related wadhlat attempt to estimate parameters of the FM
synthesizer using the genetic algorithm can beddanr{51, 52]. Here we introduce a system that can
automatically generate sounds similar to the tasgeinds. It consists of an FM synthesizer, a DE
optimizer, and a feature extractor. The systemiteature is shown in Figure 5. The target sound is
.wav file. The DE algorithm initializes a set of paraers and the FM synthesizer generates the
corresponding sounds. In the feature extractiop, ske dissimilarities of features between thedtrg
sound and synthesized sound are used to computéitibes value. The process continues until
synthesized sounds become very similar to the targe

The specific instance of the problem discussed hrelves determination of six real parameters:
X ={a1, Wl,az,Wz,ae,Ws} of the FM sound wave given by equation (24) forragjmating it to

the sound wave given in (25) whefe= 20/100. The parameters are defined in the range [-6.4,
+6.35]. The formula for the estimated sound wae the target sound wave may be given as:

y(t) = a,.sin(w, t.g + a,.sin(w, t.g + a,.Sin(w,; 1.9))) (24)
Yo (t) = L0.sin(5.0t.g - 1.5.sin(4.8t.g + 2.0.sin(4.91.9))) (25)
Best Parameter,
Vector The Optimizer
FM Synthesizt [« (DE)
Estimated 4
Waveform
v
'gargeé Feature Extraction/ _
oun Compariso Fitness

Fig. 5. Architecture of the optimization system.

The goal is to minimize the sum of squared erretsvben the estimated sound and the target sound, as
given by (26). This problem involves a highly coeplmulti-modal function having strong epistasis

(interrelation among the variables), with optimuatue 0.0.
100

F(X)= (¥ -y, ()" (26)
t=0
Owing to the great difficulty of solving this prawh with high accuracy without specific operatons fo
continuous optimization (like gradual GAs [52]), wt®p the algorithm when the number of function
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evaluations exceeds 0 As in the previous experiments, here also thes mof the competing DE
variants start with the same initial population.

5.3 Algorithms for Comparison

At first four versions of the proposed DEGL algbnit (with different schedules for changing the
weight factorw) are compared with the DE/target-to-best/1/bin. €Hesir versions are referred to as
DEGL/LIW (DEGL with Linearly Increasing Weight famt), DEGL/EIW (DEGL with Exponential
Increasing Weight factor), DEGL/RandW (DEGL with iRl@m Weight factor) and DEGL/SAW
(DEGL with Self Adaptive Weight factor). We inclutlea DEGL algorithm with a fixed value @f for

all the vectors in this comparative study. For sibheme we choose = 0.5 (which provides equal
importance to both local and global mutation scheraad appears to be the best performer as
compared to other fixed values wof varying between 0.1 to 1.0 in steps of 0.1). Teason for
including this scheme is to illustrate the effeetiess of the time-varying or adaptive weight factor
over a fixed weight factor. In order to investig#te effect of the explorative mutation operatbg t
local-only DEGL (withw = 0) was also taken into account in the comparatiuvdy.

Simulations were carried out to obtain a compaeaterformance analysis of DEGL/SAW (that
appears to be the best performing algorithm from fitst set of experiments) with respect to: (a)
DE/rand/1/bin [1] (b) DE/target-to-best/1/bin [1@]) DE/rand/1/either-or [3] (d) SADE [28] and (e)
NSDE [31]. Among the competitors, the first twodigj to the classical DE family of Storn and Price.
The DE/rand/1/bin algorithm was chosen becausetfwide popularity in solving numerical

optimization or engineering problems [3].

5.4 Initial Population and Method of Initialization

For all the contestant algorithms we used the gampelation size, which is 10 times the dimendibn

of the problem. To make the comparison fair, thpytations for all the DE variants (over all probkem
tested) were initialized using the same randomssdeabel and Beyer [53] have shown that the typical
method of symmetric initialization, used to compaeolutionary computations can give false
impressions of relative performance. In many comfpa experiments, the initial population is
uniformly distributed about the entire search spabih is usually defined to be symmetric about the
origin. In addition, many of the test functions arafted to have optima at or near the origin,udeig

the test functions for this study. A uniform dibtrtion of initial population members has two poignt
biases for such functions. In this work we havepaeld an asymmetrical initialization procedure
following the work reported in [54]. The proceddmmits the initial process to just a portion of the
feasible search space (as shown in the third cobifmimble 4), which is a region defined to be Hiaéf
distance from the maximum point along each axi& baward the origin. Consequently, as the number
of dimensions is increased, the volume of the dhi#thtion space in the asymmetric initialization
procedure decreases exponentially as compardthtat the symmetric initialization (whose limits
are provided in Table 4).

For the spread spectrum radar code design prolelach, variable is randomly initialized in the intrv
[0,2p]. The search was kept confined in this region. Rndther hand, for the FMS problem, the

initialization range of each of the six variableasikept at [0, 6.35], while the search was corsttic
in the region [-6.4, 6.35] for all the variables.

6 Numerical Results and Discussions
6.1 Comparison of Different DEGL Schemes
In this section we compare the performance of siants of the proposed DEGL algorithm (with

different strategies for tuning the weight factgrand the DE/target-to-best/1 scheme, which usbs on
a global neighborhood and may be seen as a spesialof the DEGL witiv = 1 anda = £ . All the
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seven contestant algorithms in this section uses#tme population size, the same intial population,
and the same stopping criterion (i.e. the same beurof maximum FES). Here the results are shown
for D = 100 and each run of an algorithm is continueth 000,000 FEs. Since all the algorithms
have the same population siz&0(D ), this corresponds to a maximum of approximat&dp0
generations for each problem.

In the self-adaptive scheme (DEGL/SAW) for adjugtin, the weight-factor of each vector was
randomly initialized, using a uniform distributioand constrained within [0.05, 0.95]. This rangeega
fairly good results with DEGL/SAW algorithm.

We choose the crossover r@e= 0.9, scale factors= = F = 0.8. After some experimentation we
find that a neighborhood size approximately eqoal@% of the population size provides reasonably
accurate results for DEGL over nearly all the peolid we study here. Hence we stick to a 10%
neighborhood size everywhere in this comparativelysfor DEGL. Section 6.5 presents a detailed
discussion of the effect of the neighborhood siz®&GL's performance.

The mean and the standard deviation (within paesa$) of the best-of-run values for 50 independent
runs of each of the five contestant algorithmsmesented in Table 5 for the six hardest benchmark
functions functiondg to f15 (each in 100 dimensions) and also for the threeposite functions CF1 to
CF3 (each in 10 dimensions), taken from the lisC&C’'05 benchmarks [48]. The best solution in
each case has been shown in bold. Final accuraaitsdor all the algorithms studied here have been
reported with precision as recorded by the IEEE&ied for Binary Floating-Point Arithmetic (IEEE
754). Results for relatively easier benchmarksofella similar trend and have not been included in
order to save space.

Table 5. Average and the standard deviation of the best-ofalutien for 50 independent runs and the success
rate tested on functiorigto f;3 and composite functions CF1 to CF3.

