
Applied Soft Computing Journal 95 (2020) 106526

A
a

b

c

P
d

n
b

h
1

Contents lists available at ScienceDirect

Applied Soft Computing Journal

journal homepage: www.elsevier.com/locate/asoc

An adaptive Harris hawks optimization technique for two dimensional
grey gradient basedmultilevel image thresholding
Aneesh Wunnava a, Manoj Kumar Naik a,∗, Rutuparna Panda b, Bibekananda Jena c,
jith Abraham d

Faculty of Engineering and Technology, Siksha O Anusandhan, Bhubaneswar, Odisha 751030, India
Dept. of Electronics and Telecommunication Engineering, Veer Surendra Sai University of Technology, Burla, Odisha 768018, India
Dept. of Electronics and Communication Engineering, Anil Neerukonda Institute of Technology & Science, Sangivalasa, Visakhapatnam, Andhra
radesh 531162, India
Machine Intelligence Research Labs, Scientific Network for Innovation and Research Excellence, WA 98071-2259, USA

a r t i c l e i n f o

Article history:
Received 15 January 2020
Received in revised form 15 April 2020
Accepted 3 July 2020
Available online 6 July 2020

Keywords:
Computational intelligence
Soft computing
Optimal multilevel image thresholding

a b s t r a c t

A metaheuristic algorithm called Harris hawks optimization (HHO) is gaining its popularity among
its clan and useful for optimization. In this algorithm, the prey gets completely exhausted when the
escape energy is equal to zero, therefore it fails to explore further. The random operator chosen in
the existing method is a wastage of search agents (Harris hawk). To overcome this issue, we propose
an adaptive Harris Hawks optimization (AHHO) technique. In this work, the mutation is employed
to restrict the escape energy within the range [0, 2], except for the mutation interval. Our method
adaptively decides the chance of the Harris hawk would do perch along with the other family members
or move to a random tall tree with the help of average fitness. The proposed AHHO algorithm is
benchmarked with 23 classical test functions and 30 modern test function from CEC 2014 test suite
consisting of unimodal, multimodal, hybrid and composite functions. The qualitative and quantitative
analysis, which include metrics such as statistical results, convergence curves, p-value from Wilcoxon
rank-sum test and Friedman mean rank. It reveals that AHHO provides good results when compared
with other well-known nature-inspired algorithms. It can be used for multilevel thresholding which is
an optimization problem. Recently, 2D histogram based multilevel image thresholding techniques are
becoming more popular for different image processing applications. The local averaging scheme used
for the construction of a 2D histogram in existing methods fails to preserve the edge information.
The choice of the diagonal pixels only results in the loss of information making the earlier multi-
level thresholding methods inefficient to retain the spatial correlation information. Although the
computation of 2D histogram based on grey gradient information is a better way to threshold an
image, it faces problems due to the presence of the edge magnitude peaks. These problems are solved
by investigating an improved 2D grey gradient (I2DGG) method, a new technique is suggested in this
paper to suppress high edge magnitudes. The I2DGG is a maximization problem, which requires an
exhaustive search process. Therefore, AHHO is used to obtain the optimal threshold values. The result
of our proposed AHHO based multilevel thresholding using the I2DGG method is obtained using all
the 500 images from the Berkeley Segmentation Data set (BSDS 500). When we compare the proposed
method I2DGG with 2D Tsallis entropy and 1D Tsallis entropy based multilevel thresholding, the
I2DGG outperforms other methods. The experimental results are also compared with the state-of-art
optimization-based multilevel thresholding methods, which shows our proposed method is beneficial
to the segmentation field of image processing.
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1. Introduction

Image segmentation is an important process of image process-
ing, where a given image is segmented into a set of meaningful
homogeneous sub-regions [28]. Most of the image segmentation
techniques use the similarity approach based on pixel intensity

values. It exploits the similarity among the image objects with
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Table 1
Brief literature review on nature-inspired algorithms applied to corresponding image thresholding methods.
Nature-inspired algorithms Thresholding methods

Ant colony optimization (ACO) Otsu’s method [1]
Artificial bee colony (ABC) Kapur’s entropy [2], Tsallis entropy [3]
Coral Reef optimization (CRO) Diagonal class entropy [4]
Crow search algorithm (CSA) Otsu’s method [5], Kapur’s entropy [6]
Cuckoo search (CS) Tsallis entropy [7], Kapur’s entropy [8]
Differential evolution (DE) Tsallis entropy [9]
Firefly algorithm (FA) Otsu’s method [10], Minimum cross-entropy [11]
Genetic algorithm (GA) Wavelet transform [12]
Grey wolf optimizer (GWO) Otsu’s method [13], Kapur’s entropy [13]
Honey bee mating optimization (HBMO) Minimum cross-entropy [14]
Krill herd optimization (KHO) Otsu’s method [15], Kapur’s entropy [15]
Moth-flame optimization (MFO) Otsu’s method [16]
Particle swarm optimization (PSO) Otsu’s method [17], Minimum cross-entropy [18]
Symbiotic Organisms Search (SOS) Kapur’s entropy [19]
Whale optimization algorithm (WOA) Otsu’s method [16]
Wind driven optimization (WDO) Kapur’s entropy [8]
Table 2
Brief literature review on modified/hybrid nature-inspired algorithms applied to corresponding image thresholding methods.
Modified/hybrid algorithm Short description of the algorithm Thresholding methods

Adaptive Swallow swarm optimization (ASSO) The control parameters of SSO are made
adaptive with fitness value.

Grey gradient [20]

Nelder–Mead simplex search method and
particle swarm optimization (NM-PSO)

Hybridization of Nelder–Mead simplex local
search mechanism and particle swarm
optimization global search mechanism.

Otsu’s method [21,22]

Modified bacterial foraging optimization
(MBFO)

The best bacteria among all the chemotactic
steps are passed to the subsequent generations
to improve the global search efficiency.

Otsu’s method and Kapur’s entropy [23]

Hybrid differential evolution (HDE) The hybridization of differential evolution with
reset strategy of Cuckoo search (CS)

Otsu’s method [24]

Improved bat algorithm (IBA) The adaption of crossover and mutation of
differential evolution to speed up the
convergence in bat algorithm (BA)

Otsu’s method and Kapur’s entropy [25]

Modified firefly algorithm (MFA) The chaotic tent map is used in the
initialization process to improve the diversity
of the firefly.

Otsu’s method, Kapur’s entropy and
minimum cross-entropy [26]

gravitational search algorithm with genetic
algorithm (GSA-GA)

The roulette selection and discrete mutation
operators of GA are introduced in GSA to
differentiate the population and get away from
premature convergence.

Otsu’s method and Kapur’s entropy [27]
a pre-defined criterion for partitioning. Some popular similarity
approaches are thresholding, region growing, region splitting and
merging. The thresholding approach rules among all other seg-
mentation methods in terms of accuracy, ease, and robustness,
which is based on image histogram. Thresholding partitions the
image into different regions using a set of grey level threshold
values. If there is only one grey level threshold value, then the
image is partitioned into two regions, it refers to bi-level thresh-
olding. Multilevel thresholding is an expansion of bi-level thresh-
olding, where more than one grey level threshold values are used
to partition the image into different sub-regions. Various global
thresholding methods are presented in the literature to segment
the images which extract the patterns of interest [29–36], out
of which the histogram-based approach is most commonly used
to determine the threshold value in an image. Some of the most
common one-dimensional thresholding cited in the literature us-
ing the histogram of an image ware based on Otsu’s method [37],
Kapur’s entropy [38], Tsallis entropy [39–42], Rényi entropy [30,
43] and Masi entropy [44]. The performance of these methods
is encouraging, a few anxieties remain. The major drawback in
one-dimensional thresholding based on the 1D histogram is that
the spatial correlation among the pixels are not taken into con-
sideration. The thresholding based on two-dimensional entropy is
proposed in [45,46] by using a 2D histogram, which is a combina-
tion of a 1D histogram and a local average of the neighbourhood
pixels. The two-dimensional entropic method based on Otsu is
proposed in [47], Tsallis–Havrda–Charvát entropy in [48] and
Renyi’s entropy in [49], which has shown improved performance
over its one-dimensional methods.

Nowadays, multilevel thresholding is strongly recommended
over the bi-level thresholding for real-life images, because bi-
level thresholding does not give appropriate performance [50].
However, when we extend the bi-level thresholding to multi-
level thresholding, the complexity of the problem increases, so
practically it cannot be extended to multilevel thresholding. Some
researchers have tried to enhance the efficiency in terms of
time complexity of multilevel thresholding using recursive algo-
rithms [51–53] to determine the optimal threshold values with
the help of lookup tables. However, by increasing the number of
threshold values, the computational time increases [54].

The multilevel image thresholding problem can be considered
as a precise optimization problem, in which the nature-inspired
computing is wise to utilize to find the optimal threshold. A brief
literature review on original nature-inspired algorithms-based
thresholding methods for selecting optimal threshold values are
presented in Table 1. However, any original nature-inspired algo-
rithm is flawed and has its constraint. Hence, one needs to change
the search strategies by modifying the original algorithm [55] or
hybridize the algorithm with other [56–58]. Several modified and
hybrid nature-inspired algorithms are applied to image thresh-
olding to improve the performance and reduce the complexity
that is briefly presented in Table 2.
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Fig. 1. 2D histogram for multilevel thresholding.

Recently, Heidari et al. [59] proposed a new metaheuristic
algorithm called Harris Hawks Optimization (HHO) taking inspi-
ration from the cooperative perching strategy of Harris’ hawk.
The HHO gives a quite impressive results when compared with
some well-known optimization algorithms. This has motivated us
to analyse the HHO algorithm, where we found that the transition
from explorations to exploitations or vice-versa, has depends on
a random value. This warrants us to modify the perching strategy
control parameter of the exploration and exploitation are made
adaptive fitness value of Harris’ hawk. The Harris’s hawk chasing
strategy mostly depends on the rabbit (prey) energy, which is in
the range of −2 to 2. The rabbit energy less than 0 means the
rabbit has no energy to flagging, that motivates us to do some
modification to rabbit energy in the proposed work. The modifi-
cation of rabbit energy and introducing the adaptive fitness-based
control parameter, the proposed algorithm is coined as adap-
tive Harris hawks optimization (AHHO). The performance of the
AHHO is evaluated using the 23 well known classical benchmark
test functions [55,60] and modern CEC 2014 test functions [61].
A comparison of AHHO with state-of-art algorithm such as Harris
hawks optimization (HHO) [59], crow search algorithm (CSA) [62,
63], Cuckoo search (CS) [64,65], differential evolution (DE) [66–
68], firefly algorithm (FA) [69,70], particle swarm optimization
(PSO) [71], grey wolf optimizer (GWO) [72], wind driven opti-
mization (WDO) [73], whale optimization algorithm (WOA) [74]
and successful history-based adaptive DE with linear population
size reduction (L-SHADE) [75,76]. As a result, AHHO shows better
convergence along with superior results when compare statistical
with Wilcoxon’s test and Friedman test.

The image thresholding broadly used a grey level image dataset
and colour image dataset. Where the grey level image is the
fundamental image consists of one plane, whereas the colour
image is a combination of three planes. Though the complexity
is less in a grey level image than the colour image, in our belief,
if a thresholding method performs well in the grey level image, it
has a greater chance to perform well in the colour image. So.,
we motivated to employ AHHO to find the optimal threshold
value in grey level image thresholding. Recently, grey gradient-
based multilevel thresholding [20] is proposed based on the
gradient information from the 2D histogram of an image. The
method exhibits the non-uniformity of edge magnitude, which
leads to the valley like structure in 2D histogram. These lead to a
formation of improved 2D grey gradient (I2DGG) based multilevel
thresholding method by normalize the grey gradient information.
As the AHHO performance is superior in test functions, the same
Fig. 2. Behaviour of E during 200 iterations of AHHO and HHO.

can be used to grey-level thresholding to obtain the threshold
value. The paper uses the maximization objective function such
as I2DGG along with 1D Tsallis entropy and 2D Tsallis entropy
to obtain the optimal threshold value. For the compression of
AHHO based multilevel thresholding, the state-of-art algorithm
based multilevel thresholding such as CSA [6], CS [7,8], DE [9],
FA [10], GWO [13], PSO [17], WDO [8], WOA [16] are used along
with HHO [59] and L-SHADE [75,76]. The performance evaluation,
experiments are performed using the Berkeley Segmentation Data
Set (BSDS 500) [77] with the help of statistical measure and
Wilcoxon’s test.

The main contribution of this suggested work is as follows:

1. An adaptive Harris hawks optimization (AHHO) is sug-
gested by modifying the escaping energy and perching
strategy control parameter in HHO. The AHHO shows a
better convergence with superior results when compared
with the state-of-art algorithm with the help of a well-
known 23 classical benchmark test function and modern
30 test functions form the CEC 2014 test suite.

2. An improved 2D grey gradient (I2DGG) multilevel thresh-
old is proposed by normalizing the grey gradient informa-
tion to overcome the non-uniformity in edge information.

3. The AHHO based multilevel thresholding is validated us-
ing the BSDS 500 and shows the superior result when
compared with the state-of-art algorithm HHO, CSA, CS,
DE, PSO, GWO, WDO, WOA and L-SHADE based multilevel
thresholding.

A more detailed discussion on the work are presented in the
following sections. The rest of the paper is structured as follows. A
brief review of the 1D Tsallis entropy, 2D Tsallis entropy, and HHO
algorithm are presented in Section 2. In Section 3, we propose a
novel adaptive Harris hawks optimization (AHHO) algorithm and
a comparative performance over the HHO. Section 4 describes
the problem formulation based on an improved 2D grey gradient
(I2DGG). The result and discussions are presented in Section 5.
Concluding remarks are drawn in Section 6.

2. Preliminaries

2.1. Multilevel thresholding

Let assume grey image of size M × N with L grey level values
{ }
0, 1, · · · , L − 1 . The ni represents the number of pixels with
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Fig. 3. Qualitative result of classical test functions f1 , f9 and f14 .



