
 
 

 

  

Abstract— Differential Evolution (DE) is well known as a 
simple and efficient algorithm for global optimization over 
continuous spaces. This article provides a simple 
mathematical model of the underlying evolutionary dynamics 
of a one-dimensional DE. The model relates the search 
process of DE with the classical gradient descent search and 
also analyzes the convergence behavior of a DE population, 
very near to optima. 

I.    INTRODUCTION 

ifferential Evolution [1, 2] is a simple real coded 
Genetic Algorithm (GA) [3], which shows strikingly 

good performance as compared to classical GA or swarm 
intelligence based meta-heuristic like Particle Swarm 
Optimization (PSO) [4] over several numerical 
benchmarks [5]. DE has successfully been applied to 
divert domains of science and technology such as pattern 
recognition, signal processing, mechanical engineering 
design, and chemical process plant optimization [6-11] 
etc. As in other evolutionary strategies two main processes 
drive the evolution in DE: firstly, the variation process, 
which enables exploring the different regions of the search 
space and then the selection process that ensures the 
exploitation of previous knowledge about fitness 
landscape. Although there exists a plethora of works 
concerning the empirical study of parameter selection and 
tuning process in DE [12-20] and its application to 
optimization problems, little research has been undertaken 
to model the underlined search dynamics of DE, which 
would enable us to understand how and why DE manages 
to find the optima of many difficult numerical functions so 
fast. A significant work in this direction was reported in 
[21] by Zaharie, where she theoretically analyzed the 
influence of the variation operators and their parameters 
on the expected population variance. 

 In this article we provide a simple mathematical model 
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of DE/rand/1/bin scheme (which is the most popular 
variant of DE family [2]). The model attempts to find out 
the velocity of each search variable vector towards the 
optima over successive generations. It also tries to relate 
the search mechanism in DE with that of the classical 
gradient descent search technique [22]. Moreover, it 
explores the behavior of population members near optima.        
         

II. THE DIFFERENTIAL EVOLUTION ALGORITHM –  
AN OUTLINE 

 
Like any other evolutionary algorithm, DE also starts with 
a population of NP D-dimensional parameter vectors. We 
shall represent subsequent generations in DE by discrete 
time steps like t=0, 1, 2 ...t, t+1 etc. Since the vectors are 
likely to be changed over different generations we may 
adopt the following notation for representing the i-th 
vector of the population at the current generation (i.e. at 
time t=t) as: 

)]().....(),(),([)( ,3,2,1, txtxtxtxtX Diiiii =
�

                 (1)                   

For each parameter of the problem, there may be a certain 
range within which value of the parameter should lie for 
better search results. At the very beginning of a DE run or 
at t = 0, problem parameters or independent variables are 
initialized somewhere in their feasible numerical range. 
So, if the j-th parameter of the given problem has its lower 

and upper bound as jxmin,   and jxmax, respectively, then 

we may initialize the j-th component of the i-th population 
members as, 

)).(1,0()0( min,max,min,, jjjjji xxrandxx −+=          (2)                         

Where randj(0,1) is the j-th instantiation of a uniformly 
distributed random number lying between 0 and 1. The 
following steps are taken next: 

2.1 Mutation 

After initialization, DE creates a donor vector GiV ,

�
 

corresponding to each population member or target 

vector GiX ,

�
in the current generation through mutation.  It 

is the method of creating this donor vector, which 
demarcates between the various DE schemes. For 
example, five most frequently referred mutation strategies 
implemented in the public-domain DE codes available 
online at http://www.icsi.berkeley.edu/~storn/code.html 
are listed as follows: 
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“DE/rand/1”: ))()(.()()(
321

tXtXFtXtV iii rrri

���
−+=      (3.1)                                  

“DE/best/1”: ))()(.()()(
21

tXtXFtXtV ii rrbesti

���
−+=  (3.2)                                             

“DE/target-to-best/1”:  
))()(.())()(.()()(

21
tXtXFtXtXFtXtV ii rribestii

�����
−+−+=           

(3.3)  
“DE/best/2”:  

))()(.())()(.()()(
4321

tXtXFtXtXFtXtV iiii rrrrbesti

������
−+−+=   (3.4) 

“DE/rand/2”:  
))()(.())()(.()()(

54321
tXtXFtXtXFtXtV iiiii rrrrri

�����
−+−+=         (3.5) 

The indices ir1 , ir2 , ir3 , ir4 and ir5 are mutually exclusive 

integers randomly chosen from the range [1, NP], which 
are also different from the index i. These indices are 
randomly generated once for each mutant vector. The 
scaling factor F is a positive control parameter for scaling 

the difference vectors.  GbestX ,

�
 is the best individual 

vector with the best fitness function value in the 
population at generation G. The general convention used 
for naming the various mutation strategies is DE/x/y/z, 
where DE stands for Differential Evolution, x represents a 
string denoting the vector to be perturbed and y is the 
number of difference vectors considered for perturbation 
of x. z stands for the type of crossover being used (exp: 
exponential; bin: binomial). The following section 
discusses the crossover step in DE.                                   