Mean Best Value
(Standard Deviation)
func -to- ) i
tons | beaga/ | DEGLwith | PEELEEN | pecue DEGL | DEGLSAW
bin fixedw = 0.5 /RandwW (Cr=0.9)
fg -3.94382e+04 -3.8756e+04 -3.5621e+04 -4.03634e+04 | -4.18436e+04 | -4.09039e+04 | -4.18983e+04
(5.83e-06) (7.00e-06) (8.58e-06) (3.81e-05) (5.22e-05) (8.39e-06) (6.98e-06)
fo 8.38673e-02 8.35525e-02 5.1215e-03 3.46138e-06 2.90833e-06 8.93821e-21 1.7728e-26
(5.06e-03) (4.96e-02) (3.81e-03) (5.91e-07) (5.91e-06) (5.4342e-18) (3.88e-25)
fio 6.76249e-01 6.65735e-01 2.09364e-01 5.48844e-02 3.93270e-04 3.00895e-10 8.52742e-17
(4.27e-01) (7.07e-01) (4.38e-01) (1.68e-01) (3.28e-02) (7.16e-07) (1.365e-15)
11 5.27284e-05 9.07997e-06 6.46925e-06 8.63652e-06 4.82634e-06 8.92369e-12 4.11464e-15
(4.63e-07) (9.02e-05) (3.49e-08) (1.02e-04) (3.63e-06) (6.02e-13) (6.02e-16)
fi2 5.21919e-02 5.25646e-03 5.25646e-03 4.34325e-04 5.13084e-03 4.74317e-04 3.00496e-18
(2.94e-04) (7.15e-06) (7.15€-06) (3.69e-05) (3.59-04) (4.05e-05) (4.82e-17)
fis 2.30179e+01 1.35424e+01 1.77582e+01 -4.86485e-01 -1.00864e+00 | -1.10554e+00 | -1.14282e+00
(4.38e-01) (3.67e-02) (6.33e-04) (1.08e-10) (1.44e-05) (6.98e-02) (9.02e-05)
CF1 7.35430e+02 7.36630e+02 7.37321e+02 6.98553e+02 6.98661e+02 | 7.847894e+02| 6.19227e+02
(1.546€+02) (4.326e+01) (7.235e+01) (1.236e+02) (2.123e+02) (3.353e+02) | (6.8341e+01)
CF2 | 8.65593e+02 8.54723e+02 8.34774e+02 7.82114e+02 6.70442e+02 6.40562e+02 5.60543e+02
(2.541e+02) (2.482e+01) (1.554e+01) (1.231e+02) (1.133e+02) (2.643e+02) | (9.7837e+01)
CF3 | 9.73340e+02 9.13774e+02 9.18563e+02 1.12504e+03 8.16728e+02 8.41423e+02 6.74823e+02
(3.221e+02) (5.689e+02) (4.663e+01) (2.236e+02) (2.836e+02) (2.643e+02) | (5.8471e+01)

From Table 5, it is interesting to see that theme always one or more versions of DEGL that
outperform the standard DE/target-to-best/1l/bineswdr This reflects the effectiveness of the
incorporation of the hybrid mutation operator in.DEe also note that in all the cases the time-waryi
weight-factors outperform the schemes with fixedgliefactor. It is interesting to see that DEGL twit

a fixed w for all vectors yields final accuracies very clasethat produced by the DE/target-to-
best/1/bin scheme. However, performance ofidleal-only DEGL withw = 0 remains comparable to
DEGL with w = 0.5 but poorer than the three other DEGL schemigstime-varying weight factor.
Most of the runs of DEGL witlw = O fail to converge very near to the global ogtimithin the
prescribed number of FEs due to its sluggish behnaduring the final stages of the search. This
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suggests that a judicious trade-off between thdoexiive and the exploitative mutation operators is
the key to the success of the search-dynamics d&&IDE The self-adaptive DEGL/SAW scheme
exhibited very good performance over all the tesbfems, indicating the ability of DEGL to capture
the dynamics of the problem under test and deterntie proper weight-factor. In Figure 6 the
evolution of the weight-factor over successive getiens has been shown for the best vector of the
median run of DEGL/SAW over functioffig- fi3. The standard deviations have also been plottdtbat
sampled generations in the same figure.

Very interestingly, Figure 6 indicates that the gahtendency of the evolutionary learning is edtfa
decrease of the weight factor (favoring exploratirearlier stages) and then increasing the weight
factor towards a high value (favoring exploitatairiater stages of the search).

In the following sections we report results of camgon between DEGL/SAW and other state-of-the-
art DE variants. We exclude the other variants B{3D to save space and also considering the fact
that DEGL/SAW outperformed all other schemes oftaaling the weight factor over the selected
test-suite.
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Fig. 6. Self-adaptation characteristics of the best vector of medraforiuhe DEGL/SAW scheme.
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6.2 Comparison of DEGL/SAW with State-of-the-art DEVariants

In this section, we compare DEGL/SAW with five atHg2E variants mentioned in Section 5.3. The
comparative study focuses on four important aspafctdl the competitor algorithms: (a) The quality
of the final solutions produced by each algoritlmmgspective of the computational time it consumes,
(b) The speed of convergence measured in termseohtimber of FEs required by an algorithm to
reach a predefined threshold value of the objedtinetion, (c) the frequency of hitting the optirfua
success ralemeasured in terms of the number of runs of aoréhgn that converge to a threshold
value within a predetermined number of FEs, andhd)issue of scalability, i.e. how the perfornganc
of an algorithm changes with the growth of thergleapace dimensionality.

The parametric setup for DEGL was kept same asréefeor DE/rand/1/bin and DE/target-to-
best/1/bin we have takeh= 0.8, Cr = 0.9,andNP =10 D . In the case of DE/rand/1/either-or, we
took pg = 04[3]. For NSDE and SADE, the best set of parametersangdoyed from the relevant

literature ([31] and [28] respectively). Once gt same parameters were used over all the tested
problems and no further hand tuning was allowedfor of the algorithms.

6.2.1 Comparison of Quality of the Final Solution

To judge the accuracy of different DE variants, fikg let each of them run for a very long time ove
every benchmark function, until the number of Fikseeds a given upper limit (which was fixed
depending on the complexity of the problem). Theam and the standard deviation (within
parentheses) of the best-of-run values for 50 ieddent runs of each of the six algorithms are
presented in Tables 6, 7, and 8. Missing standaxdation values in any result table in this paper
indicate zero standard deviation. Although the expents were conducted fér = 25, 50, 75, and 100
for functionsf; to f;3, we report here results for 25 and 100 dimensiorder to save space. Please
note that the omitted results follow a similar ttexs those reported in Tables 6, 7, and 8.

Since all the algorithms start with the same ihitiapulation over each problem instance, we used
pairedt-tests to compare the means of the results prodbgdabst and the second best algorithms
(with respect to their final accuracies). Tiests are quite popular among researchers in twoary
computing and they are fairly robust to violatiosfsa Gaussian distribution with large number of
samples like 50 [55]. In the 10-th columns of Table 7, and 8 we report the statistical signifieanc
level of the difference of the means of best twgndathms. Note that here ‘+' indicates thealue of

49 degrees of freedom is significant at a 0.05llevesignificance by two-tailed test, ‘. means the
difference of means is not statistically signifitand ‘NA’ stands for Not Applicable, covering case

for which two or more algorithms achieve the bestuaacy results.
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Table 6. Average and the standard deviation of the best-ofalutien for 50 independent runs and the success
rate tested ofy tofg