A. Wunnava, M.K. Naik, R. Panda et al. / Applied Soft Computing Journal 95 (2020) 106526 5

Fig. 4. Qualitative result of modern test functions F5, F10 and F15 from CEC 2014 test suite.
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Table 3
Parameter setting of various optimization algorithm.
Algorithm Parameters

AHHO pm_max = 0.3 and pm_min = 0.1
CSA Flight length fl = 1, and awareness probability AP = 0.1
CS Abandon probability pa = 0.25, step size α = 1, and λ = 1.5
DE Scaling factor F = 0.5, and crossover probability Cr = 0.9
FA α = 0.5, β = 0.2, and γ = 1
GWO a = [2 0]
PSO Inertia factor = 0.3, c1 = 2, and c2 = 2
WDO RT coefficient = 5, gravitational constant = 0.2, constant in the update equation = 0.5,

Coriolis effect = 0.4 and maximum allowed speed = 0.3
WOA a = [0, 2], b = 1, and l = [−1, 1]
L-SHADE H = 6, p = 0.11 and Arc rate = 2.6.
Fig. 5. Boxplot of the six classical test functions.
rey level values i, then the probability distribution of the ith
i = 0, 1, . . . , L − 1) grey levels is

i =
ni

M × N
, (1)

and
L−1∑
i=0

pi = 1. (2)

For a M classes problem [23,78,79] with m thresholds [t1, t2, . . . ,
tm], should follow 0 < t1 < t2 · · · < tm < L − 1. Then the M
classes are defined as:

[0, t1] ∈ C1
[t1 + 1, t2] ∈ C2

...
[tm + 1, L − 1] ∈ CM

(3)

2.1.1. 1D Tsallis entropy
Tsallis proposed a generalized Tsallis entropy [40], which can

be applied to a non-extensive system and can be used for thresh-
olding an image with the help of a pseudo-additive entropic
rule [42].
The Tsallis entropy for a multilevel thresholding of M classes
problem [23,78,79] with m thresholds [t1, t2, . . . , tm] is a maxi-
mization problem is formulated as

[t1, t2, . . . , tm]opt
= argmax[S1q (t) + S2q (t) + · · · + Skq (t) + · · · + SMq (t)

+ (1 − q) × S1q (t) × S2q (t) × · · ·×Skq (t) × · · · × SqMt], (4)

where the Tsallis entropy of each class Skq can be

S1q (t) =

1 −
∑t1

i=0

(
pi
P1

)q

q − 1

S2q (t) =

1 −
∑t2

i=t1+1

(
pi
P2

)q

q − 1

Skq (t) =

1 −
∑tk

i=tk−1+1

(
pi
Pk

)q

q − 1

SMq (t) =

1 −
∑L−1

i=tm+1

(
pi
PM

)q

q − 1
,M = m + 1
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decrease from 18 × 30 to 4.
WDO WOA L-SHADE

2 9.894E−24 3.024E−15 1.644E−26
1 2.877E−01 3.830E−12 5.521E−24
1 9.473E−02 2.649E−13 1.019E−24
2 1.024E−01 5.414E−13 1.349E−24

0 7.463E−12 2.408E−09 1.705E−13
0 2.545E+00 1.485E−07 8.288E−12
0 8.778E−01 3.317E−08 1.156E−12
1 8.713E−01 2.763E−08 1.193E−12

1 4.570E−04 3.811E−05 1.651E−12
0 7.275E−01 5.564E−01 1.248E−08
0 3.160E−01 2.236E−02 7.728E−10
1 1.897E−01 6.666E−02 1.562E−09

1 6.372E−13 1.482E−04 4.383E−06
1 2.347E−01 2.598E−02 5.790E−04
1 5.309E−02 3.935E−03 1.479E−04
2 8.078E−02 4.602E−03 1.269E−04

1 2.871E+01 2.601E+01 1.490E+01
1 5.455E+01 2.938E+01 1.792E+01
1 3.908E+01 2.777E+01 1.613E+01
0 1.029E+01 8.247E−01 6.659E−01

2 1.038E−03 7.422E−01 2.871E−26
1 4.481E−01 2.949E+00 3.337E−23
1 2.336E−01 1.816E+00 2.157E−24
2 1.216E−01 5.187E−01 5.207E−24

2 1.471E−02 2.555E−03 5.177E−04
1 2.954E−01 6.582E−02 2.497E−03
1 1.397E−01 1.998E−02 1.335E−03
2 6.562E−02 1.364E−02 4.260E−04

02 −9.017E+01 −8.461E+03 −1.247E+04
02 −8.903E+01 −5.728E+03 −1.140E+04
02 −8.950E+01 −7.274E+03 −1.194E+04
1 2.631E−01 5.750E+02 2.144E+02

1 0.000E+00 1.296E−08 2.281E+01
1 1.110E+02 1.048E+02 3.699E+01
1 6.048E+01 3.586E+01 3.096E+01
0 3.433E+01 2.386E+01 3.136E+00

1 1.539E−12 4.270E−09 4.352E−14
0 9.287E−01 1.203E−06 1.095E−12
1 2.841E−01 2.056E−07 3.035E−13
1 3.049E−01 1.853E−07 2.080E−13

3 0.000E+00 4.441E−16 0.000E+00
2 1.459E−02 1.300E−12 0.000E+00
3 4.957E−03 6.440E−14 0.000E+00
3 5.368E−03 2.035E−13 0.000E+00

3 4.124E−05 2.915E−02 5.610E−28
3 2.066E−03 2.135E−01 1.919E−23
3 5.074E−04 9.553E−02 3.110E−25
4 3.448E−04 4.175E−02 1.929E−24

2 9.301E−05 5.945E−01 1.382E−26
2 7.277E−02 2.049E+00 3.580E−23
2 8.325E−03 1.291E+00 2.456E−24
2 8.387E−03 2.851E−01 5.013E−24

5.85 4.77 2.54

6 4 3
Table 4
Statistical result of scalable benchmark functions f1−13 with d = 30 for N = 10 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO, WDO, and WOA. The N of L-SHADE
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

f1 Best 4.565E−115 5.091E−112 1.526E−01 5.651E+00 4.503E+03 1.299E+00 6.904E−11 6.343E−0
Worst 4.814E−85 1.005E−81 3.342E−01 9.389E+00 2.694E+04 8.770E+00 1.566E−06 1.951E−0
Average 4.818E−87 2.094E−83 2.377E−01 7.505E+00 1.213E+04 5.332E+00 9.901E−08 1.302E−0
Std. Dev. 4.814E−86 1.203E−82 4.214E−02 8.524E−01 4.430E+03 1.907E+00 2.628E−07 2.952E−0

f2 Best 1.100E−61 2.232E−64 1.308E+00 1.026E+01 1.555E+01 5.652E+00 2.291E−06 1.198E+0
Worst 3.986E−44 7.968E−41 2.492E+00 1.399E+01 7.622E+01 1.461E+01 3.663E−04 2.602E+0
Average 9.794E−46 9.608E−43 2.045E+00 1.223E+01 3.751E+01 1.050E+01 4.702E−05 1.709E+0
Std. Dev. 5.314E−45 8.101E−42 2.215E−01 8.345E−01 1.002E+01 2.235E+00 5.932E−05 2.650E−0

f3 Best 2.012E−99 2.675E−87 1.546E−01 3.903E+01 5.042E+03 4.728E+00 2.929E−04 4.707E−0
Worst 2.199E−50 5.250E−46 7.538E−01 6.147E+02 4.007E+04 4.065E+01 2.133E+00 1.913E+0
Average 2.204E−52 5.714E−48 4.650E−01 1.959E+02 1.744E+04 1.528E+01 3.245E−01 1.018E+0
Std. Dev. 2.199E−51 5.263E−47 1.300E−01 1.254E+02 7.725E+03 6.284E+00 4.129E−01 2.751E−0

f4 Best 2.245E−63 5.753E−57 1.318E−01 7.499E−01 3.189E+01 5.267E−01 1.127E−02 1.541E−0
Worst 1.142E−43 4.577E−41 2.291E−01 9.564E−01 9.334E+01 9.255E−01 6.063E−01 4.448E−0
Average 1.556E−45 6.830E−43 1.832E−01 8.774E−01 5.133E+01 8.258E−01 1.341E−01 2.430E−0
Std. Dev. 1.550E−44 4.895E−42 1.977E−02 4.443E−02 9.841E+00 7.022E−02 1.173E−01 5.062E−0

f5 Best 4.046E−08 1.086E−06 4.009E+01 2.812E+02 1.606E+06 1.785E+02 2.749E+01 3.312E+0
Worst 1.168E+00 9.950E−01 6.327E+01 5.036E+02 8.540E+07 1.395E+03 2.895E+01 5.405E+0
Average 7.900E−02 9.300E−02 5.186E+01 3.883E+02 1.690E+07 7.403E+02 2.870E+01 4.139E+0
Std. Dev. 1.670E−01 1.700E−01 4.898E+00 5.037E+01 1.251E+07 2.605E+02 3.216E−01 3.917E+0

f6 Best 2.381E−07 3.086E−08 3.942E+00 1.733E+01 4.952E+03 6.293E+00 2.365E+00 7.529E−0
Worst 3.100E−02 2.000E−02 6.321E+00 3.139E+01 2.508E+04 1.575E+01 5.235E+00 2.449E−0
Average 3.000E−03 1.000E−03 5.174E+00 2.647E+01 1.214E+04 1.087E+01 3.895E+00 1.386E−0
Std. Dev. 5.001E−03 2.012E−03 4.710E−01 2.299E+00 4.161E+03 2.017E+00 5.992E−01 3.453E−0

f7 Best 5.020E−07 7.179E−06 4.126E−02 6.475E+00 5.143E−01 2.310E+00 2.729E−03 6.097E−0
Worst 2.012E−03 4.000E−03 2.361E−01 6.542E+01 3.484E+01 7.312E+01 9.737E−02 6.491E−0
Average 4.592E−04 5.620E−04 1.320E−01 3.081E+01 6.998E+00 3.555E+01 1.538E−02 2.630E−0
Std. Dev. 4.585E−04 6.693E−04 4.323E−02 1.178E+01 6.257E+00 1.873E+01 1.186E−02 9.189E−0

f8 Best −1.256E+04 −1.256E+04 −1.010E+01 −4.758E+03 −8.685E+03 −7.676E+00 −6.270E+01 −3.592E+
Worst −1.250E+04 −1.189E+04 −5.089E+00 −2.893E+03 −5.233E+03 −1.199E+00 −1.983E+01 −1.183E+
Average −1.256E+04 −1.255E+04 −6.662E+00 −3.767E+03 −7.246E+03 −4.282E+00 −3.563E+01 −1.880E+
Std. Dev. 8.014E+00 6.712E+01 8.275E−01 3.724E+02 6.862E+02 1.364E+00 8.001E+00 4.472E+0

f9 Best 0.000E+00 0.000E+00 2.579E+01 1.344E+02 6.659E+01 1.738E+02 3.931E−06 1.578E+0
Worst 0.000E+00 0.000E+00 6.573E+01 2.576E+02 1.874E+02 2.906E+02 8.529E+01 5.176E+0
Average 0.000E+00 0.000E+00 4.534E+01 2.267E+02 1.155E+02 2.282E+02 2.039E+01 3.199E+0
Std. Dev. 0.000E+00 0.000E+00 8.198E+00 1.877E+01 2.278E+01 2.315E+01 1.660E+01 7.497E+0

f10 Best 8.881E−16 8.881E−16 4.720E−01 3.240E+00 1.234E+01 2.143E+00 2.985E−06 2.851E−0
Worst 8.881E−16 8.881E−16 9.074E−01 3.794E+00 1.996E+01 3.764E+00 3.399E−04 1.560E+0
Average 8.881E−16 8.881E−16 7.213E−01 3.564E+00 1.557E+01 3.323E+00 5.715E−05 6.772E−0
Std. Dev. 0.000E+00 0.000E+00 8.601E−02 1.318E−01 1.443E+00 3.431E−01 6.247E−05 2.807E−0

f11 Best 0.000E+00 0.000E+00 4.907E−03 2.176E−01 3.886E+01 6.848E−02 2.244E−12 4.205E−0
Worst 0.000E+00 0.000E+00 1.787E−02 4.512E−01 2.517E+02 3.803E−01 3.088E−07 1.540E−0
Average 0.000E+00 0.000E+00 1.121E−02 3.287E−01 1.143E+02 2.648E−01 7.224E−09 8.411E−0
Std. Dev. 0.000E+00 0.000E+00 2.498E−03 4.778E−02 4.070E+01 7.384E−02 3.236E−08 2.397E−0

f12 Best 2.947E−08 6.001E−08 3.273E−01 1.564E+00 3.007E+05 4.925E−01 1.168E−01 1.057E−0
Worst 1.012E−03 6.313E−04 8.639E−01 4.053E+00 2.562E+08 1.793E+00 8.545E−01 4.856E−0
Average 1.746E−04 7.394E−05 6.568E−01 3.065E+00 1.599E+07 1.088E+00 3.806E−01 2.469E−0
Std. Dev. 2.602E−04 1.169E−04 1.044E−01 5.093E−01 2.823E+07 2.397E−01 1.269E−01 7.410E−0

f13 Best 2.021E−10 1.427E−08 2.245E+00 6.757E−01 1.349E+06 2.974E+00 1.588E+00 1.559E−0
Worst 6.034E−03 7.216E−03 3.490E+00 1.369E+00 3.476E+08 4.939E+00 2.828E+00 9.257E−0
Average 7.039E−04 8.141E−04 3.093E+00 1.125E+00 5.769E+07 3.990E+00 2.244E+00 5.208E−0
Std. Dev. 1.001E−03 1.006E−03 2.328E−01 1.261E−01 6.071E+07 4.429E−01 2.744E−01 1.688E−0