2.2 Crossover 

Next, to increase the potential diversity of the population a 
crossover scheme is undertaken. DE family of algorithms 
can use two kinds of cross over schemes namely 
exponential and binomial. The donor vector exchanges its 

“body parts” i.e. components with the target vector )(tX i

�
 

under this scheme to form the trial vector )(tUi

�
. We here 

outline the binomial crossover scheme, which comes into 
play in our present analysis. In this case the crossover is 
performed on each of the D variables whenever a 
randomly picked number between 0 and 1 is within the 
CR value. In this case the number of parameters inherited 
from the mutant has a (nearly) binomial distribution. The 
scheme may be outlined as follows: 
  )(, tu ji =  )(, tv ji  If ( CRrandi ≤)1,0( ) or (j =rn(i)) 

                )(, tx ji  If ( CRrandi >)1,0( )or ( j rn(i))     (4)  

                                                                                                                                        
where randj (0, 1) ]1,0[∈ is the j-th evaluation of a uniform 
random number generator. rn(i) ],....,2,1[ D∈ is a 

randomly chosen index which ensures that )(tUi

�
gets at 

least one component from )(tVi

�
. It is instantiated once for 

each vector. In this article we have not taken into account 
the term rn(i) so that CR may be exactly equal to the  
cross-over probability Crp . 

2.3 Selection                                      

In this way for each target vector )(tX i

�
a trial vector 

)(tUi

�
is created. To keep the population size constant 

over subsequent generations, the next step of the 
algorithm calls for ‘selection’ to determine which one of 
the target and the trial vector will survive in the next 
generation i.e. at time t = t+1. DE actually involves the 
Darwinian principle of “Survival of the fittest” in its 
selection process, which may be outlined as, 

   =+ )1(tX i

�
      )(tU i

�
 if  ))(())(( tXftUf ii

�
≤  

                           )(tX i

�
 if  ))(())(( tXftUf ii

�
>            (5)                

where f( ) is the function to be minimized. So if the new 
trial vector yields a better value of the fitness function, it 
replaces its parent in the next generation; otherwise the 
parent is retained in the population. Hence the population 
either gets better (w.r.t the fitness function) or remains 
constant but never deteriorates. The DE/rand/1 algorithm 
is outlined below: 
Pseudo-code for DE algorithm 
Step 1: Set the time-step 0=t , and randomly initialize a 

population of NP  individuals 

)}0(),......,0({ 1 NPXXP
��

= with

)}0(),......,0({)0( ,1, Diii xxX =
�

and  

],....,2,1[ NPi = uniformly distributed in the 

range ],[ maxmin XX
��

,where 

},......,{ min,1min,min DxxX =
�

and                                                   

},......,{ max,1max,max DxxX =
�

 

Step 2: WHILE stopping criterion is not satisfied 
            DO 
            

           Step 2.1 Mutation Step 
                 FOR  1=i to NP  
                     Generate a donor vector 

)}(),.......,({)( ,1, tvtvtV Diii =
�

corresponding 

to the target vector )(tX i

�
 via one of the 

different mutation schemes of DE (equations 
(3)). 

                 END FOR 
         Step 2.2 Crossover Step 

            Generate a trial vector )(tU i

�
 for each target 

vector GiX ,

�
through binomial crossover 

(equation (4)).    
           Step 2.3 Selection Step 
                 FOR 1=i to NP  

   Evaluate the trial vector )(tUi

�
 

     IF ))(())(( tXftUf ii

��
≤ , THEN 

)()1( tUtX ii

�
=+ , ))(())1(( tUftXf ii

�
=+  

     ELSE )()1( tXtX ii

��
=+  

           END IF 
 END FOR 
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III. THE MATHEMATICAL MODEL OF THE POPULATION 

DYNAMIC IN DIFFERENTIAL EVOLUTION 
 

In what follows we outline a simple mathematical model 
of the dynamics of the parameter vectors of a DE 
population over a one-dimensional fitness landscape .The 
analysis is based on simple probability theory and 
differential calculus .It provides an insight into the search 
process developed through DE type mutation and 
crossover operators.  Although there are a number of 
different DE mutation strategies, we confine ourselves to 
the most popular one among them – DE/rand/1/bin 
scheme for the sake of simplicity of expressions that allow 
one to visualize how different operators in DE contribute 
to the dynamics of the population. The analysis can be 
easily extended to other DE type mutations. 