Mean Best Value
tFlngc Dim '\é'é’s( (Standard Deviation)
DE/target- Statistical
DE/rand/1 DE/rand/1/ DEGL/ A
Ibin to-l;ie:tlll either-or SADE [27] NSDE [30] SAW Significance
25 5x16 6.8594e-29 | 5.7093e-25 7.3294e-36 4.0398e-35 9.5462e-35 8.7845e-37
fy (4.984e-23) | (2.109e-19) (5.394e-34) (3.905e-32) (3.009e-34) (3.823e-35)
100 5x16 8.4783e-24 | 2.5693e-23 4.9382e-26 5.8472e-24 8.3812e-23 3.6712e-25
(4.664e-22) | (3.746e-21) | (4.9382e-25) | (3.8271e-23) | (3.925e-25) (4.736e-23)
f, 25 5x16 7.5462e-29 | 5.7362e-25 7.4723e-31 8.3392e-26 8.9437e-30 4.9392e-36 +
(6.731e-29) | (4.837e-10 (2.736e-34) (4.837e-28) (1.003e-30) (3.928e-34)
100 5x16 1.6687e-09 | 3.5273e-06 6.2827e-13 2.6595e-12 9.1395e-10 6.9982e-14 +
(6.77e-10) (1.68e-08) (1.91e-15) (3.36e-14) (3.36€-10) (1.34e-16)
25 5x10 4.9283e-11| 6.2713e-09 5.8463e-24 4.2761e-14 3.0610e-09 1.2094e-26 +
fa (2.03e-11) (4.82e-10) (4.737e-24) (3.87e-14) (4.22e-10) (3.827e-25)
100 5x16 6.5712e-10 | 5.6125e-10 3.4315e-11 4.5641e-10 7.3412e-10 5.8832e-13 +
(2.91e-10) (3.22e-12) (5.07e-12) (5.29e-13) (6.12e-10) (3.06e-16)
25 5x16 8.3611e-14 | 5.3711e-10 1.6281e-14 3.0229¢-14 2.0936e-11 4.9932e-15 +
£ (6.37e-13) (9.03e-09) (3.42e-13) (1.37e-15) (1.09e-08) (1.18e-14)
4 100 5x18 3.0095e-12 | 3.0005e-08 9.4442e-13 3.7001e-11 6.0927e-09 3.5677e-14 +
(3.26e-11) (3.69e-09) (3.29e-14) (1.08e-13) (4.45e-08) (4.55e-13)
25 5x16 9.8372e-23| 3.0345e-10 4.9372e-25 5.6472e-26 2.6473e-25 6.8948e-25
fs (4.837e-24) |  (3.69e-09) (3.726e-21) (9.367e-24) (4.536e-25) (4.361e-26)
100 5x16 8.4511e-05| 2.6183e-01 8.5462e-23 8.6471e-25 5.9208e-08 1.5463e-25
(2.748e-05) | (1.329e-03) (4.635e-23) (3.782e-24) (2.03e-09) (7.301e-22)
25 5x10 6.0938e-32 | 7.6473e-41 2.6839e-45 1.6729e-36 4.0361e-28 9.5627e-48 +
fs (9.362e-40) | (3.827e-37) (3.837e-43) (2.637e-32) (2.949e-34) (2.732e-45)
100 5x16 3.2387e-14 | 4.0102e-12 8.3026e-15 6.4897e-21 5.8924e-15 9.4826e-22 +
(2.67e-09) (3.85e-13) (5.51e-16) (3.938e-19) (6.00e-13) (7.483e-24)
25 5x16 4.9391e-03| 9.0982e-03 6.9207e-04 3.7552e-02 4.3482e-03 1.0549e-07 +
f; (5.92e-04) (2.08e-04) (4.26e-06) (9.02e-03) (6.50e-04) (2.33e-06)
100 5x18 2.8731e-02 | 3.3921e-02 4.3332e-03 5.9281e-02 9.8263e-02 6.9921e-06 +
(2.33e-02) (3.32e-02) (5.76e-02) (4.31e-03) (2.90e-03) (4.56e-05)
25 5x10 -1.0182e+04 -1.0236e+04 | -1.0475e+04 | -1.0475e+04 | -1.1472e+04 | -1.0475e+04 NA
f (2.83e-04) (3.81e-05) (2.27e-06) (2.27e-06) (2.91e-03) (3.77e-03)
100 5x16 |-4.18315e+04 -3.9382e+04 | -4.18445e+04| -4.18091e+04 | -4.18091e+04| -4.18983e+04
(2.83e-04) (5.83e-06) (5.22e-05) (2.49e-06) (2.49e-06) (6.98e-06)

A close inspection of Tables 6 - 8 indicates tHs performance of the proposed DEGL/SAW
algorithm has remained clearly and consistentlyesop to that of the two classical DE schemes
(DE/rand/1/bin and DE/target-to-best/1/bin) as veslithe three state-of-the-art DE variants. One may
note from Tables 6 and 7 that for a few relativ@iypler test-functions like the Sphefg,(Schwefel’s
problem 2.221), 25-dimensional Step functiofs), generalized Rastrigin’s functiofy), generalized
Griewank’s function fg;) and the Shekel’'s family functiofa,, most of the algorithms end up with
almost equal accuracy. Substantial performancereifices however, are noticed for the rest of the
more challenging benchmark functions and especfaliyfunctions with higher dimensions like 100.
In the case of the multi-modal functiony to fi3 the three state-of-the-art DE variants
(DE/rand/1/either-or, SADE, and NSDE) and DEGL/SAWtperformed the two classical DE
algorithms: DE/rand/1/bin and DE/target-to-besifi/lThe quality of the solutions produced by the
SADE, DE/target-to-best/1/bin, and NSDE algoritterciose to that of the DEGL in a few cases (e.g.
the 25-dimensiondl,, f;4, and the 2-dimensionfk andf;g functions).

It is interesting to see that out of the 34 benatkrinstances, in 25 cases DEGL outperforms its
nearest competitor in a statistically significaastiion. In three casef With D=100,fg with D=25, fq
with D=100, andf;, with D=25) DE/rand/1/either-or achieved best averageracgubeating DEGL,
which remained the second best algorithm. Pditedts, however, confirm that the difference oirthe
means is not statistically significant figrandfy in 100 dimensions.
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Table 7. Average and the standard deviation of the best-ofalutien for 50 independent runs testedfgto f,;

Max Mean Best Value
FEs (Standard Deviation)
Fune| o DE/target-t Statistical
, argetio=) - pejrandras DEGL/ >tatstica
DE/rand/1/bin b%?;lll cither-or SADE [27] NSDE [30] SAW Significance
25 5x10 1.0453e-03 9.5278e-01 1.7109e-23 6.7381e-24 4.8392e-21 5.8492e-25
f (8.04e-02) (4.72e-01) (2.726e-24) (3.728e-21) (8.872€-20) (5.333e-27)
0 100 | 5x18 2.1121e-02 6.76249¢-01 8.4719e-23 5.8824e-21 5.5732e-05 1.7728e-22
(4.86e-03) (4.27e-01) (9.36e-22) (4.83e-20) (5.93e-04) (3.88e-20)
25 5x16 4.1902e-08 9.8035e-03 6.9437e-15 7.8343e-15 5.9749¢-10 5.9825e-23 +
f (3.36€-08) (6.80e-03) (4.86€-15) (2.85€-15) (3.2231e-04) (1.00e-22)
10 100 | 5x18 7.6687e-05 6.76249e-01 6.9398e-13 3.0665e-12 4.1232e-05 8.52742e-17 +
(6.767e-05) (4.237e-01) (4.852e-13) (5.125¢-13) (7.496€-06) (1.365€-15)
25 5x16 6.8318e-22 7.94504e-07 3.0905e-34 1.8274e-28 7.9318e-26 2.9931e-36 +
fu1 (3.837e-25) (8.03e-08) (7.462e-34) (7.682e-29) (3.774e-28) (4.736e-35)
100 | 5x18 2.1962e-10 5.27284e-05 3.2928e-12 8.9569¢e-13 5.0392e-10 4.11464e-15 +
(8.45e-11) (4.63e-07) (2.77e-13) (1.02e-14) (4.29¢-08) (6.02e-16)
25 5x10 7.0931e-16 2.8962e-13 5.1469e-32 9.3718e-24 5.8471e-21 7.2094e-27 +
f (6.22e-15) (2.25e-10) (4.22e-29) (6.193e-28) (3.728e-21) (4.838e-28)
12 100 | 5x18 4.2455e-10 5.21919e-02 2.9137e-15 2.8417e-15 4.8923e-12 3.00496e-18 +
(2.96e-09) (2.94e-04) (4.30e-16) (1.45e-14) (8.45e-13) (4.82e-17)
25 5x10 -1.12836e+00 | -4.86485e-01 -1.1382e+00 -1.14280e+00 | -1.14276e+00 | -1.14282e+00 +
(4.46€-08) (1.08e-10) (3.29e-10) (3.85e-07) (3.44e-09) (5.81e-06)
fis 100 | 5x18 2.0621e-02 5.81493e-01 | 2.19321e+00 -1.1014e+00 | -1.10266e+00 | -1.14282e+00 +
(5.58e-03) (1.08e-02) (3.32e-01) (6.98e-03) (7.84e-05) (9.02e-05)
fia 2 5x1G | 9.9813292e-01| 9.9860553e-01| 9.9800390e-01 | 9.9800884e-01| 9.9860346e-01| 9.9800390e-01 NA
(5.42e-10) (4.26e-03) (1.13e-16) (1.93e-18) (1.07e-02) (1.15e-18)
fis 4 5x1G | 4.0361420e-04 | 4.8242655e-04| 3.6734442e-04 | 3.7044472e-04 | 3.7320963e-04| 3.7041849e-04 +
(2.81e-04) (6.41e-05) (5.13e-05) (9.82e-07) (4.33e-03) (2.11e-09)
fi 2 5x1G | -1.029922e+00 | -1.031149e+00| -1.031242e+00 | -1.031630e+00 | -1.031630e+00| -1.031630e+00 NA
(1.82e-08) (2.44e-08) (4.98e-06) (9.73e-12) (3.33e-10) (4.28e-10)
fi7 2 5x1G | 3.9788959e-01| 3.9789793e-01| 3.9788915e-01 | 3.9788783e-01| 3.9788392e-01| 3.9788170e-01
(6.39¢-06) (6.28e-07) (6.82e-06) (2.68e-06) (4.09e-06) (8. 54e-04)
fig 2 5x1G | 3.0834435e+00| 3.146090e+00| 3.000000e+00 | 3.000000e+00 | 3.000000e+00| 3.000000e+00 NA
(4.73e-01) (5.83e-01)
f10 2 5x1G | -1.0042985e+01| -6.840054e+00| -1.010974e+01 | -1.015050e+01 | -1.014876e+01| -1.015323e+01 +
(4.32e-05) (3.87e+00) (2.67e-05) (4.59e-04) (3.57€-03) (7.34e-08)
fa0 2 5x1G | -1.0400382e+01| -1.040073e+01| -1.040068e+01 | -1.040189e+01 | -1.040089e+01| -1.040295e+01 +
(8.54e-10) (4.53e-08) (9.24e-10) (6.94e-05) (3.00e-08) (5.93e-04)
for 2 5x1G | -1.0536082e+01| -7.023436e+01| -1.0474381e+01| -1.0536234e+01| -1.023436e+01| -1.053641e+01 +
(2.87e-03) (4.78e-05) (6.88e-03) (2.46e-06) (2.72e-02) (3.90e-08)
Table 8 Average and the standard deviation of the best-ofalutien for 50 independent runs tested on
composite functions CF1 to CF3 taken from the CEC'0herarks
Max Mean Best Value
Func FEs (Standard Deviation)
D DE/target-to- DEGL/ DEGL/ »
DEand/l | “hesyy/ | PERANI sape 7y | NsDE[30] | SAW saw | Juatiseal
bin (Cr=0.9) (Cr=1)
CF1 | 10 | 5x16 | 6.400300e+02| 7.92834e+02 | 6.280932e+02| 5.334983e+02| 6.230469e+02| 6.19227e+02 | 5.03826e+02 +
(2.3428e+02) | (3.0922e+02) | (2.0703e+02) | (3.9672e+01) | (4.5297e+01) | (6.8341e+01)| (4.0995e+01)
CF2 | 10 | 5x16 | 6.340356e+02| 7.993241e+02 | 6.157323e+02| 5.15284e+02 | 7.198302e+02 | 7.60543e+02 | 4.18542e+02 +
(2.6635e+02) | (4.6723e+02) | (9.8836e+01) | (2.0784e+02) | (4.8735e+02) | (9.7837e+01)| (8.9984e+01)
CF3 | 10 | 5x10 | 8.56392e+02 | 1.12873e+03 | 7.48427e+02 | 7.88492e+02 | 8.93824e+02 | 6.74823e+02 | 4.76239e+02 +
(9.4863e+01) | (6.7394e+01) | (5.8473e+01) | (4.4342e+01) | (3.8764e+01) | (5.8471e+01)| (3.7842e+01)