Friedman average rank 1.54 2.00 7.85 9.31 10.23 9.62 5.77 6.54

Rank 1 2 8 9 11 10 5 7
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DE decrease from 18×30 to 4.
WDO WOA L-SHADE

E−02 2.310E−23 3.577E−21 1.644E−26
E−02 2.839E−01 6.056E−17 5.521E−24
E−02 8.897E−02 3.435E−18 1.019E−24
E−02 1.042E−01 7.060E−18 1.349E−24

E−01 1.075E−11 4.470E−12 1.705E−13
E+00 2.494E+00 3.374E−10 8.288E−12
E+00 6.159E−01 3.881E−11 1.156E−12
E−01 7.539E−01 4.058E−11 1.193E−12

E−01 7.431E−05 5.664E−09 1.651E−12
E−01 6.581E−01 1.646E−03 1.248E−08
E−01 3.089E−01 4.435E−05 7.728E−10
E−01 1.697E−01 1.807E−04 1.562E−09

E−02 5.451E−13 2.463E−06 4.383E−06
E−01 2.146E−01 2.361E−03 5.790E−04
E−01 5.469E−02 1.206E−04 1.479E−04
E−02 8.450E−02 2.625E−04 1.269E−04

E+01 2.873E+01 2.522E+01 1.490E+01
E+01 5.746E+01 2.906E+01 1.792E+01
E+01 3.598E+01 2.654E+01 1.613E+01
E+00 9.325E+00 9.144E−01 6.659E−01

E−02 7.838E−03 2.129E−01 2.871E−26
E−02 4.294E−01 2.002E+00 3.337E−23
E−02 2.116E−01 7.923E−01 2.157E−24
E−02 1.261E−01 3.538E−01 5.207E−24

E−02 3.821E−02 7.143E−04 5.177E−04
E−01 3.291E−01 3.031E−02 2.497E−03
E−01 1.593E−01 7.631E−03 1.335E−03
E−02 7.061E−02 5.246E−03 4.260E−04

93E+02 −9.521E+01 −9.720E+03 −1.247E+04
83E+02 −9.043E+01 −6.570E+03 −1.140E+04
76E+02 −9.285E+01 −7.946E+03 −1.194E+04
E+01 1.072E+00 5.561E+02 2.144E+02

E+00 0.000E+00 6.253E−13 2.281E+01
E+01 1.181E+02 8.618E+01 3.699E+01
E+01 6.089E+01 2.463E+01 3.096E+01
E+00 3.336E+01 1.607E+01 3.136E+00

E−01 1.482E−12 4.694E−11 4.352E−14
E+00 8.055E−01 2.521E−09 1.095E−12
E−01 2.053E−01 5.535E−10 3.035E−13
E−01 2.594E−01 4.595E−10 2.080E−13

E−03 0.000E+00 0.000E+00 0.000E+00
E−03 1.587E−02 3.331E−16 0.000E+00
E−03 3.233E−03 1.998E−17 0.000E+00
E−04 5.037E−03 5.323E−17 0.000E+00

E−04 9.391E−06 4.479E−04 5.610E−28
E−03 1.649E−03 8.809E−02 1.919E−23
E−04 3.974E−04 3.370E−02 3.110E−25
E−04 2.649E−04 1.789E−02 1.929E−24

E−03 8.102E−04 2.879E−03 1.382E−26
E−02 1.610E−02 1.320E+00 3.580E−23
E−02 7.497E−03 7.066E−01 2.456E−24
E−03 4.511E−03 2.592E−01 5.013E−24

6.38 4.54 2.85

7 4 3
Table 5
Statistical result of scalable benchmark functions f1−13 with d = 30 for N = 30 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO, WDO, and WOA. The N of L-SHA
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

f1 Best 2.024E−138 4.687E−120 6.538E−02 4.243E+00 5.848E−05 2.013E−01 4.941E−11 2.912
Worst 6.014E−109 1.964E−94 1.600E−01 8.005E+00 4.885E+02 7.732E+00 5.408E−07 9.791
Average 6.080E−111 4.390E−96 1.138E−01 6.676E+00 9.068E+00 1.794E+00 3.044E−08 5.426
Std. Dev. 6.013E−110 2.179E−95 1.912E−02 7.138E−01 4.970E+01 1.684E+00 8.108E−08 1.462

f2 Best 5.493E−63 5.134E−60 1.199E+00 8.763E+00 1.184E−04 2.563E+00 2.747E−06 7.505
Worst 3.526E−49 1.111E−47 1.763E+00 1.327E+01 4.067E−01 1.079E+01 5.374E−04 1.440
Average 4.296E−51 1.195E−49 1.456E+00 1.156E+01 2.829E−02 4.971E+00 3.144E−05 1.059
Std. Dev. 3.539E−50 1.111E−48 1.351E−01 7.827E−01 7.128E−02 1.910E+00 5.618E−05 1.447

f3 Best 1.129E−106 2.455E−104 9.420E−02 2.131E+01 1.093E+02 2.475E+00 6.911E−03 2.758
Worst 5.496E−76 7.537E−64 3.074E−01 3.018E+02 2.199E+03 2.032E+01 1.227E+00 7.760
Average 7.320E−78 7.848E−66 2.041E−01 1.147E+02 6.563E+02 9.251E+00 2.877E−01 5.161
Std. Dev. 5.603E−77 7.540E−65 3.889E−02 6.176E+01 4.482E+02 3.800E+00 2.780E−01 1.185

f4 Best 5.717E−62 2.885E−57 8.780E−02 7.511E−01 1.229E+01 3.036E−01 4.527E−04 9.158
Worst 1.867E−49 5.927E−46 1.501E−01 9.324E−01 4.879E+01 8.883E−01 4.351E−01 2.230
Average 3.108E−51 9.419E−48 1.246E−01 8.564E−01 2.355E+01 6.606E−01 1.198E−01 1.451
Std. Dev. 2.012E−50 6.198E−47 1.154E−02 3.941E−02 6.435E+00 1.653E−01 8.698E−02 2.410

f5 Best 3.269E−08 5.770E−05 3.494E+01 2.742E+02 2.845E+01 5.238E+01 2.716E+01 2.964
Worst 2.591E−01 2.604E−01 4.437E+01 4.367E+02 5.038E+05 9.888E+02 2.894E+01 3.772
Average 1.706E−02 1.908E−02 3.949E+01 3.630E+02 1.238E+04 3.068E+02 2.872E+01 3.329
Std. Dev. 3.600E−02 3.201E−02 1.786E+00 3.827E+01 5.379E+04 2.764E+02 3.234E−01 1.567

f6 Best 8.977E−10 2.226E−09 3.214E+00 2.046E+01 1.540E−04 4.065E+00 1.911E+00 2.446
Worst 5.012E−02 9.090E−04 5.709E+00 2.844E+01 6.823E+02 1.249E+01 4.730E+00 9.411
Average 3.172E−04 1.405E−04 4.875E+00 2.472E+01 1.775E+01 8.331E+00 3.478E+00 5.736
Std. Dev. 6.565E−04 1.766E−04 4.017E−01 1.868E+00 7.282E+01 1.919E+00 5.948E−01 1.432

f7 Best 2.671E−06 2.062E−06 1.743E−02 1.767E+01 3.410E−02 3.914E−01 9.853E−04 5.973
Worst 1.015E−02 1.023E−02 7.043E−02 5.900E+01 1.386E−01 5.641E+01 1.759E−02 2.532
Average 1.395E−04 1.544E−04 4.297E−02 3.921E+01 6.591E−02 1.113E+01 5.647E−03 1.306
Std. Dev. 1.672E−04 2.022E−04 1.170E−02 8.737E+00 1.939E−02 1.532E+01 3.384E−03 3.701

f8 Best −1.256E+04 −1.256E+04 −9.478E+00 −5.098E+03 −1.036E+04 −9.377E+00 −6.114E+01 −2.5
Worst −1.192E+04 −1.166E+04 −5.756E+00 −3.458E+03 −4.899E+03 −2.764E+00 −2.336E+01 −1.1
Average −1.256E+04 −1.255E+04 −7.375E+00 −4.005E+03 −7.458E+03 −5.327E+00 −3.901E+01 −1.5
Std. Dev. 68.187 93.069 7.901E−01 3.196E+02 1.200E+03 1.155E+00 7.525E+00 3.153

f9 Best 0.000E+00 0.000E+00 1.416E+01 1.695E+02 7.957E+01 1.439E+02 1.224E−07 8.009
Worst 0.000E+00 0.000E+00 2.935E+01 2.426E+02 2.163E+02 2.486E+02 9.088E+01 3.126
Average 0.000E+00 0.000E+00 2.237E+01 2.106E+02 1.579E+02 2.099E+02 2.508E+01 1.813
Std. Dev. 0.000E+00 0.000E+00 3.615E+00 1.535E+01 2.825E+01 2.096E+01 2.114E+01 4.582

f10 Best 8.881E−16 8.881E−16 2.843E−01 3.033E+00 2.946E−03 6.413E−01 4.313E−06 1.763
Worst 8.881E−16 8.881E−16 5.730E−01 3.632E+00 3.836E+00 3.535E+00 7.751E−04 1.274
Average 8.881E−16 8.881E−16 4.262E−01 3.423E+00 1.723E+00 2.421E+00 8.098E−05 3.108
Std. Dev. 0.000E+00 0.000E+00 5.267E−02 1.242E−01 8.781E−01 8.978E−01 1.057E−04 1.768

f11 Best 0.000E+00 0.000E+00 2.313E−03 1.657E−01 2.621E−04 1.079E−02 5.001E−12 1.659
Worst 0.000E+00 0.000E+00 8.702E−03 3.597E−01 1.695E+00 3.539E−01 8.514E−08 5.798
Average 0.000E+00 0.000E+00 5.252E−03 2.757E−01 1.825E−01 1.203E−01 3.049E−09 3.338
Std. Dev. 0.000E+00 0.000E+00 1.077E−03 3.684E−02 2.566E−01 9.874E−02 1.046E−08 8.833

f12 Best 2.613E−10 2.358E−08 2.970E−01 1.656E+00 7.204E−03 5.219E−01 9.500E−02 2.788
Worst 1.186E−04 6.653E−05 7.341E−01 3.787E+00 1.591E+05 1.482E+00 4.945E−01 1.340
Average 1.685E−05 8.956E−06 5.461E−01 2.653E+00 5.106E+03 8.995E−01 2.873E−01 7.846
Std. Dev. 3.060E−05 1.204E−05 9.350E−02 4.062E−01 2.082E+04 1.868E−01 8.662E−02 1.964

f13 Best 3.181E−10 5.946E−08 2.401E+00 5.647E−01 2.942E−01 2.344E+00 1.480E+00 4.844
Worst 2.008E−02 3.100E−02 3.484E+00 1.243E+00 1.356E+06 4.453E+00 2.559E+00 3.626
Average 1.222E−04 1.221E−04 2.978E+00 9.987E−01 7.276E+04 3.545E+00 2.106E+00 1.851
Std. Dev. 2.863E−04 2.816E−04 2.273E−01 1.167E−01 2.208E+05 4.352E−01 2.544E−01 7.317

Friedman average rank 1.62 1.92 7.54 9.92 9.38 9.54 6.00 6.31

Rank 1 2 8 11 9 10 5 6
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decrease from 18×100 to 4.
WDO WOA L-SHADE

0 1.124E−23 2.143E−07 7.311E−12
0 1.941E+00 2.104E−05 3.211E−11
0 1.560E−01 2.953E−06 1.808E−11
1 4.410E−01 3.059E−06 9.678E−12

1 2.320E−11 1.654E−04 1.782E−06
1 1.084E+01 1.659E−03 1.288E−05
1 1.757E+00 6.502E−04 4.407E−06
0 3.150E+00 3.309E−04 3.449E−06

1 1.543E−01 1.610E+00 3.140E−04
1 1.004E+01 3.549E+01 8.701E−04
1 4.701E+00 1.482E+01 4.579E−04
0 1.689E+00 7.698E+00 1.573E−04

1 1.009E−13 4.640E−01 3.200E−03
1 3.142E−01 9.206E−01 5.829E−03
1 3.476E−02 7.123E−01 4.535E−03
2 9.077E−02 1.023E−01 8.421E−04

2 9.805E+01 9.691E+01 9.143E+01
2 2.886E+02 9.911E+01 9.345E+01
2 1.312E+02 9.829E+01 9.222E+01
1 6.044E+01 4.428E−01 5.715E−01

0 1.306E−02 1.183E+01 6.856E−10
0 3.916E+00 1.681E+01 1.691E−09
0 9.816E−01 1.473E+01 1.063E−09
1 9.227E−01 9.429E−01 3.226E−10

0 6.040E−03 3.247E−02 1.652E−03
1 4.895E+00 2.957E−01 3.147E−03
1 5.032E−01 1.334E−01 2.444E−03
0 1.097E+00 6.370E−02 4.252E−04

03 −2.189E+02 −1.921E+04 −7.505E+03
02 −1.752E+02 −1.490E+04 −5.640E+03
02 −1.943E+02 −1.704E+04 −6.382E+03
2 8.688E+00 9.271E+02 5.345E+02

2 0.000E+00 3.385E+00 2.475E+02
2 6.005E+02 5.636E+02 2.859E+02
2 1.098E+02 1.817E+02 2.703E+02
1 2.059E+02 1.374E+02 1.082E+01

0 9.992E−13 5.103E−05 8.988E−07
0 1.202E+00 8.527E−04 2.917E−06
0 1.038E−01 3.327E−04 1.720E−06
1 2.507E−01 1.502E−04 6.690E−07

2 0.000E+00 2.761E−09 1.427E−13
2 3.484E−02 2.406E−07 1.494E−12
2 6.167E−03 5.154E−08 7.067E−13
3 1.104E−02 5.124E−08 4.112E−13

2 8.598E−06 2.300E−01 2.397E−08
1 7.503E−03 5.959E−01 4.107E−08
2 1.041E−03 3.929E−01 3.105E−08
2 1.696E−03 7.081E−02 6.302E−09