3.1 Assumptions 

Suppose )(xf , function of single variable x , is to be 

optimized using the DE Algorithm. Let 
},........,{ 21 NPxxx  be a set of trial solutions forming the 

population subjected to DE search where NP  denotes the 
population size. In order to validate our analysis, we make 
certain assumptions, which are listed below:   
i. The population of NP  trial solutions is limited 
within a small region i.e. individual trial solutions are 
located very close to each other.  
ii. A region of fitness landscape, having moderate value 
of gradient at each point, is prescribed as the domain of 
the analysis. 
iii. Dynamics is modeled assuming continuous time. 
Figure1 depicts a favorable portion of a one- dimensional 
arbitrary objective function for our analysis. 

          

         

            

 
 
 
 
 
 
 
 
 
 

3.2 Modeling Different Steps of DE  

Let mx  be the m -th individual of the population, 

where NPm )1(1= . It is used as a target vector in a 

particular DE iteration. During an iteration of DE, it 

undergoes three steps namely mutation, crossover and 
selection. Each step is modeled individually and finally 
they are merged to get a generalized expression. In the 
following analysis, upper case letter denotes random 
variables. 
 Three trial solutions are chosen at random from the 
population. Let 321 ,, rrr XXX  be three trial solutions 

(random variables) picked up randomly from population.  
Here, we assume trial solutions are drawn with 
replacement. i. e. each trial solution chosen at a particular 
draw is returned to the population before next draw. This 
assumption makes 321 ,, rrr XXX  independent of each 

other. 

This means )()|( lrikrjlri xXPxXxXP ====  

)()()( krjlrikrjlri xXPxXPxXxXP ====∩=  

Where, 3,2,1, =ji  and NPlk )1(1, =   and  ji ≠   

Difference of 32 , rr XX  is scaled by a factor F  and then 

1rX  is added with the scaled difference. Let mV  be the 

generated donor vector. 

                 )( 321 rrrm XXFXV −+=∴                                                    

For the one-dimensional analysis we omit the restriction 
that at least one component of the trial vector must come 
from the donor. Hence in this case CR equals the true 
probability of the event that mm VU = . Equipped with 

these assumptions we may assert the following theorems: 

       

 

 

 

 

 

 

 

 

 

 

Theorem 1: The expected value of 2
mU can be given by: 

     
2

222 )()12()1()(

av

mm

CRx

xVarFCRxCRUE

+

++−=        (6) 

Proof:  From Figure 2, probability of the event CRr ≤  

=≤= )( CRrP  Area of the shaded region.                                               

CRCR =×= 1 . 

 

Points on the 
fitness landscape 
represent 
individual trial 
solutions

Figure 1: A DE population dispersed on a one-
dimensional arbitrary fitness landscape 

x 

f(x) 

r 

P.D.F. 

CR 

Figure 2. Probability density function of r 
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Now, CRr ≤  and CRr >  are mutually exclusive and 
exhaustive events. 

CRCRrPCRrP −=≤−=>∴ 1)(1)(

= = =

=∩=∩=∩≤

+>=∴

NP

i

NP

j

NP

k
krjrir

mm

xXxXxXCRrP

xCRrPUE

1 1 1
321 ))}()()((){([

)()(

             

)}]({ kji xxFx −+  

Now, we have assumed that mutation and crossover are 
independent of each other i.e. r is independent of 

321 ,, rrr XXX . 

))()()(()(

))()()((){(

321

321

krjrir

krjrir

xXxXxXPCRrP

xXxXxXCRrP

=∩=∩=≤=

=∩=∩=∩≤
 

)]([)}()(){(

)()()(

1 1 1
321 kji

NP

i

NP

j

NP

k
krjrir

mm

xxFxxXxXxXP

CRrPxCRrPUE

−+=∩=∩=

≤+>=∴

= = =

321 ,, rrr XXX  are independent random variables. 