As long asCr < 1, DEGL will not be rotationally invariant, i,dts performance will depend on the
orientation of the coordinate system in which vexiare evaluated [3]. Since the composite functions
CF1, CF2 and CF3 are rotated in nature, we alsgedbem using DEGL/SAW witlcr = 1. Table 5
shows that this rotationally invariant version dEGL performs significantly better on the composite
test functions as compared to the DEGL with = 0.9. However, the performance over the 21
traditional benchmarks (which are unrotated) iglyghe same for both the versions. In order teesa
space we have not shown the results of DEGL/SAW @Git= 1 in Tables 6 and 7.
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6.2.2 Comparison of the Convergence Speed and Sess Rate

In order to compare the speeds of different algo®, we select a threshold value of the objective
function for each benchmark problem. For functisigh minima at 0, this threshold is at 40 To
obtain an unbiased comparative performance, fagrdtinctions, this value is chosen to be somewhat
larger than the minimum objective function valuerid by each algorithm in Tables 6, 7, and 8. We
run each algorithm on a function and stop as sedheabest fitness value determined by the algarith
falls below the predefined threshold. Then we nbte number of FEs the algorithm takes. A lower
number of FEs corresponds to a faster algorithrbléBa9, 10, and 11 report the number of runs (but o
50) that managed to find the optimum solution (witthe given tolerance) as well as the mean number
of FEs and standard deviations (within parentheasiglired by the algorithms to converge within the
prescribed threshold value. Entries marked adizate that no runs of the corresponding algorithm
converged below the threshold objective functiolu@aMissing values of standard deviation in these
tables also indicate a zero standard deviation.

Tables 6 and 9 indicate that, not only does DEGM&Gyield the most accurate results for nearly all

the benchmark problems, but it does so consumiadetist amount of computational time. In addition,

the number of runs that converge below a pre-siéctut-off value is also greatest for DEGL over

most of the benchmark problems covered here. Tdiigates the higher robustness (i.e. the ability to
produce similar results over repeated runs on glesiproblem) of the algorithm as compared to its

other four competitors. Usually in the community stbchastic search algorithms, robust search is
weighted over the highest possible convergencd5éte57].
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Table 9. No. of successful runs, mean no. of FEs and stamt#asidtion (in parentheses) required to converge to
the cut-off fitness over the successful runs for functfptsf; ;.

No. of successful runs, mean no. of FEs and (stdrakiation ) required to converge t