0 3.956E−03 6.241E+00 1.099E−02
0 5.517E−01 9.011E+00 1.099E−02
0 5.099E−02 7.814E+00 1.099E−02
0 9.735E−02 5.425E−01 1.939E−07

5.23 5.00 3.23

5 4 3
Table 6
Statistical result of scalable benchmark functions f1−13 with d = 100 for N = 10 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO, WDO, and WOA. The N of L-SHADE
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

f1 Best 3.818E−118 1.714E−110 7.640E−01 2.456E+01 5.093E+04 2.260E+01 1.633E−05 1.763E+0
Worst 1.219E−84 1.223E−82 1.407E+00 3.226E+01 1.237E+05 3.158E+01 1.474E−02 4.050E+0
Average 1.511E−86 1.974E−84 1.077E+00 2.848E+01 8.072E+04 2.749E+01 1.833E−03 2.991E+0
Std. Dev. 1.228E−85 1.406E−83 1.379E−01 1.727E+00 1.662E+04 1.669E+00 2.550E−03 3.987E−0

f2 Best 4.835E−59 1.032E−54 6.666E+00 4.115E+01 1.503E+02 4.096E+01 8.812E−04 1.272E+0
Worst 1.465E−42 8.588E−42 9.628E+00 5.073E+01 2.956E+02 4.775E+01 3.815E−02 1.868E+0
Average 1.900E−44 2.082E−43 8.375E+00 4.551E+01 2.215E+02 4.474E+01 7.147E−03 1.525E+0
Std. Dev. 1.483E−43 1.146E−42 5.738E−01 1.665E+00 2.821E+01 1.473E+00 5.771E−03 1.283E+0

f3 Best 3.846E−90 1.261E−80 2.867E+00 2.167E+03 7.133E+04 4.439E+01 7.755E+00 1.032E+0
Worst 1.899E−33 6.190E−28 8.554E+00 2.318E+04 3.584E+05 4.836E+02 5.700E+01 3.653E+0
Average 1.899E−35 6.936E−30 5.163E+00 8.502E+03 1.649E+05 1.713E+02 2.506E+01 2.213E+0
Std. Dev. 1.899E−34 6.223E−29 1.329E+00 4.535E+03 6.594E+04 8.601E+01 1.120E+01 5.645E+0

f4 Best 6.565E−59 2.383E−56 2.078E−01 8.810E−01 9.461E+01 8.852E−01 4.683E−01 5.041E−0
Worst 2.363E−44 8.365E−41 3.058E−01 9.871E−01 9.896E+01 9.625E−01 9.099E−01 8.829E−0
Average 7.264E−46 1.652E−42 2.502E−01 9.613E−01 9.716E+01 9.295E−01 6.893E−01 6.372E−0
Std. Dev. 3.270E−45 1.003E−41 1.844E−02 1.957E−02 1.080E+00 1.581E−02 8.047E−02 6.838E−0

f5 Best 9.015E−09 7.436E−06 1.675E+02 1.134E+03 5.882E+07 3.231E+03 9.887E+01 3.515E+0
Worst 2.709E+00 2.280E+00 2.441E+02 1.912E+03 3.469E+08 4.920E+03 3.214E+02 6.176E+0
Average 2.151E−01 2.980E−01 2.068E+02 1.544E+03 1.447E+08 4.129E+03 1.168E+02 4.538E+0
Std. Dev. 3.980E−01 4.851E−01 1.538E+01 1.716E+02 5.415E+07 3.314E+02 3.630E+01 5.061E+0

f6 Best 6.207E−07 6.832E−07 1.983E+01 8.203E+01 4.573E+04 3.907E+01 1.626E+01 2.985E+0
Worst 1.411E−01 3.903E−02 2.417E+01 1.054E+02 1.173E+05 5.448E+01 2.073E+01 5.475E+0
Average 1.318E−02 4.002E−03 2.246E+01 9.819E+01 7.864E+04 4.712E+01 1.881E+01 3.907E+0
Std. Dev. 2.101E−02 7.016E−03 7.473E−01 3.822E+00 1.551E+04 3.351E+00 9.643E−01 4.587E−0

f7 Best 7.439E−06 4.619E−06 7.800E−01 2.742E+02 5.331E+01 4.964E+02 3.408E−02 8.391E+0
Worst 0.003 0.005 2.930E+00 9.291E+02 5.151E+02 8.364E+02 4.592E+00 3.673E+0
Average 4.752E−04 5.403E−04 1.713E+00 6.408E+02 2.215E+02 7.085E+02 3.759E−01 1.695E+0
Std. Dev. 5.982E−04 6.883E−04 4.314E−01 1.083E+02 8.996E+01 6.855E+01 5.905E−01 5.714E+0

f8 Best −4.189E+04 -4189E+04 −1.711E+01 −9.222E+03 −2.129E+04 −1.338E+01 −1.131E+02 −1.535E+
Worst −3.261E+04 −4.144E+04 −8.627E+00 −5.810E+03 −1.353E+04 −2.390E+00 −4.687E+01 −5.849E+
Average −4.178E+04 −4.187E+04 −1.243E+01 −6.938E+03 −1.664E+04 −7.629E+00 −7.349E+01 −8.462E+
Std. Dev. 927.324 53.453 1.440E+00 6.878E+02 1.506E+03 2.469E+00 1.225E+01 1.726E+0

f9 Best 0.000E+00 0.000E+00 1.276E+02 7.680E+02 5.878E+02 7.797E+02 5.063E+00 2.920E+0
Worst 0.000E+00 0.000E+00 2.595E+02 9.554E+02 9.209E+02 9.873E+02 3.352E+02 4.511E+0
Average 0.000E+00 0.000E+00 1.891E+02 8.892E+02 7.196E+02 8.873E+02 9.507E+01 3.834E+0
Std. Dev. 0.000E+00 0.000E+00 2.482E+01 3.774E+01 6.824E+01 4.064E+01 6.682E+01 2.981E+0

f10 Best 8.881E−16 8.881E−16 6.231E−01 3.591E+00 1.655E+01 3.429E+00 4.272E−04 1.627E+0
Worst 8.881E−16 8.881E−16 1.065E+00 3.883E+00 1.997E+01 3.869E+00 3.087E−02 2.308E+0
Average 8.881E−16 8.881E−16 8.636E−01 3.736E+00 1.814E+01 3.665E+00 5.350E−03 1.940E+0
Std. Dev. 0.000E+00 0.000E+00 9.271E−02 6.564E−02 6.366E−01 7.797E−02 4.272E−03 1.430E−0

f11 Best 0.000E+00 0.000E+00 1.254E−02 3.498E−01 3.941E+02 3.572E−01 9.630E−08 4.157E−0
Worst 0.000E+00 0.000E+00 3.245E−02 5.187E−01 1.148E+03 5.412E−01 1.495E−04 8.766E−0
Average 0.000E+00 0.000E+00 2.072E−02 4.548E−01 6.792E+02 4.439E−01 1.684E−05 6.744E−0
Std. Dev. 0.000E+00 0.000E+00 3.582E−03 3.509E−02 1.360E+02 3.894E−02 2.320E−05 9.388E−0

f12 Best 4.458E−08 1.010E−08 8.507E−01 2.798E+00 1.497E+07 9.036E−01 4.788E−01 2.277E−0
Worst 4.854E−04 3.333E−04 1.083E+00 4.149E+00 6.386E+08 1.503E+00 8.232E−01 1.758E−0
Average 6.986E−05 4.600E−05 9.729E−01 3.579E+00 2.062E+08 1.281E+00 6.544E−01 7.431E−0
Std. Dev. 9.984E−05 6.405E−05 5.225E−02 2.591E−01 1.173E+08 1.358E−01 6.871E−02 3.026E−0

f13 Best 1.924E−08 2.637E−07 1.201E+01 3.553E+00 1.529E+08 1.343E+01 8.673E+00 1.492E+0
Worst 1.901E−02 1.923E−02 1.372E+01 4.806E+00 9.747E+08 1.836E+01 1.222E+01 7.094E+0
Average 1.078E−03 1.189E−03 1.314E+01 4.300E+00 4.536E+08 1.610E+01 1.005E+01 3.299E+0
Std. Dev. 2.001E−03 3.001E−03 3.267E−01 2.417E−01 1.900E+08 9.374E−01 6.465E−01 1.158E+0

Friedman average rank 1.50 1.81 7.15 9.31 10.15 9.54 6.08 7.00

Rank 1 2 8 9 11 10 6 7
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ADE decrease from 18×100 to 4.
WDO WOA L-SHADE

E+00 4.450E−23 1.334E−09 7.311E−12
E+00 2.143E−02 2.723E−08 3.211E−11
E+00 2.425E−03 8.283E−09 1.808E−11
E−01 6.735E−03 7.754E−09 9.678E−12

E+00 3.732E−11 9.175E−06 1.782E−06
E+01 6.474E+00 4.243E−05 1.288E−05
E+01 1.607E+00 2.371E−05 4.407E−06
E+00 2.417E+00 9.912E−06 3.449E−06

E+00 5.834E−03 6.197E−01 3.140E−04
E+01 8.506E+00 1.048E+01 8.701E−04
E+01 4.595E+00 5.170E+00 4.579E−04
E+00 2.120E+00 3.521E+00 1.573E−04

E−01 2.122E−13 1.776E−01 3.200E−03
E−01 3.251E−02 4.972E−01 5.829E−03
E−01 3.251E−03 3.762E−01 4.535E−03
E−02 1.028E−02 1.102E−01 8.421E−04

E+02 9.813E+01 9.690E+01 9.143E+01
E+02 1.033E+02 9.844E+01 9.345E+01
E+02 9.952E+01 9.790E+01 9.222E+01
E+01 1.558E+00 5.781E−01 5.715E−01

E+00 9.737E−02 9.147E+00 6.856E−10
E+00 2.346E+00 1.295E+01 1.691E−09
E+00 1.166E+00 1.125E+01 1.063E−09
E−01 8.045E−01 1.014E+00 3.226E−10

E+00 8.442E−03 2.929E−02 1.652E−03
E+00 3.320E+00 5.730E−02 3.147E−03
E+00 5.778E−01 4.446E−02 2.444E−03
E−01 1.018E+00 1.069E−02 4.252E−04

68E+02 −2.659E+02 −2.150E+04 −7.505E+03
43E+02 −2.420E+02 −1.987E+04 −5.640E+03
76E+02 −2.494E+02 −2.056E+04 −6.382E+03
E+02 7.616E+00 4.925E+02 5.345E+02

E+02 0.000E+00 1.940E+01 2.475E+02
E+02 1.739E+01 2.924E+02 2.859E+02
E+02 3.901E+00 1.494E+02 2.703E+02
E+01 5.507E+00 8.375E+01 1.082E+01

E+00 2.751E−12 8.481E−06 8.988E−07
E+00 1.181E+00 3.150E−05 2.917E−06
E+00 1.437E−01 2.065E−05 1.720E−06
E−01 3.670E−01 8.291E−06 6.690E−07

E−02 0.000E+00 4.835E−11 1.427E−13
E−02 2.833E−02 5.579E−10 1.494E−12
E−02 4.242E−03 1.661E−10 7.067E−13
E−03 8.883E−03 1.635E−10 4.112E−13

E−03 1.024E−04 1.627E−01 2.397E−08
E−02 4.735E−04 2.668E−01 4.107E−08
E−02 3.387E−04 2.242E−01 3.105E−08
E−03 1.391E−04 3.434E−02 6.302E−09

E−01 1.014E−02 5.661E+00 1.099E−02
E+00 2.313E−01 7.592E+00 1.099E−02
E−01 4.053E−02 6.796E+00 1.099E−02
E−01 6.725E−02 5.867E−01 1.939E−07

5.15 4.85 3.38

5 4 3
Table 7
Statistical result of scalable benchmark functions f1−13 with d = 100 for N = 30 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO, WDO, and WOA. The N of L-SH
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

f1 Best 1.026E−118 8.536E−118 4.188E−01 2.372E+01 2.780E+03 2.517E+01 8.165E−05 1.101
Worst 1.005E−96 3.032E−92 6.349E−01 2.757E+01 8.772E+03 2.801E+01 9.267E−03 1.735
Average 2.804E−98 3.066E−94 5.226E−01 2.639E+01 4.636E+03 2.647E+01 1.977E−03 1.310
Std. Dev. 1.369E−97 3.032E−93 7.813E−02 1.141E+00 1.626E+03 1.110E+00 3.036E−03 1.831

f2 Best 1.217E−60 6.450E−61 4.946E+00 4.180E+01 1.899E+01 4.165E+01 2.209E−03 9.417
Worst 4.526E−49 6.475E−48 6.080E+00 4.664E+01 3.754E+01 4.567E+01 2.028E−02 1.302
Average 7.373E−51 2.872E−49 5.780E+00 4.434E+01 2.839E+01 4.368E+01 8.269E−03 1.063
Std. Dev. 4.697E−50 1.021E−48 3.378E−01 1.425E+00 6.089E+00 1.182E+00 5.604E−03 1.089

f3 Best 7.294E−103 1.529E−97 1.434E+00 1.703E+03 4.086E+04 7.225E+01 1.112E+01 9.519
Worst 3.329E−57 1.803E−41 2.390E+00 9.337E+03 9.432E+04 1.644E+02 5.428E+01 2.002
Average 3.329E−59 1.803E−43 1.892E+00 4.541E+03 6.916E+04 1.110E+02 2.819E+01 1.489
Std. Dev. 3.329E−58 1.803E−42 3.217E−01 2.348E+03 1.647E+04 3.013E+01 1.170E+01 3.221

f4 Best 4.486E−60 3.097E−58 1.569E−01 9.192E−01 9.368E+01 9.042E−01 6.424E−01 4.518
Worst 1.648E−49 1.316E−45 1.910E−01 9.722E−01 9.810E+01 9.440E−01 8.395E−01 5.550
Average 3.498E−51 1.431E−47 1.768E−01 9.528E−01 9.632E+01 9.216E−01 7.286E−01 5.131
Std. Dev. 1.919E−50 1.318E−46 1.145E−02 1.716E−02 1.317E+00 1.062E−02 6.747E−02 3.031