    Hence,  

)()()(

)}()(){(

321

321

krjrir

krjrir

xXPxXPxXP

xXxXxXP

===

==∩=∩=
 

)]([)()()()(

)()(

1 1 1
321 kji

NP

i

NP

j

NP

k
krjrir

mm

xxFxxXPxXPxXPCRrP

xCRrPUE

−+===≤

+>=∴

= = =

 

Now,
NP

xXPxXPxXP krjrir
1

)()()( 321 ======  

          
)]([

1
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)()(

1 1 1
3 kji

NP

i

NP

j

NP

k

mm

xxFx
NP

CRrP

xCRrPUE
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= = =
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)]([
1

)1()(
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+−=∴
NP

i

NP

j

NP

k
imm x

NP
CRxCRUE

1 1 1
3

][
1

)1()(
                   

[
= = = = = =

=
NP

i

NP

j

NP

k

NP

i

NP

j

NP

k
kj xx

1 1 1 1 1 1

� ] 

=

+−=∴
NP

i
imm x

NP
CRxCRUE

1

1
)1()(                                                                   

avmm CRxxCRUE +−=∴ )1()(                                    (7)                 

                                                                                 

Now, similar to the previous one,  

= = =

=∩=∩=∩≤

+>=∴

NP

i

NP

j

NP

k
krjrir

mm

xXxXxXCRrP

xCRrPUE

1 1 1
321

22

))}()()((){([

)()(

                                   

])}({ 2
kji xxFx −+   

Proceeding in the same manner, 
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xxFx
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=
NP

i

NP
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k
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j
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k
kiji xxxx
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NP

i
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j

NP

k

NP

i

NP

j
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k
kj

NP

i

NP

j
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2

11 1 1 1 1

==
== = = = =

NP

i
i

NP
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NP
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NP
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jiji xNPxxNPxx�  

       and 2
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So, 
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+−=

NP

i
i

NP

i
i

NP
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22

22

)()12(

)1()(
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mm
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xCRUE
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Where, 2

11

2 )
1

(
1

)(
==

−=
NP

i
i

NP

i
i x

NP
x

NP
xVar  and 

=

=
NP

i
iav x

NP
x

1

1
, and hence the proof. 

Theorem 2: If the DE population may be modeled as a 
continuous-time, dynamic system, then the expectation 
value of the velocity of an individual point on the fitness 
landscape may be given as: 
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xxCRxfxx

xVarFCR
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Proof: Let us assume that mutation and crossover occur in 

unit time to give rise to off offspring.  In selection mx  is 

replaced by mU if the objective function value for mUx =  

is less than or equal to that for mxx = .This decision-

making is performed using unit step function, which is 
defined as follows: 

 

1)( =pu   If   0≥p  

              =0 otherwise. 

Now, let at time t  position of m th trial solution be mx  

and at tt Δ+  it is changed to mm xx Δ+  

Then, )](
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xfu
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−−=∴                       (9)                                                                

Now, we have to replace unit step function by logistic 
function to carry out the analysis. 

Ideally, 
kpk e

ltpu
−∞→ +

=
1

1
)(  

Let us take a moderate value of k for analysis. Here we 
commit some error due to approximation. 

kpe
pu

−+
≈

1

1
)(  

Now, if p is very small. Then, kpe kp −≈− 1    

[neglecting higher order terms] 

1)
2

1(
2

1

2

1

1

1
)( −

−
−=

−
≈
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≈∴

kp

kpe
pu

kp
  

Again assuming p to be very small and neglecting higher 

order terms in expansion of 1)
2

1( −−
kp

 we obtain,          

p
k

pu
42

1
)( +≈                                                       (10)                                                                                             

 

                                                                              

 

 

 

 

Figure 3: The unit step and the logistic functions. Now, 
the population has a small divergence. 

 

mm xU −∴  is not very large and hence
dt

dxm is small. 

Also we have assumed that fitness landscape has a 

moderate slope i.e. )(' mxf  is also small, which in turn 

suggests that 
dt

dx
xf m

m )('  is small. Thus from (9) and 

(10) we get, 

      )]()(
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Now, ))((
4

'
mmm xUxf

k
−  is small 

))((
4
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4

1[ '1'
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k
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−−≈−+∴ − fr

om (11) we get, 

2
)()(

8
'2 mm

mmm
m xU

xfxU
k

dt

dx −
+−−=                (12)                        

Now mU  is a random variable. 
dt

dxm∴ , which is a 

function of mU  , is also a random variable. 