tFlgr’:C D Threshold the prescribed threshold fitness
objective DE/target-to
function DE/rand/1 " | DEfrand/1 DEGL/
value /bin b%?r:ﬂ/ leither-or SADE [28] NSDE [31] SAW
25 1.00e-20 50, 50, 50, 50, 50, 50,
fy 109372.5 376421.20 98204.24 104982.64 105727.80 91935.40
(4773.28) (10983.46) (2942.87) (5182.67) (3427.57) (3888.45)
100 1.00e-20 50, 50, 50, 50, 50, 50,
687322.24 1033567.40 403922.56 738720.84 565382.24 498521.54
(12153.67) (58391.56) (3814.25) (28731.88) (2827.56) (10832.41)
f 25 1.00e-20 50, 50, 50, 50, 50, 50,
266371.40 417382.80 198342.22 306742.28 300371.48 157234.76
(31923.45) (23221.45) (3421.68) (18534.55) (9034.26) (4451.72)
100 1.00e-20 13, 6, 28, 23, 20, 34,
2034583.46 2935411.45 1062744.69 1257362.57 1782336.10 978357.83
(18235.48) (21893.56) (44583.41) (3417.34) (36710.05) (23727.45)
25 1.00e-20 12, 5, 50, 16, 7, 50,
fa 298341.67 378392.20 123682.54 296473.93 363986.82 110528.68
(24376.27) (34621.22) (63827.06) (27268.45) (52741.78) (13873.51)
100 1.00e-20 13, 10, 15, 14, 13, 18,
2638224.33 456231270 |  2745218.47 2696359.51 2671982.93 | 2063728.48
(57398.21) (17372.68) (37123.69) (14225.47) (46188.26) (27351.57)
25 1.00e-20 16, 8, 19, 17, 11, 21,
376291.47 467262.25 309309.52 292478.83 408291.79 294812.82
f, (12836.48) (26111.78) (17829.46) (8372.58) (26721.77) (36173.52)
100 1.00e-20 19, 3 22, 17, 5, 25,
3174782.17 4453782.67 3228379.27 3139382.38 414083540 | 2263976.44
(17283.49) (18253.58) (4824.81) (33728.42) (22338.86) (28371.46)
25 1.00e-20 50, 17, 50, 50, 50, 50,
fs 356253.38 478290.91 315633.92 267319.74 299831.26 338279.08
(82732.33) (57263.72) (47192.57) (23556.24) (48382.57) (28846.37)
100 1.00e-20 1 0 50, 50, 3, 50,
3398272 3067263.78 2844738.62 4563742.33 | 2709313.82
(56723.83) (66729.38) (128123.57) (12338.11)
25 1.00e-20 50, 50, 50, 50, 50, 50,
fs 189367.38 132676.28 122845.64 173490.18 235177.72 96832.24
(83412.84) (6769.48) (7378.36) (7638.46) (13223.94) (4631.66)
100 1.00e-20 18, 16, 20, a7, 25, 50,
2357827.59 3098277.26 2299868.50 1824359.69 3622719.24 1238461.98
(33253.68) (83921.47) (27632.58) (27733.61) (47378.19) (36278.64)
f, 25 1.00e-20 0 0 2, 0 0 4,
467236.50 417823.25
(43827.83) (27192.82)
100 1.00e-20 0 0 1 0 0 3
3689267.48 3163563.67
(78282.58)
25 -1.0410e 12, 17, 50, 50, 32, 50,
s +04 19817.50 13039.65 12410.04 9887.50 37847.82 9492.64
(8723.837) (336.378) (1201.278) (822.281) (4431.90) (871.76)
100 ~2.1800e 3, 1, 13, 25, 20, 35,
+04 359834.33 51729 133282.73 363291.80 2178283.50 39928.45
(4353.825) (5362.366) (2338.944) (24332.78) (231.627)
25 1.00e-20 19, 13, 50, 50, 44, 50,
¢ 345328.18 46843.92 330272.74 195823.88 345654.73 87148.34
° (41128.91) (34521.372) (3642.289) (4249.392) (326.84) (1325.72)
100 1.00e-20 5, 2, 50, 50, 16, 50,
1840322.80 2022275.50 838932.48 744938.28 3290384.57 539282.72
(3852.196) (27327.24) (23677.66) (34147.928) (53209.58) (26547.09)
25 1.00e-20 14, 2, 34, 32, 26, 50,
¢ 226816.89 412675.25 238372.74 236290.86 287812.83 224883.78
10 (44721.76) (16834.37) (32325.67) (15533.08) (14039.54) (13212.87)
100 1.00e-20 13, 2, 15, 13, 7, 27,
1873625.56 4486372.50 1782210.66 1065920.64 2082983.84 925628.73
(29123.902) (98273.57) (72233.371) (24383.71) (81744.84) (7823.28)
25 1.00e-20 50, 6, 50, 50, 50, 50,
fiy 333948.52 356061.52 225092.84 316382.04 369283.71 196258.22
(12314.821) (11300.97) (12123.19) (35338.83) (45478.88) (14235.83)
100 1.00e-20 26, 12, 29, 34, 27, 23,
1887635.65 2833416.96 2633782.74 1936287.62 2235653.56 1627092.58
(44612.34) (17218.06) (10217.26) (14235.37) (30362.67) (11217.31)
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Table 10.No. of successful runs, mean no. of FEs and startasidtion (in parentheses) required to converge to
the cut-off fitness over the successful runs for functfgn® f,.

No. of successful runs, mean no. of FEs and (stdrdtasiation ) required to
Threshold converge to the prescribed threshold fitness
Func D objective
function value|  pgrand/1 DEQS;%it/'tO' DE/fand/l/ | gane g | NSDE DEGL/
/bin bin either-or [31] SAW
25 1.00e-20 35, 30, 42, 50, 46, 50,
f 294584.44 3472185.67 209372.87 126574.64 | 478732.05,| 150039.62
12 (22563.378) (13382.229) (12742.03) (16833.89) (3884.04) (4831.28)
100 1.00e-20 8, 5, 23, 20, 10, 27,
3122658.25 3908138.80 2664722.53 1637409.40 | 2673864.70| 1436190.89
(62922.84) (13937.383) (47212.38) (18219.526) | (53121.65) | (13627.82)
25 -1.1428e+00 13, 3, 26, 42, 24, 48,
fia 230372.52 428023.33 237639.09 213739.78 | 738742.34| 121940.72
(7313.297) (84517.371) (14573.96) (12347.391) | (24322.82) | (33398.90)
100 -1.1428e+00 1, 0 0 14, 25, 28,
3328426 1702654.85 | 1283665.44| 398493.74
(21743.57) (9487.37) (25134.38)
fia 2 9.9800390e 19, 14, 46, 27, 15, 47,
-01 9423357 89371.53 68392.37 84032.58 77362.94 67823.84
(2312.57) (1409.26) (5231.48) (3842.53) (4437.28) (3725.36)
fis 4 3.705e-04 0 0 13, 33, 20, 41,
58935.28 68293.46 73821.05 65783.38
(3822.72) (2219.58) (6319.48) (1749.51)
fis 2 -1.03170e+00 32, 37, 27, 50, 50, 50,
83920.68 98529.61 83782.79 77129.34 71036.28 67382.39
(2124.56) (1098.59) (1271.47) (3731.63) (1211.48) (1726.49)
1y 2 3.980e-01 41, 43, 43, 38, 47, 49,
103273.57 79382.42 75823.45 78939.37 84983.94 73727.83
(2231.68) (907.31) (3281.68) (1325.46) (2258.10) (4308.58)
fig 2 3.00e+00 21, 23, 50, 50, 50, 50,
67392.59 77539.42 89482.78 79035.28 80382.70 69837.62
(3381.62) (4839.86) (3238.56) (3381.98) (419.49) (1724.08)
f1o 2 -1.01550e+01 23, 34, 44, a1, 37, 46,
109372.48 98922.93 68672.70 67478.37 79820.42 58372.96
(3341.67) (3212.68) (1332.67) (2001.83) (1692.78) (3827.58)
f20 2 -1.04500e+01 35, 42, 48, 47, 44, 50,
84721.07 107482.69 58373.47 48372.83 85933.58 56098.08
(3412.39) (10824.57) (2221.680 (2294.83) (3329.74) (3187.44)
fa1 2 -1.05500e+01 26, 30, 32, 46, 23, 49,
86743.93 85999.67 84892.66 68492.69 100232.67 67583.93
(6983.07) (2901.83) (2319.59) (2326.09) (3721.78) (3317.58)

Table 11.No. of successful runs, mean no. of FEs and startasidtion (in parentheses) required to converge to
the cut-off fitness over the successful runs for compésitetions CF1 to CF3.

14

Func Threshold | No. of successful runs, mean no. of FEs and (stariasidtion ) required to converge to th
D objective prescribed threshold fithess
function  "DEjrand/l | DEftarget- | DE/rand/l/ | SADE [28] | NSDE [31] DEGL/ DEGL/
value /bin to-best/1/ either-or SAW SAW
bin (Cr=0.9) (Cr=1)
CF1 | 10 8.10e+02 34, 19, 42, 50, 12, 36, 50,
2683073.04 | 3835238.75 637222.35 1823847.64 | 624732.56 | 1707873.04 | 1645938.75
(45214.48) | (18183.95) (39357. 23) (52932.821) | (35330.493) | (13434.482) | (18843.905)
CF2 | 10 8.10e+02 33, 21, 25, 25, 37, 36, 39,
530857.85 | 2539841.89 942325.40 818472.16 510932.79 | 1230857.85| 83401.86
(13439.09) | (87438.490) (3173.74) (7384.492) | (3438.473) | (13139.409) | (5438.46)
CF3 | 10 1.20e+03 17, 17, 41, 40, 24, 45, 50,
3645817.50 | 4834039.65 1597232.03 196887.50 | 3139492.64 | 149817.56 | 913039.68
(95823.83) | (35336.78) (37811.28) (12372.28) | (54431.26) | (2339.37) (3576.78)

The convergence characteristics of seven diffimgdt functions are shown in Figure 7 in terms ef th
fithess value of the median run of each algoritiidhthe graphs except for the composite functions
CF1 to CF3 have been drawn fBr = 100 dimensions. Convergence graphs for the ceitgo
functions appear fdd = 10 dimensions.
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Fig. 7. Progress towards the optimum solution for median ruixagorithms over seven difficult test functions.