f5 Best 8.813E−07 1.657E−04 1.463E+02 1.323E+03 7.808E+05 3.261E+03 9.893E+01 2.093
Worst 3.700E−01 6.690E−01 1.616E+02 1.621E+03 7.651E+06 3.958E+03 1.614E+02 3.222
Average 5.011E−02 4.202E−02 1.526E+02 1.487E+03 3.277E+06 3.694E+03 1.095E+02 2.783
Std. Dev. 7.412E−02 8.104E−02 5.553E+00 1.089E+02 1.966E+06 2.586E+02 1.908E+01 3.342

f6 Best 9.532E−07 9.245E−07 2.117E+01 8.914E+01 2.661E+03 4.183E+01 1.724E+01 1.433
Worst 8.104E−03 3.006E−03 2.259E+01 9.844E+01 6.101E+03 4.713E+01 1.921E+01 1.896
Average 1.650E−03 4.610E−04 2.203E+01 9.500E+01 4.273E+03 4.442E+01 1.829E+01 1.631
Std. Dev. 1.751E−03 7.223E−04 4.539E−01 2.593E+00 1.167E+03 1.794E+00 6.547E−01 1.361

f7 Best 2.464E−07 7.435E−07 3.290E−01 6.196E+02 2.032E+00 5.688E+02 2.415E−02 3.525
Worst 7.280E−04 0.001 5.173E−01 7.717E+02 9.517E+00 7.701E+02 1.207E+00 5.946
Average 1.324E−04 1.566E−04 4.308E−01 6.811E+02 4.597E+00 6.821E+02 2.029E−01 4.784
Std. Dev. 1.296E−04 1.823E−04 6.916E−02 5.188E+01 2.561E+00 5.320E+01 3.596E−01 6.654

f8 Best −4.189E+04 -4189E+04 −1.701E+01 −8.824E+03 −1.932E+04 −1.440E+01 −1.042E+02 −8.7
Worst −3.710E+04 −3.444E+04 −1.169E+01 −6.717E+03 −8.412E+03 −7.184E+00 −6.313E+01 −4.9
Average −4.184E+04 −4.179E+04 −1.416E+01 −7.443E+03 −1.359E+04 −9.539E+00 −7.662E+01 −6.8
Std. Dev. 478.863 776.971 1.456E+00 6.185E+02 3.642E+03 2.310E+00 1.164E+01 1.190

f9 Best 0.000E+00 0.000E+00 8.907E+01 8.105E+02 2.100E+02 8.060E+02 7.977E+01 2.226
Worst 0.000E+00 0.000E+00 1.098E+02 9.096E+02 8.970E+02 8.893E+02 3.801E+02 2.784
Average 0.000E+00 0.000E+00 1.009E+02 8.632E+02 6.354E+02 8.433E+02 1.562E+02 2.424
Std. Dev. 0.000E+00 0.000E+00 7.943E+00 3.244E+01 2.176E+02 3.046E+01 9.312E+01 1.757

f10 Best 8.881E−16 8.881E−16 4.738E−01 3.569E+00 8.387E+00 3.545E+00 1.025E−03 1.159
Worst 8.881E−16 8.881E−16 6.347E−01 3.746E+00 1.996E+01 3.691E+00 1.425E−02 1.676
Average 8.881E−16 8.881E−16 5.581E−01 3.672E+00 1.108E+01 3.642E+00 3.854E−03 1.447
Std. Dev. 0.000E+00 0.000E+00 4.743E−02 5.842E−02 3.336E+00 4.003E−02 4.425E−03 1.833

f11 Best 0.000E+00 0.000E+00 7.965E−03 3.464E−01 1.772E+01 3.310E−01 6.268E−08 2.499
Worst 0.000E+00 0.000E+00 1.209E−02 4.773E−01 7.835E+01 4.394E−01 7.150E−05 3.990
Average 0.000E+00 0.000E+00 9.980E−03 4.221E−01 3.355E+01 4.007E−01 1.625E−05 3.239
Std. Dev. 0.000E+00 0.000E+00 1.201E−03 3.909E−02 1.878E+01 3.205E−02 2.108E−05 5.088

f12 Best 5.074E−09 1.422E−09 7.875E−01 3.229E+00 7.939E+04 8.591E−01 4.999E−01 6.423
Worst 7.358E−05 2.153E−05 9.861E−01 3.690E+00 8.252E+06 1.427E+00 7.103E−01 1.926
Average 6.792E−06 2.943E−06 9.027E−01 3.452E+00 1.850E+06 1.184E+00 6.046E−01 1.163
Std. Dev. 1.182E−05 3.874E−05 6.984E−02 1.503E−01 2.468E+06 1.525E−01 6.075E−02 3.639

f13 Best 1.879E−08 3.889E−08 1.226E+01 3.858E+00 5.021E+05 1.394E+01 9.078E+00 4.259
Worst 2.003E−03 9.966E−04 1.317E+01 4.519E+00 1.186E+07 1.651E+01 1.120E+01 1.015
Average 1.761E−04 1.511E−04 1.283E+01 4.059E+00 5.058E+06 1.528E+01 9.979E+00 7.692
Std. Dev. 3.481E−04 2.113E−04 3.127E−01 2.151E−01 3.407E+06 7.636E−01 7.918E−01 1.815

Friedman average rank 1.58 1.73 6.85 9.31 9.92 9.69 6.46 7.08

Rank 1 2 7 9 11 10 6 8
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rease from 18 × d to 4.
WDO WOA L-SHADE

1 1.267E+01 9.980E−01 9.980E−01
1 1.267E+01 1.076E+01 9.980E−01
1 1.267E+01 2.979E+00 9.980E−01
2 1.610E−11 3.394E+00 2.246E−15

4 3.132E−04 3.076E−04 3.075E−04
3 1.796E−03 7.147E−03 3.075E−04
4 5.077E−04 7.156E−04 3.075E−04
4 2.664E−04 7.341E−04 4.290E−19

00 −1.031E+00 −1.031E+00 −1.031E+00

00 −1.030E+00 −1.031E+00 −1.031E+00
00 −1.031E+00 −1.031E+00 −1.031E+00
6 2.570E−04 2.550E−09 1.539E−15

1 3.979E−01 3.979E−01 4.058E−01
0 4.353E−01 5.040E+00 1.854E+00
1 3.988E−01 1.001E+00 7.288E−01
0 4.113E−03 1.569E+00 2.793E−01

0 3.000E+00 3.000E+00 3.000E+00
0 3.000E+01 3.000E+00 3.000E+00
0 3.285E+00 3.000E+00 3.000E+00
4 2.699E+00 1.030E−06 1.652E−15

00 −3.862E+00 −3.863E+00 −3.863E+00
01 −3.839E+00 −5.799E−01 −3.863E+00
00 −3.855E+00 −3.736E+00 −3.863E+00
1 4.160E−03 6.030E−01 6.249E−15

00 −3.288E+00 −3.322E+00 −3.322E+00
00 −2.116E+00 −1.182E−01 −3.203E+00
00 −3.102E+00 −2.395E+00 −3.286E+00
1 1.770E−01 7.946E−01 5.476E−02

00 −5.055E+00 −5.055E+00 −5.055E+00
01 −5.001E+00 −4.973E−01 −5.055E+00
00 −5.040E+00 −3.795E+00 −5.055E+00
0 1.286E−02 1.935E+00 5.649E−07

00 −5.087E+00 −5.088E+00 −6.784E+00
01 −5.032E+00 −5.211E−01 −5.088E+00
00 −5.074E+00 −3.785E+00 −5.109E+00
1 1.118E−02 1.954E+00 1.748E−01

00 −5.128E+00 −5.128E+00 −5.128E+00
01 −5.032E+00 −5.545E−01 −5.128E+00
00 −5.113E+00 −3.653E+00 −5.128E+00
1 1.628E−02 2.022E+00 2.230E−06

5.48 6.13 4.35

4 7 1
Table 8
Statistical result of fixed dimension benchmark functions f14−23 for N = 10 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO, WDO, and WOA. The N of L-SHADE dec
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

f14 Best 9.980E−01 9.980E−01 1.267E+01 9.980E−01 9.980E−01 1.267E+01 1.267E+01 1.267E+0
Worst 5.928E+00 5.928E+00 1.267E+01 7.911E+00 2.107E+01 1.267E+01 1.267E+01 1.267E+0
Average 1.236E+00 1.295E+00 1.267E+01 2.681E+00 4.847E+00 1.267E+01 1.267E+01 1.267E+0
Std. Dev. 6.610E−01 8.370E−01 3.877E−11 1.402E+00 4.690E+00 1.499E−13 2.384E−10 5.865E−1

f15 Best 3.078E−04 3.080E−04 3.174E−04 6.936E−04 4.661E−04 3.087E−04 3.101E−04 3.107E−0
Worst 0.002 0.002 1.399E−03 1.631E−02 6.841E−02 1.196E−01 1.303E−01 1.784E−0
Average 4.162E−04 4.395E−04 6.686E−04 3.939E−03 7.664E−03 1.101E−02 3.940E−03 4.726E−0
Std. Dev. 2.367E−04 2.941E−04 2.594E−04 2.661E−03 1.101E−02 2.503E−02 1.885E−02 2.496E−0

f16 Best −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+

Worst −1.031E+00 −1.031E+00 −1.012E+00 −7.923E−01 −2.154E−01 −8.877E−01 −9.977E−01 −1.031E+

Average −1.031E+00 −1.031E+00 −1.028E+00 −1.002E+00 −1.020E+00 −1.028E+00 −1.027E+00 −1.031E+

Std. Dev. 4.242E−07 8.547E−06 3.994E−03 3.689E−02 8.471E−02 1.808E−02 1.035E−02 9.486E−0

f17 Best 3.979E−01 3.979E−01 2.791E+01 3.980E−01 3.979E−01 2.129E+01 3.979E−01 3.979E−0
Worst 3.990E−01 4.020E−01 3.284E+01 5.522E−01 1.477E+00 4.087E+01 1.950E+01 5.040E+0
Average 3.988E−01 3.988E−01 2.943E+01 4.264E−01 4.516E−01 2.866E+01 1.462E+00 7.693E−0
Std. Dev. 2.403E−04 5.415E−04 9.122E−01 3.181E−02 1.903E−01 3.633E+00 2.569E+00 1.266E+0

f18 Best 3.000E+00 3.000E+00 3.010E+00 3.064E+00 3.000E+00 3.000E+00 3.000E+00 3.000E+0
Worst 3.116E+00 3.007E+00 1.935E+01 4.172E+01 8.774E+01 6.632E+01 3.000E+01 3.002E+0
Average 3.001E+00 3.000E+00 5.856E+00 8.563E+00 1.015E+01 1.711E+01 5.179E+00 3.000E+0
Std. Dev. 1.108E−02 7.406E−04 2.622E+00 6.813E+00 2.086E+01 1.479E+01 7.356E+00 3.560E−0

f19 Best −3.862E+00 −3.862E+00 −3.858E+00 −3.862E+00 −3.863E+00 −3.863E+00 −3.863E+00 −3.863E+
Worst −3.791E+00 −3.801E+00 −3.178E+00 −3.726E+00 −3.026E+00 −9.921E−01 −6.797E−02 −8.722E−
Average −3.853E+00 −3.856E+00 −3.731E+00 −3.829E+00 −3.800E+00 −2.919E+00 −3.268E+00 −3.823E+
Std. Dev. 1.180E−02 9.003E−03 1.363E−01 2.467E−02 1.720E−01 1.257E+00 1.221E+00 3.000E−0

f20 Best −3.299E+00 −3.274E+00 −3.200E+00 −3.244E+00 −3.322E+00 −3.322E+00 −3.319E+00 −3.312E+
Worst −2.155E+00 −2.149E+00 −2.253E+00 −2.421E+00 −9.779E−01 −1.832E+00 −3.066E−02 −1.578E+
Average −2.912E+00 −2.911E+00 −2.733E+00 −2.835E+00 −3.060E+00 −3.095E+00 −2.117E+00 −2.973E+
Std. Dev. 2.100E−01 2.270E−01 2.004E−01 1.737E−01 3.488E−01 2.932E−01 9.776E−01 3.932E−0

f21 Best −9.889E+00 −9.315E+00 −4.287E+00 −4.818E+00 −1.015E+01 −5.055E+00 −5.055E+00 −5.055E+
Worst −4.815E+00 −4.846E+00 −1.008E+00 −1.257E+00 −1.854E+00 −5.842E−01 −4.973E−01 −8.810E−
Average −5.065E+00 −5.060E+00 −1.896E+00 −2.907E+00 −4.882E+00 −1.646E+00 −3.403E+00 −4.677E+
Std. Dev. 4.890E−01 4.320E−01 6.009E−01 7.617E−01 2.881E+00 9.422E−01 2.078E+00 1.200E+0

f22 Best −1.039E+01 −1.009E+01 −4.470E+00 −5.818E+00 −1.040E+01 −5.019E+00 −5.088E+00 −5.087E+
Worst −1.811E+00 −1.832E+00 −9.830E−01 −1.502E+00 −1.432E+00 −6.349E−01 −5.211E−01 −9.081E−
Average −5.076E+00 −5.163E+00 −2.021E+00 −2.908E+00 −5.402E+00 −1.440E+00 −3.429E+00 −4.918E+
Std. Dev. 6.280E−01 9.500E−01 6.815E−01 8.207E−01 3.126E+00 6.590E−01 2.086E+00 8.225E−0

f23 Best −1.019E+01 −1.049E+01 −3.614E+00 −6.316E+00 −1.054E+01 −4.541E+00 −5.128E+00 −5.128E+
Worst −2.361E+00 −1.856E+00 −9.553E−01 −1.404E+00 −8.316E−01 −7.180E−01 −5.542E−01 −9.445E−
Average −5.260E+00 −5.152E+00 −1.975E+00 −3.128E+00 −5.664E+00 −1.478E+00 −3.616E+00 −5.001E+
Std. Dev. 0.758 1.011 5.504E−01 8.991E−01 3.384E+00 6.727E−01 2.037E+00 7.167E−0