Let us try to compute its expected value. 

)(
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1
)()(

8
)( 2'

mmmmm
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k

dt

dx
E −+−−=  
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          (13)         

Substituting values of )(),( 2
mm UEUE from equation (7) 

and (8) to equation (13) we get, 
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 and hence the proof. 
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Theorem 3: Let avx denote the centroid (mean of all 

points) of the current population and
=

=
NP

m
mav xx

1

. Also 

let us denote =−= mavm xxε deviation of individual 

from average. Then expected velocity of the centroid of 
the population may be given by, 
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Let us denote =−= mavm xxε deviation of individual 

from average. 

))(
1

(
8

))(
1

)(()12(
8

)(

'

1

2

1

'2

m

NP

m
m

NP

m
m

av

xf
NP

CR
k

xf
NP

xVarFCR
k

dt

dx
E

=

=

−

+−=∴

ε

 

))(
1

(
8

)(
1

)()12(
8

)(

'

1

2

1

'2

mav

NP

m
m

NP

m
m

av

xf
NP

CR
k

xf
NP

xVarFCR
k

dt

dx
E

εε +−

+−=

=

=      

))(
1

(
8

)()12(
8

)(

'

1

2

'2

mav

NP

m
m

av
av

xf
N

CR
k

fxVarFCR
k

dt

dx
E

εε +−

+−=∴

=

           (15)                                                                                                                                  

Where, 
=

==
NP

m
mav xf

NP
f

1

'' )(
1

average of the gradients 

for trial solution points on fitness landscape. This 
completes the proof.   

 

3.3 Mathematical Analogy between DE and Classical 
Gradient Descent Search 

 From (14) we may infer 

 DEmDE
m xf

dt

dx
E βα +−= )()( '                                   (16)                       

where })()()12{(
8

22
mavDE xxxVarFCR

k
−++−=α   

and  )(
2

1
mavDE xxCR −=β   

Expression (16) has similarity with characteristic equation 
of classical gradient descent algorithm. So, DE may be 
termed as a modified gradient descent search under certain 

constraints. Here )(' mDE xfα−  term on the R.H.S. of 

(16) is responsible for gradient descent, whereas DEβ  

represents a component of velocity of a trial solution 
towards the mean vector (center of mass) of the 
population. 

Evidently, when 0)(' →mxf ,                                      

)(
2

1
)( mavDE

m xxCR
dt

dx
E −=≈ β  

Now, if the population is not much scattered )( mav xx −  

is very small. 0)( →∴
dt

dx
E m   

 So, it converges towards optima. Under these 
circumstances, the population members are confined 
within a small region of the search space and 
hence 0)var( →x , 0→− mav xx  and also 0→mε . Thus, 

from (16) and (17) we get 0)( →
dt

dx
E m  

and 0)( →
dt

dx
E av .              

 

IV.    EXPERIMENT RESULTS 

In this section we provide the phase plots (
dt

dx
v = versus 

x plots) for DE/rand/1/bin, which supports the theoretical 
results derived in the earlier section. A population of 11 
vectors is taken to optimize the single dimensional sphere 

function 2)( xxf =  using the DE Algorithm. In Figure 4 

four phase-trajectories are illustrated for the median 
vector (when the population is ranked according to the 
final fitness values of the vectors) over four independent 
runs (with different initial populations). These phase 
trajectories verifies our theoretical finding that near an 

optima, the expected velocity )(
dt

dx
E  of individual 

member of population gradually approaches zero. 
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Figure 4 (a-d): Phase trajectory of the median order vector (in a 
population of size NP = 11) for 4 independent runs (with 
different seeds for the random number generator) 
 
 

V.    CONCLUSIONS 
 
Differential Evolution (DE) has been regarded as a 
competitive form of Evolutionary Algorithm for function 
optimization problems in recent years. In this article we 
provide a simple analysis of the evolutionary dynamics 
undertaken by each of the population members in 
DE/rand/1/bin, which appears as one of the most popular 
and widely used variant of the DE. The distribution of the 
difference vector under convolution is first considered to 
explain why DE works and the implications are given for 
optimization. In addition, DE has been modeled as a 
modified gradient descent algorithm, which should 
provide the further insight into the evolution of the DE 
population. 

Future research may focus on analyzing the stability of 
the DE dynamics based on a stochastic Lyapunov energy 
function approach [23].  
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