6.2.3 Scalability Comparison

Performance of most of the evolutionary algorithfimeluding DE and PSO) deteriorates with the
growth of the dimensionality of the search spanerdase of dimensions implies a rapid growth of the
hyper-volume of the search space and this in tlowssdown the convergence speed of most of the
global optimizers. Here we show how the performaofciie six DE variants scale against the growth
of dimensions from 25 to 100. Figure 8 shows thaadility of the six algorithms over four difficult
test functions - how the average computational ¢mstasured in number of FEs required to yield a
threshold fitness value) to find the solution vanwith an increase in the dimensionality of thercea
space.

We note that the computational cost of both DEGIMBANnd SADE (to yield a given accuracy)
increases most sluggishly with the search spacemsianality for the following test-functions; fi,
fllv andfg.
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Fig. 8. Variation of mean number of FEs required for convergdo predefined threshold accuracy with increase
in dimensionality of the search space.

6.3 Comparison with other State-of-the-art Evolutimary Techniques

In this section we compare the performance of DESAM/ with that of four state-of-the-art
evolutionary and swarm-based optimization techrsguesll-known as CPSO-H [38], IPOP-CMA-ES
[58], MA-S2 [59], and G3 with PCX [60]. Below weibfly describe each of these algorithms.

1) CPSO-H: van den Bergh and Engelbrecht proposed a Cooper&article Swarm Optimizer
(CPSO) in [36].Although CPSO uses one-dimensional (1-D) swarmsearch each dimension
separately, the results of these searches argatgelgby a global swarm to significantly improve th
performance of the original PSO on multi-modal peofs. The CPSO-H algorithm uses a hybrid
swarm, consisting of a maximally split cooperatsxgarm D one-dimensional swarms for ofe
dimensional parameter vector) and a plain swarnth Bomponents employ identical values for the
acceleration coefficients@; =C, = 149and the inertial factorw decreasing linearly with time.

They use a maximum veloci¥,,,, clamped to the search domain [38].

2) IPOP-CMA-ES: CMA-ES (Covariance Matrix Adaptation Evolutionr&egy) [61, 62] is an
evolutionary strategy that uses informed mutatiasddal on local structural information, but does not
directly bias its search motion toward other indidls of the population. Auger and Hansen have
recently proposed a restart CMA-ES [58], where plopulation size is increased (IPOP) for each
restart. By increasing the population size, thecteaharacteristic becomes more global after each
restart. This variant is named as IPOP-CMA-ES.

3) MA-S2: Memetic Algorithms (MAs) [63, 64] are based on thridization of Genetic Algorithm
(GA) with Local Search (LS) techniques. In thisdstuMA-S2 [59] stands for an adaptive Meta-
Lamarckian learning-based MA that employs a sta@happroach (the biased roulette wheel strategy)
making use of the knowledge gained online to selesttitable local method with the GA.

4) G3 with PCX: The main research effort in the field of realgraeter GA is more or less focussed
on the design of efficient recombination operatused to create offspring from parent solutionsh De
et al. [60] proposed a generic parent-centric recomtnaticheme (PCX) and integrated it with a
steady state, elite preserving, scalable, and ctatipnally fast population alteration model of B,
which they named the G3 (Generalized Generation) @agmlel. Their results indicate that the G3
model with PCX can outperform many other existing @odels when tested on the standard
benchmark functions.
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We employ the best parametric set-up for all tredgerithms as prescribed in their respective saurce
The mean and the standard deviation (within paesa$) of the best-of-run values of 50 independent
runs for each algorithm have been presented inefdal and 13. In order to save space we report only
the hardest problem instances (multi-dimensionactions withD = 100) in these tables. The
algorithms compared in this section have differpapulation sizes and also differ in their initial
population structure. Thus to test the statistiggiificance of the results, we used two-tailedairgul

t tests between the two best algorithms. The resfittdest have been indicated in the 9-th column of
Table 12 and 10-th column of Table 13. Note thatHe’ indicates thet value of 98 degrees of
freedom is significant within a 95% confidence mtd by two-tailed test, *." means the differende o
means is not statistically significant and ‘NA’ st for Not Applicable, covering cases in which two
or more algorithms achieve the best accuracy result

These simulation results show that DEGL/SAW is sigpdo all the other algorithms in terms of the
average final accuracy over 12 cases reportedlteTE2 and 2 cases in Table 13. DEGL/SAW yields
results comparable to two or more algorithms feaées in Table 12. It is interesting to see thabbu
the 12 cases in Table 12, where DEGL/SAW was abledat all its contestant algorithms, for 9
instances the difference between the means of DE®WM and its nearest competitor is statistically
significant. From Table 12, we find that CPSO-H vedide to outperform DEGL/SAW (and all the
other contestants) over the 100-dimensional ScHisegfeoblem 1.2 f;) and IPOP-CMA-ES alone
achieved the greatest accuracy for the 100-dimeabigeneralized penalized functiof,) beating
DEGL/SAW. Forf;, DEGL/SAW remained the third best algorithm (af#SO-H and G3 with PCX)
while for thef;, function, it secured the second place in termfinafl accuracy. However, the last
column of Table 12 shows the difference of meansD&BGL/SAW and IPOP-CMA-ES isot
statistically significant in the case of thefunction.

For lower dimensional multi-modal functiofg to f,;, almost all the algorithms end up with nearly
equal levels of final accuracy;y being an exception where DEGL/SAW appeared to perfo
significantly better as compared to all other alpons. For the higher dimensional and multi-modal
functions fg to f;3, however, CPSO-H and IPOP-CMA-ES remained as dhightest competitor of
DEGL/SAW. Note that over these functions DEGL/SAgYhained statistically better as compared to
the MA-S2 algorithm, which also employs local seastrategies in an adaptive fashion with GA.
Except for the generalized penalized funcfighDEGL/SAW met or beat the IPOP-CMA-ES over all
other multi-modal functions in 100 dimensions. Timal accuracy provided by DEGL/SAW improves
significantly as compared to all other algorithrasthree hardest uni-modal functions: the genezdliz
Rosenbrock’s functiorfd), the discontinuous step functidig)( and the noisy quartic functiofy);

The convergence characteristics of the contestgotitnms over the six hardest test functions have
been shown in Figure 9 in terms of the objectivecfion value of the median run of each algorithm.
For the step function, characterized by plateaus discontinuity, DEGL/SAW maintained a steady
convergence rate that finally finished at the lawagective function value, while the local search-
based MA-S2 showed a much slower convergence. lysaalocal search method that relies on
geographical neighborhoods performs poorly on ttep gunction because the algorithm mainly
searches in a relatively small local neighborhd@ad the other hand, DEGL employs a geographically
randomized neighborhood structutecgél only in the sense of vector indices), and the iiddigls can
make longer jumps enabling them to move from oagepl to a lower one with relative ease.



Table 12 Average and standard deviation of the best-of-rurtisnkifor 50 independent runs and the success

rate tested ofy tof,;

33

Mean Best Value
5 "\:/'élx (Standard Deviation)