Friedman average rank 4.61 4.83 7.35 6.70 5.96 7.43 7.30 5.87

Rank 2 3 10 8 6 11 9 5
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ecrease from 18 × d to 4.
WDO WOA L-SHADE

E+01 1.267E+01 9.980E−01 9.980E−01
E+01 1.267E+01 2.982E+00 9.980E−01
E+01 1.267E+01 1.058E+00 9.980E−01
E−12 1.084E−11 3.402E−01 2.246E−15

E−04 3.225E−04 3.075E−04 3.075E−04
E−04 1.774E−03 1.595E−03 3.075E−04
E−04 4.520E−04 5.453E−04 3.075E−04
E−05 1.867E−04 3.382E−04 4.290E−19

1E+00 −1.031E+00 −1.031E+00 −1.031E+00
1E+00 −1.030E+00 −1.031E+00 −1.031E+00
1E+00 −1.031E+00 −1.031E+00 −1.031E+00
E−06 2.805E−04 1.947E−10 1.539E−15

E−01 3.979E−01 3.979E−01 4.058E−01
E+00 3.994E−01 5.040E+00 1.854E+00
E−01 3.981E−01 4.907E−01 7.288E−01
E−01 2.463E−04 6.532E−01 2.793E−01

E+00 3.000E+00 3.000E+00 3.000E+00
E+00 3.000E+01 3.000E+00 3.000E+00
E+00 3.286E+00 3.000E+00 3.000E+00
E−05 2.699E+00 2.303E−08 1.652E−15

3E+00 −3.863E+00 −3.863E+00 −3.863E+00
4E+00 −3.838E+00 −3.855E+00 −3.863E+00
7E+00 −3.855E+00 −3.858E+00 −3.863E+00
E−03 4.428E−03 3.845E−03 6.249E−15

8E+00 −3.307E+00 −3.322E+00 −3.322E+00
7E+00 −2.405E+00 −1.172E+00 −3.203E+00
4E+00 −3.108E+00 −2.839E+00 −3.286E+00
E−01 1.221E−01 5.546E−01 5.476E−02

5E+00 −5.054E+00 −5.055E+00 −5.055E+00
3E+00 −4.970E+00 −5.055E+00 −5.055E+00
5E+00 −5.032E+00 −5.055E+00 −5.055E+00
E−04 1.841E−02 6.185E−06 5.649E−07

8E+00 −5.087E+00 −5.088E+00 −6.784E+00
6E+00 −5.006E+00 −9.081E−01 −5.088E+00
7E+00 −5.065E+00 −4.962E+00 −5.109E+00
E−04 1.672E−02 7.162E−01 1.748E−01

8E+00 −5.128E+00 −5.128E+00 −5.128E+00
7E+00 −5.049E+00 −9.471E−01 −5.128E+00
8E+00 −5.106E+00 −5.003E+00 −5.128E+00
E−04 1.828E−02 7.168E−01 2.230E−06

6.22 5.87 4.67

7 5 2
Table 9
Statistical result of fixed dimension benchmark functions f14−23 for N = 30 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO, WDO, and WOA. The N of L-SHADE d
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

f14 Best 9.980E−01 9.980E−01 1.267E+01 9.980E−01 9.980E−01 1.267E+01 1.267E+01 1.267
Worst 2.982E+00 5.928E+00 1.267E+01 3.311E+00 3.968E+00 1.267E+01 1.267E+01 1.267
Average 1.097E+00 1.482E+00 1.267E+01 1.442E+00 1.048E+00 1.267E+01 1.267E+01 1.267
Std. Dev. 3.310E−01 1.273E+00 1.529E−11 5.464E−01 3.265E−01 1.452E−13 2.226E−13 1.764

f15 Best 3.075E−04 3.076E−04 3.152E−04 6.716E−04 3.075E−04 3.075E−04 3.096E−04 3.085
Worst 0.001 0.001 9.863E−04 5.606E−03 2.036E−02 1.160E−01 8.482E−03 9.939
Average 3.471E−04 3.617E−04 4.965E−04 2.106E−03 2.008E−03 2.081E−03 8.355E−04 3.851
Std. Dev. 9.434E−05 1.378E−04 1.336E−04 9.233E−04 5.117E−03 1.155E−02 9.386E−04 9.129

f16 Best −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.031E+00 −1.03
Worst −1.031E+00 −1.031E+00 −1.025E+00 −9.754E−01 −1.031E+00 −1.031E+00 −9.972E−01 −1.03
Average −1.031E+00 −1.031E+00 −1.030E+00 −1.022E+00 −1.031E+00 −1.031E+00 −1.028E+00 −1.03
Std. Dev. 2.939E−09 2.980E−08 1.612E−03 9.477E−03 1.560E−15 1.473E−15 1.045E−02 1.002

f17 Best 3.979E−01 3.979E−01 2.784E+01 3.981E−01 3.979E−01 2.019E+01 3.979E−01 3.979
Worst 3.979E−01 3.979E−01 3.010E+01 4.295E−01 3.979E−01 3.273E+01 5.040E+00 5.040
Average 3.979E−01 3.979E−01 2.871E+01 4.053E−01 3.979E−01 2.442E+01 6.735E−01 4.907
Std. Dev. 6.005E−05 5.222E−05 5.452E−01 6.529E−03 1.060E−15 2.789E+00 1.096E+00 6.532

f18 Best 3.000E+00 3.000E+00 3.057E+00 3.003E+00 3.000E+00 3.000E+00 3.000E+00 3.000
Worst 3.000E+00 3.000E+00 7.863E+00 9.919E+00 3.000E+00 3.000E+01 3.000E+01 3.000
Average 3.000E+00 3.000E+00 4.265E+00 4.412E+00 3.000E+00 8.973E+00 4.366E+00 3.000
Std. Dev. 2.506E−06 5.142E−07 1.085E+00 1.391E+00 1.566E−15 1.123E+01 5.910E+00 5.668

f19 Best −3.862E+00 −3.862E+00 −3.860E+00 −3.862E+00 −3.863E+00 −3.863E+00 −3.863E+00 −3.86
Worst −3.825E+00 −3.814E+00 −3.553E+00 −3.825E+00 −3.863E+00 −1.001E+00 −8.722E−01 −3.85
Average −3.860E+00 −3.859E+00 −3.791E+00 −3.849E+00 −3.863E+00 −3.671E+00 −3.767E+00 −3.85
Std. Dev. 4.002E−03 6.128E−03 5.991E−02 9.088E−03 6.249E−15 4.808E−01 4.967E−01 3.119

f20 Best −3.293E+00 −3.312E+00 −3.246E+00 −3.219E+00 −3.322E+00 −3.322E+00 −3.322E+00 −3.31
Worst −2.816E+00 −2.727E+00 −2.483E+00 −2.727E+00 −3.138E+00 −2.981E+00 −2.079E−01 −2.26
Average −3.076E+00 −3.119E+00 −2.874E+00 −2.965E+00 −3.236E+00 −3.258E+00 −2.593E+00 −3.08
Std. Dev. 0.108 0.109 1.470E−01 8.534E−02 5.446E−02 8.593E−02 7.403E−01 2.452

f21 Best −1.006E+01 −1.013E+01 −4.853E+00 −6.312E+00 −1.015E+01 −5.055E+00 −5.055E+00 −5.05
Worst −5.038E+00 −5.010E+00 −1.209E+00 −1.984E+00 −2.630E+00 −1.081E+00 −8.810E−01 −5.05
Average −5.292E+00 −5.245E+00 −2.619E+00 −3.563E+00 −9.122E+00 −2.796E+00 −4.552E+00 −5.05
Std. Dev. 1.058E+00 9.620E−01 7.455E−01 7.478E−01 2.259E+00 1.151E+00 1.362E+00 3.677

f22 Best −1.037E+01 −1.033E+01 −4.547E+00 −6.769E+00 −1.040E+01 −5.088E+00 −5.088E+00 −5.08
Worst −5.015E+00 −3.719E+00 −1.487E+00 −2.109E+00 −2.752E+00 −1.120E+00 −9.081E−01 −5.08
Average −5.320E+00 −5.232E+00 −2.557E+00 −3.660E+00 −9.747E+00 −2.705E+00 −4.626E+00 −5.08
Std. Dev. 8.630E−01 1.112E+00 7.076E−01 8.686E−01 1.999E+00 1.050E+00 1.313E+00 2.815

f23 Best −1.051E+01 −1.034E+01 −4.400E+00 −6.684E+00 −1.054E+01 −5.128E+00 −5.128E+00 −5.12
Worst −5.014E+00 −1.674E+00 −1.247E+00 −2.399E+00 −2.427E+00 −1.144E+00 −9.445E−01 −5.12
Average −5.325E+00 −5.294E+00 −2.631E+00 −3.682E+00 −1.001E+01 −2.769E+00 −4.750E+00 −5.12
Std. Dev. 1.004E+00 1.073E+00 6.417E−01 7.663E−01 1.946E+00 1.049E+00 1.202E+00 3.641

Friedman average rank 4.96 5.00 7.57 7.09 4.37 7.00 7.22 6.04

Rank 3 4 11 9 1 8 10 6
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and the cumulative probability distribution of class k is

k
=

tk∑
i=tk−1

pi.

is the measure of the degree of non-extensivity of the system
alled Tsallis parameter or even entropic index. The Eq. (4) serves
s a fitness function in a maximization problem for 1D Tsallis
ased multilevel thresholding. It found to be an exhaustive search
rocess as the number of thresholds m increases, leads to an
ptimization problem.
test functions f1 , f5 , f9 , f12 , f15 and f23 .

EC 2014 test functions.

2.1.2. 2D Tsallis entropy
Assume a digital image of sizeM×N , and [f (x, y)|x ∈ {1, 2, . . . ,

M}, y ∈ {1, 2, . . . ,N}] represent the pixel intensity (grey level)
values for a point (x, y). Let the set of all grey levels {0, 1, . . . ,
L − 1} for an image having the L grey level (for an 8bit image
the L = 256), then the one-dimensional histogram can be h (i)
for i ∈ {0, 1, 2, . . . , L − 1}. The global threshold selection uses
the grey level histogram of the image by optimizing a suitable
objective function as desired.

The 2D histogram depends on the average grey level values at
the point (x, y) and its neighbourhood pixels in the adjacent field
of k×k [49,80]. Let us define the a x, y be the average grey level
( )
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Table 10
p-value of the Wilcoxon rank-sum test with 5% significance of scalable benchmark functions f1−13 with d = 30 for N = 10 of AHHO, HHO, CSA, CS, DE, FA, GWO,
SO, WDO, and WOA. The N of L-SHADE decrease from 18 × 30 to 4. (p-values ≥ 0.05 are shown in boldface). + means that AHHO is statistically significantly
etter at p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another algorithm; − means that AHHO is

statistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically better/equal/worse than other algorithms
HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

f1 1.94E−03 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f2 3.68E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f3 1.71E−05 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f4 6.80E−06 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f5 4.84E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f6 3.57E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 1.40E−20 4.16E−23 4.16E−23
f7 7.64E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 5.50E−16
f8 9.20E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f9 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.04E−28 4.16E−23 4.16E−23
f10 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f11 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 2.07E−25 4.16E−23 1.00E+00
f12 1.24E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 2.98E−10 4.16E−23 4.16E−23
f13 4.84E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 1.40E−20 4.16E−23 4.16E−23
Counts +/≈ /− 5/3/5 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 12/1/0
.

Table 11
p-value of the Wilcoxon rank-sum test with 5% significance of scalable benchmark functions f1−13 with d = 30 for N = 30 of AHHO, HHO, CSA, CS, DE, FA, GWO,
SO, WDO, and WOA. The N of L-SHADE decrease from 18 × 30 to 4. (p-values ≥ 0.05 are shown in boldface). + means that AHHO is statistically significantly
etter at p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another algorithm; − means that AHHO is
tatistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically better/equal/worse than other algorithms

HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

f1 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f2 8.91E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f3 3.57E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f4 6.80E−06 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f5 1.34E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f6 5.74E−02 4.16E−23 4.16E−23 9.03E−20 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f7 4.84E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f8 2.14E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 3.01E−22
f9 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 2.52E−29 4.16E−23 4.16E−23
f10 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f11 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 6.62E−24 6.10E−05 1.00E+00
f12 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 3.01E−22 4.16E−23 4.16E−23
f13 1.94E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
Counts +/≈ /− 4/4/5 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0
.