Func S - —

cpsony | POPCMA- | G3with | DEGUSAW | Jraustcal
ES PCX 9

f, 100 | 5x10 6.5635e-22 9.6853e-23 7.5364e-22 2.80026-20 8.3812e-23
(7.234e-28) | (7.232e-26) | (3.454e-25) | (6.467e-14) (3.9256-25)

f, 100 | 5x10 7.4164e-08 2.7429¢-03 6.2809¢-04 2.65056-06 9.13956-10 T
(6.225¢-07) | (1.648e-07) (1.91e-15) (3.36e-10) (3.36e-10)

fs 100 | 5x10 3.5712e-23 2.53586-08 8.0005e-07 3.7659e-10 9.7852e-10 T
(7.239e-22) | (1.923e-09) | (8.947e-05) | (2.596e-10) (6.132¢-08)

f) 100 | 5x10F 6.5132e-13 | 1.7685e-12 | 4.8865e-12 7.4823e-13 3.7068e-14
(1.795e-16) | (4.949e-06) | (2.209e-13) | (3.773e-09) (1.08e-12)

fs 100 | 5x10 1.5041e-01 6.0499e-22 1.5639¢-20 5.7778e-18 1.5463¢-25 T
(9.423e-01) | (8.345e-24) | (2.700e-20) | (2.233e-19) (7.301e-22)

fo 100 | 5x10 1.4532e-15 2.10526-20 1.4455¢-13 7.0054e-17 8.6493¢-22 T
(1713e-16) | (8.691e-21) | (3.938e-11) | (2.644e-14) (8.483e-23)

f; 100 | 5x10 8.5829e-13 2.9890e-03 9.6648¢-05 1.7984e-02 6.99216-06 T
(1.492¢-03) | (7.086e-01) | (2.331e-09) | (6.834e-03) (4.56e-05)

fa 100 | 5x10 | -4.0572e+04 | -4.18783e+04 | -4.18774e+04 | -4.03386e+04 | -4.18983e+04 T
(9.481e-06) | (1.129e-04) | (4.227e-05) | (2.349e-05) (6.98¢-06)

fo 100 | 5x10 1.7382e-01 | 9.24702621 | 7.32562e¢-04 | 502381603 | 1.7728e-22 T
(4.093e-02) | (4.324e21) | (2.781e-05) | (3.779e-04) (3.8386-23)

fio | 100 | 5x10 1.7725e-12 | 8.85280e-17 | 3.71596e-00 | 3.474326-10 | 3.52742e-17 T
(2.489e¢-13) | (7.638e-14) | (9.328e-08) | (7.146€-09) (1.365¢-15)

f.. | 100 | 5x10 2.5361e-02 | 3.67528¢-14 | 1.56794e-13 | 8.02369e-11 | 4.11464e-15 T
(7.2281e-03) | (6.932e-14) | (3.6433e-09) | (8.157¢-15) (6.02¢-16)

f, | 100 | 5x10 42042610 | 4.45366e-19 | 2.759346-00 | 6.86492e-04 | 8.00496e-19
(6.955e-11) | (3.634e-16) | (8.359¢-06) | (8.035e-03) (4.82e-17)

fis | 100 | 5x10 | -1.142822e+00| -1.1428226+00| -1.008646+00 | -1.10967e+00 | -1.142823e+00 NA
(9.472¢-06) | (L.342e-03) (1.44e-05) (8.3456-01) (9.032¢-05)

f1a 2 5x10 | 9.9800390e-01| 9.9800390e-01| 9.9800400e-01| 9.9800390e-01| 9.9800390e-01 NA
(7.228¢-16) | (2.673e-16) | (9.373e-09) | (1.138e-16) (1.15e-18)

o 2 5x10 | 3.706461e-04 | 3.7041849¢-04| 3.70685le-04 | 4.156548e-04 | 3.7041849e-04 NA
(1.551e-06) | (4.837e-10) | (2.558e-05) | (2.981e-04) (2.11e-09)

[ 2 5x10° | -1.031630e+00| -1.031630e+00| -1.031628e+00| -1.031630e+00| -1.031630e+00 NA
(7.236e-11) | (3.668e-11) | (4.538¢-08) | (2.548-09) (1.749¢-10)

oy 2 5x10° | 3.9788231e-01| 3.9788170e-01| 3.9788794e-01| 3.97883966-01| 3.9788170e-01 NA
(2.6836-06) | (1.260e-08) | (7.638e-06) | (6.039e-06) (8. 544e-04)

fis 2 5x10° | 3.000000e+00| 3.000000e+0p _ 3.000000e+P0 _ 3.0000006+00  3.0000006+00 NA

f1o 2 5x10° | -1.015306e+00| -1.015314e+01| -1.015058e+01| -1.014888e+01| -1.015323e+01 T
(2.4536-06) | (8.071e-07) | (1.593e-06) | (5.568e-01) (7.341e-08)

o0 2 5x10° | -1.040236e+01| -1.040293e+01| -1.040125e+01| -1.040089+01| -1.040295e+01
(3.1166-06) | (7.974e-10) | (1.944e-05) (3.00e-08) (5.923e-04)

for 2 5x10° | -1.053427e+01] -1.053641e+01| -1.053660e+01| -1.0233866+01] -1.053641e+01 NA
(1.593e-08) | (6.049e-07) | (1.446e-03) | (9.638e-02) (3.90e-08)

Table 13 Average and standard deviation of the best-of-rurtisnkifor 50 independent runs tested on
composite functions CF1 to CF3 taken from the CEC'0herarks

Max Mean Best Value
Func FEs (Standard Deviation)
D ) DEGL/ DEGL/
cpson | POREMA T yasy G with SAW SAW Statistical
(Cr=0.9) (Cr=1) Significance
CF1 | 10 | 5x16 | 5.24167e+02| 3.83592e+02 | 1.98661e+03 | 1.847894e+03| 6.19227e+02 | 5.03826e+02 +
(1.046e+01) | (1.236e+02) | (2.123e+02) | (3.353e+02) | (6.8341e+01)| (4.0995e+01)
CF2 | 10 | 5x16 | 9.23762e+02| 6.82114e+02 | 1.53450e+03 | 1.49463e+04 | 7.60543e+02 | 4.18542e+02 +
(6.718e+01) | (1.8469e+01) | (1.133e+02) | (7.846e+02) | (9.7837e+01)| (8.9984e+01)
CF3 | 10 | 5x16 | 7.58269e+02| 5.12504e+02 | 7.16728e+02 | 1.91423e+03 | 6.74823e+02 | 4.76239e+02 +
(9.462e+02) | (2.586e+02) | (2.836e+02) | (2.643e+02) | (5.8471e+01)| (3.7842e+01)
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Fig. 9. Convergence characteristics for median run of five @lgus over seven difficult benchmark functions.

Figure 9 reveals that for Ackleyyf), Rastrigin {y), and Griewankf(;), as well as harder composite
functions CF1 and CF2, initially CPSO-H and IPORACES converge at the quickest rate among all
the algorithms. However, in the neighborhood of ghabal optima, DEGL/SAW overtakes both of
them, attaining greater final accuracy. The cortpdsinction CF1 appears as an exception to this
trend (that is also exhibited by the convergeneplgs of other functions, which were omitted to save
space), where the convergence rate of CMA-ES rasdaiigher than DEGL/SAW until the maximum
number of FEs were reached.

6.4 Comparative Performance over Real-life Optimiz&on Problems

This section investigates the performance of tkxecsimpetitive DE-variants over two real-world
optimization problems viz. the spread spectrum rguady-phase code design problem and the sound
frequency modulator synthesis problem. Both probklémve been briefly described earlier in Section
5.2.

In Table 14, we show the mean and the standarcati@vi(within parentheses) of the best-of-run
values for 30 independent runs of each of the lgiarithms over the two most difficult instancestioé
radar poly-phase code design problem (for dimersdiba 19 andD = 20). Table 15 reports the results
of the same experiments performed over the FM sgikr problem. Figures 9 and 10 graphically
present the rate of convergence of the DE-varitortshese two problems (graphs in Figure 9 have
been shown for 20 dimensions for the radar codeuagsoblem). The 8-th column in Table 14 and
the 7-th column in Table 15 indicate the statistwignificance level obtained from a pairédest
between the best and the next-to-best performiggrithms in each case.
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Table 14.Average and standard deviation (in parentheses) oftteofi-run solutions for 30 runs over the spread
spectrum radar poly-phase code design problem (nunldémensionD = 19 andD = 30). For all cases each
algorithm was run up to 5xi@Es.

Mean best-of-run solution

( Std Dev)
D DE/rand/1 DE/target-to- DE/rand/1/ DEGL/ _Sta_ti_stical
Ibin b%?gll either-or SADE [28] NSDE [31] SAW Significance

19 | 7.4849e-01| 7.6535e-01 | 7.5834e-01| 7.5932e-01| 7.6094e+01 | 7.4439e-01
(8.93e-03) | (5.93e-04) | (9.56e-04) | (3.88e-05) | (4.72e-03) | (5.84e-04)

20 | 85746e-01| 9.3534e-01 | 8.3982e-01| 8.3453e-01| 8.4283e-01 | 8.0304e-01 +
(4.83e-03) | (4.55e-02) | (3.98e-03) | (6.53e-04) | (3.44e-02) | (2.73e-03)

Table 15.Average and standard deviation (in parentheses) oettteolrrun solutions for 50 runs of six
algorithms on the frequency modulator synthesis problenh &gorithm was run fot0° FEs.

Mean best-of-run solution
( Std Deviation)

DE/target-to- Statistical
DE/rand/1 DE/rand/1/ DEGL/ o

Ibin b(te)?rt]/ll either-or SADE NSDE SAW Significance
1.7484e-01 | 1.8255e+00| 3.8523e-04 7.8354e-02 9.4559e-03 4.8152e-09 +

(4.268e-02) | (1.158e-01)| (2.995e-04) | (5.8254e-03)| (6.924e-01) | (6.2639¢-08)
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DEGLASAWY
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KRR
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1
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—— SADE
10'10 1 1 1 1 1 1 1 1 1 r
1

u] 2 3 4 g 5] 7 g 9 10

Mo, of FEs " 104
Fig.11.Progress to the optimum solution for the FMS problem.
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Tables 14 and 15 show that DEGL/SAW outperformstladl other DE-variants in terms of final
accuracy over two instances of the radar poly-pbade design problem as well as the FMS problem.

6.5 Selection of the Neighborhood Size

The proper selection of the neighborhood’s sizeigétp 2k + 1, wherek is the neighborhood radius)
in DEGL affects the trade-off between exploitatiamd exploration. For solving any given
optimization problem, this selection remains arroproblem. In practice, it is up to the practigon
and it is based solely on his/her experience. Sempirical guidelines may, however, be provided
based on the fact that if the neighborhood siderge (near the population size), then becausbef t
overlapping of the neighborhoods of successiveovecheighborhood-best of a number of vectors can
be similar to the globally best vector in the entgopulation. This again increases the attraction o
most of the vectors towards a specific point in $karch space and results in loss of the explerativ
power of the algorithm. Our experiments suggest éhaeighborhood size that is above 40% of the
population size makes the performance of DEGL coalpa to that of the DE/target-to-best/1/bin.
Again too small a neighborhood runs the risk ofrigsdiversity of the population, as the difference
vector in the local mutation model (equation (1#py become too small. This is due to the fact that
the vectors belonging to a small neighborhood magkly become very similar to each other. We
empirically observe that foNP =10 D , the overall performance of the algorithm is vexty sensitive

to the neighborhood size varying between 10% ard 80NP. Other choices for the population size
NP and the corresponding radius of the neighborheedapics of future research.

Below we provide the overall success rate of th&&DESAW algorithm for neighborhood size varying
from 5% to 70% ofNP, over 100-dimensional multi-modal functiofig and f;;. Since both the
functions have their optima at the origin (0), wetthe percentage of runs that successfully yitlde

final accuracy belowl0™**for different neighborhood sizes. We relaxed theeghold objective

function value froml0™?°, so that at least one run of DEGL for all neiglttoard sizes may converge
below the threshold value.

a0 T T

Il 5
a0k [ Il 0% |
B 20%
[ 30%

I 50%
B 50% |
— | . 70%

Success Hate (%)

2
Ackeley's Function (f10) Griewank's Function (f11)

Fig. 12.Variation of the overall success rate of DEGL/SAW with insireg neighborhood size (for 100-
dimensional functionf, andf;;). Neighborhood sizes are indicated in the legend.

Thorough experimentation with all the test proldeshows that a neighborhood size of around 10%
provides reasonably accurate results with high esgcates over most of the benchmark problems
covered here.
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6.6 Correlation Between the Neighborhood Size and Vight Factor

Both the neighborhood size and the weight fast@re related to the balancing of the explorativeé an
exploitative tendencies of DEGL. Establishment afy aheoretical correlation between these two
parameters remains an interesting problem for éutasearch. In this section we provide a discussion
on such correlation, based on our empirical resultthe benchmark functions.

If we keepw constant throughout, then for neighborhood siZsH1, wherek is the neighborhood
radius) varying between approximately 15% to 25%lBf reasonably good accuracy is achieved with
045< w< 0550ver most of the uni- and multi-modal benchmarksrger values ofv in [0.7, 1.0],
result in marginally better results compared to /tBfget-to-best/1/bin but comparable or worse than
one or more DE-variants tested here. However tiibsmaller neighborhood size varying between 5%
to 15% ofNP, the optimal range af for best accuracy is observed in [0.6, 0.75]. Feighborhood
sizes roughly above 65% of the population $ienone of the time-varying weight factor schemes
(described in Section 4.4) provided significant ioygment of DEGL over DE/target-to-best/1/bin.
This is expected because when the neighborhoodapigeaches the population size, the global and
local mutation models do not differ significantlyitv respect to their best vectors and the role of
weight factor becomes less prominent.

In the case whenv is made self-adaptive, if the neighborhood-sizdetow 30% ofNP, DEGL
exhibits an evolutionary learning strategy thatiatly promotes exploration of the feasible search
volume, but during the later stages of search faeaploitation and thus aids quick convergencédo t
global optimum. This trend has also been shown iguré 6 for various benchmark functions.
However, we observe that if the neighborhood sizedreased beyond 30%, the evolutionary learning
gradually becomes erratic and for neighborhood ssibeyond 60% ofNP, the self-adaptive
characteristics ofw become almost random over generations for mosthefbenchmarks. This
tendency has been shown in Figure 13 for the geredaAckley’s functionf;o. This figure indicates
that if the neighborhood size approachd#y the adaptation mechanisms wefcan hardly guide the
search . We intend to investigate these facts tham@ghly in a future communication.

“alue of w in DEGL/SAWY
(]
[y}
o

045 0%

—— 20%

D4F | —# 30%

—— d0%

| | —e— a0%

0.35 —— B0%
0.3

1 1 1 1 1 1 1 1 1 ]
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Mo. of Generations

Fig.13. Self-adaptation characteristics of the best vector of the DE&E&N scheme on the generalized Ackley's
function {,o) for different neighborhood sizes.
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7. Conclusions and Future Work

In this study we proposed a hybrid DE-type mutdtecombination operator that is a linear
combination of two other mutation/recombination i@bers (an explorative and an exploitive
operator), in an attempt to balance their effétte new operator depends on a user-defined weight
factorw. To circumvent the problem of determining a propatue of W for each problem, we
proposed six different schemes for selecting anthtuthis parameter. Among these, the self-adaptive
weight scheme performed best on most of the bendhfuactions tested.

The neighborhood-based DE mutation, equipped véthaglaptive weight factor, attempts to make a
balanced use of the exploration and exploitatiottitigls of the search mechanism and is therefore
more likely to avoid false or premature convergeitemany cases. An extensive performance
comparison with five significant DE variants andif@ther state-of-the-art evolutionary optimization
techniques indicated that the proposed approaciienee DE'’s ability to accurately locate solutions
in the search space. The use of the self-adaptivation scheme can lead to reliable optimization
since it alleviates the problems generated by p@ate-off between the explorative and exploitative
tendencies of the algorithm, such as decreasedfat@nvergence, or even divergence and premature
saturation.

This, however, does not lead us to claim that tlsD family of algorithms may outperform their
contestants over every possible objective functiimce it is impossible to model all possible
complexities of real-life optimization problems twithe limited test-suite that we used for testimg t
algorithms. In addition, the performance of the petiior DE variants may also be improved by
blending other mutation strategies with judiciouwsgmeter tuning, a topic of future research. The
conclusion we can draw at this point is that DEhwite suggested modifications can serve as an
attractive alternative for optimizing a wide vayieif objective functions.

The present work can be extended in several diregtiFuture research may focus on providing some
empirical or theoretical guidelines for selectinge tneighborhood size over different types of
optimization problems. The effect of other neightmmd topologies (star-shaped, wheel-shaped, fully
connected, etc.) on the performance of DEGL shdddinvestigated theoretically. It would be
interesting to study the performance of the DEGhifg when the various control parameteli( F,
andCir) are self-adapted following the ideas of the SAddgorithm [28].

Acknowledgements:We are grateful to the editor-in-chief, the anonymassociate editor and the
anonymous reviewers for their very detailed comsmamd criticisms that helped a lot to improve the

presentation of the paper.
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