Table 12
p-value of the Wilcoxon rank-sum test with 5% significance of scalable benchmark functions f1−13 with d = 100 for N = 10 of AHHO, HHO, CSA, CS, DE, FA, GWO,
PSO, WDO, and WOA. The N of L-SHADE decrease from 18 × 100 to 4. (p-values ≥ 0.05 are shown in boldface). + means that AHHO is statistically significantly
better at p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another algorithm; − means that AHHO is
statistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically better/equal/worse than other algorithms

HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

f1 1.24E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f2 9.67E−04 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f3 4.13E−05 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f4 6.80E−06 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f5 1.94E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f6 3.73E−03 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f7 4.84E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 1.40E−20
f8 7.64E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f9 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 8.27E−25 4.16E−23 4.16E−23
f10 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f11 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 1.32E−23 4.16E−23 4.16E−23
f12 1.94E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 2.10E−21 4.16E−23 4.16E−23
f13 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 2.10E−21
Counts +/≈ /− 5/4/4 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0
w
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for the point located at (x, y) as:

(x, y) =

⎢⎢⎢⎢⎣ 1
k2

k−1
2∑

i=−
k−1
2

k−1
2∑

j=−
k−1
2

f (x + i, y + j)

⎥⎥⎥⎥⎦ (5)

here ⌊z⌋ represents the integer part of z.
The 2D histogram is constructed using the grey level values

(x, y) and average grey level values a (x, y) as:

(i, j) =
1 {

nij|f (x, y) = i, a (x, y) = j; i, j ∈ (0, L − 1)
}

(6)

M • N m
here the nij represents the number of pixels with grey level
alues with i and average grey level values with j.
The 2D histogram plane for multilevel thresholding as pre-

ented in Fig. 1, is subdivided by a set of m thresholds t =

t1, t2, . . . , tm] of grey-level image and a set of m threshold values
= [s1, s2, . . . , sm] of average grey level, which resulted in a
× M quadrants, where M = m + 1. Among all possible

lanes, the diagonal planes can be used for the separation objects,
ackgrounds, and intermediate class. The other planes consist of

ostly edges and noises information, which can be ignored. Let
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Table 13
p-value of the Wilcoxon rank-sum test with 5% significance of scalable benchmark functions f1−13 with d = 100 for N = 30 of AHHO, HHO, CSA, CS, DE, FA, GWO,
PSO, WDO, and WOA. The N of L-SHADE decrease from 18 × 100 to 4. (p-values ≥ 0.05 are shown in boldface). + means that AHHO is statistically significantly
better at p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another algorithm; − means that AHHO is
statistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically better/equal/worse than other algorithms

HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

f1 6.80E−06 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f2 6.93E−03 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f3 2.16E−04 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f4 6.80E−06 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f5 9.20E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f6 1.24E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f7 2.71E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f8 2.14E−02 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f9 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 1.73E−18 4.16E−23 4.16E−23
f10 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
f11 1.00E+00 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 1.65E−24 4.16E−23 4.16E−23
f12 1.34E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 5.58E−19
f13 2.71E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23
Counts +/≈ /− 6/3/4 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0 13/0/0
.

Table 14
p-value of the Wilcoxon rank-sum test with 5% significance of fixed dimension benchmark functions f14−23 for N = 10 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO,

DO, and WOA. The N of L-SHADE decrease from 18 × d to 4. (p-values ≥ 0.05 are shown in boldface). + means that AHHO is statistically significantly better
t p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another algorithm; − means that AHHO is

statistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically better/equal/worse than other algorithms
HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

f14 1.94E−01 4.16E−23 1.36E−14 1.16E−07 4.16E−23 4.16E−23 4.16E−23 4.16E−23 3.68E−01 4.16E−23
f15 1.00E+00 6.38E−14 4.16E−23 2.10E−21 1.04E−16 1.25E−12 1.34E−01 2.60E−06 3.40E−07 4.16E−23
f16 2.16E−04 4.16E−23 4.16E−23 3.64E−09 1.40E−20 1.06E−09 2.98E−10 4.16E−23 2.79E−15 4.16E−23
f17 3.68E−01 4.16E−23 3.01E−22 9.58E−07 4.16E−23 2.16E−04 4.13E−05 2.16E−04 3.64E−09 4.16E−23
f18 4.65E−04 4.16E−23 4.16E−23 6.93E−03 1.24E−02 3.32E−18 2.16E−04 2.10E−21 2.79E−15 4.16E−23
f19 1.24E−02 9.03E−20 2.88E−13 5.74E−02 2.71E−01 6.93E−03 1.94E−01 3.57E−02 3.68E−01 4.16E−23
f20 4.84E−01 3.80E−08 1.94E−03 1.16E−07 3.64E−09 2.16E−04 3.73E−03 3.64E−09 6.93E−03 4.16E−23
f21 7.64E−01 4.16E−23 4.16E−23 6.93E−03 3.01E−22 2.71E−01 2.08E−11 9.67E−04 2.16E−04 3.01E−22
f22 9.20E−01 4.16E−23 2.10E−21 5.74E−02 4.16E−23 4.84E−01 1.25E−12 3.73E−03 9.67E−04 3.01E−22
f23 4.65E−04 4.16E−23 1.40E−20 8.91E−02 4.16E−23 3.57E−02 2.79E−15 4.65E−04 3.73E−03 2.10E−21
Counts +/≈ /− 4/1/5 10/0/0 10/0/0 7/0/3 9/0/1 8/0/2 8/0/2 10/0/0 9/0/1 10/0/0
.

Table 15
p-value of the Wilcoxon rank-sum test with 5% significance of fixed dimension benchmark functions f14−23 for N = 30 of AHHO, HHO, CSA, CS, DE, FA, GWO, PSO,

DO, and WOA. The N of L-SHADE decrease from 18 × d to 4. (p-values ≥ 0.05 are shown in boldface). + means that AHHO is statistically significantly better
t p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another algorithm; − means that AHHO is

statistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically better/equal/worse than other algorithms
HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

f14 4.84E−01 4.16E−23 3.32E−18 1.40E−20 4.16E−23 4.16E−23 4.16E−23 4.16E−23 3.32E−18 4.16E−23
f15 1.34E−01 5.58E−19 4.16E−23 2.14E−02 1.06E−09 1.04E−16 9.67E−04 5.50E−16 4.84E−01 4.16E−23
f16 2.71E−01 4.16E−23 4.16E−23 4.16E−23 4.16E−23 4.16E−23 3.01E−22 4.16E−23 2.71E−01 4.16E−23
f17 3.57E−02 4.16E−23 3.01E−22 4.16E−23 4.16E−23 8.03E−11 1.71E−05 2.79E−15 2.08E−11 4.16E−23
f18 3.80E−08 4.16E−23 4.16E−23 4.16E−23 3.40E−07 4.16E−23 3.64E−09 4.16E−23 2.60E−06 4.16E−23
f19 7.64E−01 3.01E−22 1.04E−16 4.16E−23 4.65E−04 5.20E−12 3.80E−08 1.25E−12 1.34E−01 4.16E−23
f20 2.14E−02 2.88E−13 2.60E−06 3.32E−18 5.50E−16 1.24E−02 2.71E−01 4.84E−01 2.71E−01 1.40E−20
f21 3.68E−01 4.16E−23 2.10E−21 5.58E−19 3.01E−22 7.64E−01 2.88E−13 2.08E−11 5.58E−19 5.58E−19
f22 4.84E−01 4.16E−23 9.03E−20 1.90E−17 9.03E−20 2.71E−01 5.50E−16 2.79E−15 5.58E−19 1.40E−20
f23 1.00E+00 4.16E−23 9.03E−20 3.32E−18 2.10E−21 4.65E−04 1.25E−12 5.20E−12 3.32E−18 9.03E−20
Counts +/≈ /− 3/1/6 10/0/0 10/0/0 10/0/0 10/0/0 8/0/2 10/0/0 10/0/0 6/0/4 10/0/0
b

[

us define the posterior class probability of diagonal regions as:

PD1 (t, s) =

t1∑
i=0

s1∑
j=0

p (i, j),

D2 (t, s) =

t2∑
i=t1+1

s2∑
j=s1+1

p (i, j),

nd

Dm (t, s) =

L−1∑
i=tm+1

L−1∑
j=sm+1

p (i, j). (7)

The 2D Tsallis entropy for a M classes multilevel thresholding
roblem [9] with m thresholds [t , t , . . . , t ] for a given image
1 2 m
y maximization problem as:

t1, t2, . . . , tm]opt = argmax
[
S1q (t, s) + S2q (t, s) + · · · + SMq (t, s)

+ (1 − q) × S1q (t, s) × S2q (t, s) × · · · × SMq (t, s)
]

(8)

where

S1q (t, s) =
1

q − 1

⎡⎣1 −

t1∑
i=0

s1∑
j=0

(
p (i, j)

PD1 (t, s)

)q
⎤⎦ ,

S2q (t, s) =
1

q − 1

⎡⎣1 −

t2∑
i=t1+1

s2∑
j=s1+1

(
p (i, j)

PD2 (t, s)

)q
⎤⎦ ,
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WDO WOA L-SHADE

6 3.852E+09 2.616E+04 3.039E+07
7 3.973E+09 1.010E+07 5.533E+08
7 3.907E+09 1.217E+06 2.180E+08
7 2.616E+07 1.872E+06 1.176E+08

5 1.367E+10 1.837E+04 2.819E+09
6 1.399E+10 2.185E+05 8.302E+09
5 1.382E+10 7.421E+04 5.286E+09
5 6.772E+07 4.450E+04 1.317E+09

3 1.676E+04 9.042E+02 7.761E+03
4 1.779E+04 6.082E+03 1.934E+04
3 1.727E+04 1.846E+03 1.653E+04
3 2.324E+02 1.100E+03 2.137E+03

2 9.947E+03 4.008E+02 8.725E+02
2 1.018E+04 5.020E+02 3.565E+03
2 1.008E+04 4.265E+02 2.084E+03
1 5.528E+01 1.786E+01 6.498E+02

2 5.201E+02 5.200E+02 5.200E+02
2 5.203E+02 5.204E+02 5.204E+02
2 5.202E+02 5.201E+02 5.200E+02
3 4.882E−02 8.240E−02 5.541E−02

2 6.129E+02 6.048E+02 6.097E+02
2 6.142E+02 6.103E+02 6.120E+02
2 6.136E+02 6.081E+02 6.111E+02
1 3.784E−01 1.385E+00 6.280E−01

2 1.070E+03 7.004E+02 7.677E+02
2 1.074E+03 7.018E+02 9.291E+02
2 1.072E+03 7.010E+02 8.588E+02
0 1.069E+00 2.144E−01 3.728E+01

2 9.017E+02 8.104E+02 8.661E+02
2 9.116E+02 8.516E+02 8.969E+02
2 9.058E+02 8.356E+02 8.845E+02
0 1.985E+00 8.547E+00 7.554E+00

2 9.701E+02 9.133E+02 9.537E+02
2 9.748E+02 9.569E+02 9.883E+02
2 9.723E+02 9.370E+02 9.751E+02
1 9.938E−01 1.114E+01 7.316E+00

3 2.433E+03 1.103E+03 2.309E+03
3 2.544E+03 2.190E+03 2.739E+03
3 2.499E+03 1.591E+03 2.577E+03
1 2.645E+01 2.558E+02 1.005E+02

3 2.883E+03 1.477E+03 2.459E+03
3 2.963E+03 2.930E+03 3.246E+03
3 2.912E+03 2.140E+03 2.933E+03
1 1.618E+01 3.094E+02 1.617E+02

3 1.201E+03 1.200E+03 1.201E+03
3 1.203E+03 1.202E+03 1.202E+03
3 1.202E+03 1.201E+03 1.202E+03
1 5.017E−01 3.039E−01 1.469E−01

3 1.307E+03 1.300E+03 1.302E+03
3 1.307E+03 1.301E+03 1.305E+03
3 1.307E+03 1.301E+03 1.304E+03
1 1.777E−02 2.079E−01 5.951E−01

3 1.458E+03 1.400E+03 1.413E+03
3 1.459E+03 1.401E+03 1.447E+03
3 1.459E+03 1.400E+03 1.432E+03
1 1.612E−01 2.636E−01 6.700E+00
3 4.469E+04 1.503E+03 1.741E+03
3 5.016E+04 1.514E+03 1.445E+04
3 4.684E+04 1.508E+03 4.023E+03
0 1.411E+03 2.567E+00 2.172E+03

3 1.604E+03 1.603E+03 1.604E+03
3 1.604E+03 1.604E+03 1.604E+03
3 1.604E+03 1.603E+03 1.604E+03
3 6.240E−03 2.280E−01 1.206E−01

(continued on next page)
Table 16
Statistical result of CEC-BC-2014 test functions.
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

CEC-2014-F1 Best 1.381E+02 5.927E+03 4.430E+09 1.303E+07 8.871E+05 4.419E+09 1.683E+07 2.555E+0
Worst 6.585E+05 5.511E+06 4.472E+09 8.131E+07 4.833E+07 4.495E+09 3.938E+09 5.110E+0
Average 3.717E+04 8.944E+05 4.454E+09 4.942E+07 1.429E+07 4.460E+09 4.150E+08 2.452E+0
Std. Dev. 9.885E+04 1.231E+06 9.859E+06 1.850E+07 1.058E+07 1.640E+07 5.637E+08 1.301E+0

CEC-2014-F2 Best 6.547E+02 2.000E+02 1.584E+10 1.631E+09 1.557E+05 1.582E+10 4.341E+09 1.796E+0
Worst 7.645E+03 4.549E+05 1.599E+10 8.778E+09 1.343E+06 1.618E+10 1.035E+10 3.026E+0
Average 3.458E+03 1.046E+04 1.593E+10 5.967E+09 6.211E+05 1.595E+10 7.618E+09 9.006E+0
Std. Dev. 1.509E+03 6.353E+04 3.494E+07 1.545E+09 2.769E+05 6.929E+07 1.273E+09 4.686E+0

CEC-2014-F3 Best 3.000E+02 3.650E+02 2.447E+06 1.005E+04 1.958E+03 1.539E+06 1.292E+04 3.616E+0
Worst 3.904E+02 1.371E+03 2.925E+06 2.175E+04 1.413E+04 4.634E+06 1.853E+04 1.323E+0
Average 3.055E+02 7.548E+02 2.651E+06 1.704E+04 6.510E+03 2.437E+06 1.796E+04 8.348E+0
Std. Dev. 1.883E+01 2.475E+02 1.204E+05 2.259E+03 2.542E+03 6.392E+05 8.738E+02 2.533E+0

CEC-2014-F4 Best 4.000E+02 4.000E+02 1.151E+04 5.772E+02 4.003E+02 1.157E+04 1.797E+03 4.009E+0
Worst 4.353E+02 4.675E+02 1.167E+04 1.752E+03 5.808E+02 1.182E+04 8.195E+03 6.536E+0
Average 4.206E+02 4.282E+02 1.162E+04 9.396E+02 4.486E+02 1.166E+04 3.421E+03 4.679E+0
Std. Dev. 1.579E+01 1.529E+01 3.064E+01 2.291E+02 3.643E+01 4.960E+01 1.581E+03 5.184E+0

CEC-2014-F5 Best 5.200E+02 5.201E+02 5.203E+02 5.204E+02 5.201E+02 5.200E+02 5.200E+02 5.200E+0
Worst 5.204E+02 5.205E+02 5.209E+02 5.207E+02 5.207E+02 5.205E+02 5.208E+02 5.200E+0
Average 5.202E+02 5.203E+02 5.206E+02 5.205E+02 5.204E+02 5.202E+02 5.203E+02 5.200E+0
Std. Dev. 1.084E−01 1.181E−01 1.271E−01 7.137E−02 1.318E−01 1.398E−01 1.945E−01 4.487E−0

CEC-2014-F6 Best 6.000E+02 6.004E+02 6.142E+02 6.081E+02 6.043E+02 6.141E+02 6.105E+02 6.120E+0
Worst 6.047E+02 6.089E+02 6.145E+02 6.116E+02 6.105E+02 6.145E+02 6.139E+02 6.138E+0
Average 6.011E+02 6.035E+02 6.143E+02 6.103E+02 6.077E+02 6.143E+02 6.126E+02 6.131E+0
Std. Dev. 1.296E+00 1.634E+00 5.760E−02 6.804E−01 1.452E+00 9.465E−02 8.472E−01 3.095E−0

CEC-2014-F7 Best 7.000E+02 7.002E+02 1.109E+03 7.433E+02 7.004E+02 1.108E+03 8.579E+02 7.008E+0
Worst 7.002E+02 7.009E+02 1.112E+03 8.483E+02 7.016E+02 1.114E+03 9.889E+02 7.117E+0
Average 7.000E+02 7.005E+02 1.111E+03 7.944E+02 7.010E+02 1.111E+03 9.165E+02 7.044E+0
Std. Dev. 3.928E−02 1.480E−01 6.871E−01 2.449E+01 2.233E−01 1.095E+00 2.878E+01 2.689E+0

CEC-2014-F8 Best 8.020E+02 8.031E+02 9.691E+02 8.548E+02 8.047E+02 9.649E+02 8.880E+02 8.428E+0
Worst 8.288E+02 8.358E+02 9.723E+02 9.015E+02 8.461E+02 9.764E+02 9.450E+02 8.637E+0
Average 8.156E+02 8.138E+02 9.708E+02 8.816E+02 8.295E+02 9.720E+02 9.165E+02 8.540E+0
Std. Dev. 7.243E+00 6.540E+00 8.070E−01 9.826E+00 9.433E+00 2.052E+00 1.348E+01 4.191E+0

CEC-2014-F9 Best 9.040E+02 9.120E+02 1.006E+03 9.565E+02 9.162E+02 1.006E+03 9.534E+02 9.497E+0
Worst 9.442E+02 9.515E+02 1.011E+03 9.956E+02 9.632E+02 1.014E+03 9.914E+02 9.507E+0
Average 9.231E+02 9.418E+02 1.009E+03 9.815E+02 9.373E+02 1.010E+03 9.688E+02 9.507E+0
Std. Dev. 1.053E+01 9.079E+00 1.130E+00 8.165E+00 1.046E+01 1.897E+00 1.051E+01 2.702E−0

CEC-2014-F10 Best 1.028E+03 1.019E+03 3.090E+03 2.087E+03 1.103E+03 3.055E+03 2.298E+03 2.250E+0
Worst 1.610E+03 1.680E+03 3.171E+03 2.779E+03 2.344E+03 3.241E+03 2.872E+03 2.448E+0
Average 1.130E+03 1.351E+03 3.141E+03 2.459E+03 1.579E+03 3.157E+03 2.583E+03 2.325E+0
Std. Dev. 1.172E+02 1.537E+02 1.969E+01 1.607E+02 2.664E+02 3.775E+01 1.481E+02 7.053E+0

CEC-2014-F11 Best 1.201E+03 1.371E+03 3.665E+03 2.388E+03 1.367E+03 3.599E+03 2.561E+03 2.456E+0
Worst 2.783E+03 2.456E+03 3.747E+03 2.984E+03 2.925E+03 3.811E+03 3.399E+03 2.869E+0
Average 2.202E+03 1.806E+03 3.707E+03 2.777E+03 2.107E+03 3.723E+03 3.012E+03 2.821E+0
Std. Dev. 4.286E+02 2.569E+02 2.125E+01 1.454E+02 3.138E+02 4.890E+01 2.205E+02 5.931E+0

CEC-2014-F12 Best 1.200E+03 1.200E+03 1.203E+03 1.201E+03 1.200E+03 1.203E+03 1.200E+03 1.200E+0
Worst 1.202E+03 1.201E+03 1.205E+03 1.202E+03 1.202E+03 1.205E+03 1.205E+03 1.202E+0
Average 1.201E+03 1.200E+03 1.204E+03 1.202E+03 1.201E+03 1.204E+03 1.202E+03 1.201E+0
Std. Dev. 4.314E−01 1.742E−01 4.051E−01 2.369E−01 3.491E−01 5.748E−01 9.153E−01 4.295E−0

CEC-2014-F13 Best 1.300E+03 1.300E+03 1.308E+03 1.302E+03 1.300E+03 1.308E+03 1.302E+03 1.300E+0
Worst 1.300E+03 1.301E+03 1.308E+03 1.304E+03 1.301E+03 1.308E+03 1.306E+03 1.301E+0
Average 1.300E+03 1.300E+03 1.308E+03 1.303E+03 1.301E+03 1.308E+03 1.304E+03 1.300E+0
Std. Dev. 4.951E−02 1.264E−01 9.047E−03 4.653E−01 1.945E−01 2.142E−02 8.708E−01 1.361E−0

CEC-2014-F14 Best 1.400E+03 1.400E+03 1.465E+03 1.412E+03 1.400E+03 1.464E+03 1.414E+03 1.400E+0
Worst 1.401E+03 1.401E+03 1.465E+03 1.439E+03 1.401E+03 1.465E+03 1.449E+03 1.401E+0
Average 1.400E+03 1.400E+03 1.465E+03 1.424E+03 1.400E+03 1.465E+03 1.433E+03 1.400E+0
Std. Dev. 8.361E−02 2.594E−01 1.071E−01 5.978E+00 2.640E−01 1.860E−01 7.915E+00 2.118E−0

CEC-2014-F15 Best 1.502E+03 1.501E+03 9.355E+04 1.667E+03 1.502E+03 9.137E+04 1.518E+03 1.513E+0
Worst 1.504E+03 1.504E+03 9.804E+04 1.433E+04 1.521E+03 9.917E+04 5.154E+04 1.529E+0
Average 1.503E+03 1.502E+03 9.589E+04 5.992E+03 1.508E+03 9.663E+04 7.001E+03 1.519E+0
Std. Dev. 4.957E−01 7.737E−01 1.009E+03 3.347E+03 3.165E+00 1.986E+03 1.042E+04 4.041E+0

CEC-2014-F16 Best 1.602E+03 1.602E+03 1.604E+03 1.604E+03 1.603E+03 1.604E+03 1.604E+03 1.604E+0
Worst 1.604E+03 1.604E+03 1.605E+03 1.604E+03 1.604E+03 1.605E+03 1.605E+03 1.604E+0
Average 1.603E+03 1.603E+03 1.605E+03 1.604E+03 1.603E+03 1.605E+03 1.604E+03 1.604E+0
Std. Dev. 3.132E−01 3.027E−01 1.687E−02 1.094E−01 2.514E−01 2.771E−02 2.297E−02 9.468E−0
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6.055E+05 7.636E+03 5.642E+04
6.293E+05 3.617E+05 6.733E+05
6.151E+05 1.982E+05 5.049E+05
5.588E+03 1.093E+05 1.255E+05

5.748E+07 3.093E+03 3.269E+04
7.375E+07 2.567E+04 6.639E+06
6.543E+07 1.055E+04 1.319E+06
3.191E+06 5.497E+03 1.416E+06

2.724E+03 1.902E+03 1.910E+03
2.754E+03 1.907E+03 1.977E+03
2.737E+03 1.905E+03 1.936E+03
7.426E+00 1.192E+00 1.283E+01

2.462E+08 2.159E+03 7.103E+03
2.899E+08 4.355E+04 4.169E+05
2.726E+08 1.097E+04 6.494E+04
1.070E+07 9.320E+03 8.792E+04

2.020E+09 3.502E+03 2.308E+04
2.108E+09 1.106E+06 6.742E+06
2.064E+09 2.673E+05 1.928E+06
1.861E+07 2.712E+05 1.436E+06

6.398E+03 2.226E+03 2.402E+03
6.875E+03 2.570E+03 2.740E+03
6.622E+03 2.344E+03 2.599E+03
1.095E+02 8.437E+01 8.491E+01

2.500E+03 2.500E+03 2.500E+03
2.503E+03 2.500E+03 2.500E+03
2.501E+03 2.500E+03 2.500E+03
1.154E+00 7.717E−13 0.000E+00

2.600E+03 2.530E+03 2.598E+03
2.600E+03 2.600E+03 2.600E+03
2.600E+03 2.591E+03 2.600E+03
1.026E−01 1.907E+01 3.057E−01

2.700E+03 2.626E+03 2.694E+03
2.700E+03 2.700E+03 2.700E+03
2.700E+03 2.698E+03 2.700E+03
5.828E−03 1.049E+01 8.638E−01

2.800E+03 2.700E+03 2.702E+03
2.800E+03 2.800E+03 2.708E+03
2.800E+03 2.706E+03 2.704E+03
8.710E−05 2.368E+01 1.160E+00

2.900E+03 2.710E+03 2.900E+03
2.902E+03 2.900E+03 2.908E+03
2.900E+03 2.889E+03 2.900E+03
6.607E−01 4.397E+01 1.082E+00

3.000E+03 3.000E+03 3.000E+03
3.005E+03 3.000E+03 3.000E+03
3.002E+03 3.000E+03 3.000E+03
1.964E+00 1.009E−12 3.016E−13

3.100E+03 3.175E+03 3.100E+03
2.631E+06 2.104E+06 3.100E+03
7.725E+05 4.531E+04 3.100E+03
1.011E+06 2.941E+05 3.226E−12

3.200E+03 3.491E+03 3.200E+03
4.500E+05 5.726E+03 2.485E+05
1.457E+05 4.031E+03 3.932E+04
1.629E+05 5.231E+02 6.195E+04

8.40 3.70 6.10

9 3 6
Table 16 (continued).
Benchmark Metric AHHO HHO CSA CS DE FA GWO PSO

CEC-2014-F17 Best 1.701E+03 2.548E+03 1.593E+07 3.629E+04 4.056E+03 1.548E+07 5.679E+05 2.653E+03
Worst 2.188E+03 1.757E+04 1.964E+07 9.398E+05 2.093E+05 2.189E+07 1.050E+06 4.124E+03
Average 1.787E+03 5.208E+03 1.790E+07 3.250E+05 6.924E+04 1.873E+07 6.713E+05 3.046E+03
Std. Dev. 1.022E+02 3.350E+03 7.109E+05 2.138E+05 5.944E+04 1.751E+06 1.269E+05 3.333E+02

CEC-2014-F18 Best 1.801E+03 2.254E+03 1.617E+08 1.084E+04 2.152E+03 1.530E+08 8.239E+03 9.566E+03
Worst 1.861E+03 1.542E+04 1.668E+08 4.998E+06 2.543E+04 1.682E+08 6.667E+06 1.057E+04
Average 1.805E+03 1.015E+04 1.637E+08 9.095E+05 9.993E+03 1.613E+08 7.324E+05 9.907E+03
Std. Dev. 8.876E+00 2.686E+03 1.210E+06 1.066E+06 4.699E+03 3.489E+06 1.922E+06 1.930E+02

CEC-2014-F19 Best 1.901E+03 1.901E+03 2.968E+03 1.907E+03 1.902E+03 2.951E+03 1.918E+03 1.917E+03
Worst 1.905E+03 1.905E+03 2.975E+03 1.918E+03 1.908E+03 2.974E+03 1.971E+03 1.999E+03
Average 1.902E+03 1.903E+03 2.971E+03 1.912E+03 1.905E+03 2.960E+03 1.963E+03 1.951E+03
Std. Dev. 1.037E+00 7.332E−01 1.324E+00 2.558E+00 1.375E+00 5.933E+00 1.524E+01 1.742E+01

CEC-2014-F20 Best 2.000E+03 2.101E+03 6.750E+08 5.151E+03 2.063E+03 6.447E+08 1.356E+04 4.198E+03
Worst 2.040E+03 1.027E+04 6.925E+08 2.027E+05 1.680E+04 7.048E+08 2.471E+04 6.929E+03
Average 2.004E+03 5.304E+03 6.810E+08 3.740E+04 8.545E+03 6.686E+08 1.594E+04 5.642E+03
Std. Dev. 9.034E+00 1.959E+03 3.855E+06 3.713E+04 4.009E+03 1.410E+07 2.443E+03 5.419E+02

CEC-2014-F21 Best 2.100E+03 2.523E+03 2.524E+09 6.299E+03 2.677E+03 2.498E+09 1.926E+05 4.812E+03
Worst 2.280E+03 3.199E+04 2.548E+09 3.162E+05 5.484E+05 2.563E+09 1.648E+07 2.121E+04
Average 2.134E+03 9.318E+03 2.536E+09 6.450E+04 5.815E+04 2.529E+09 2.978E+06 9.402E+03
Std. Dev. 4.936E+01 6.942E+03 6.098E+06 5.136E+04 1.188E+05 1.453E+07 5.521E+06 4.127E+03

CEC-2014-F22 Best 2.200E+03 2.222E+03 1.012E+04 2.282E+03 2.226E+03 9.858E+03 2.423E+03 2.382E+03
Worst 2.244E+03 2.369E+03 1.032E+04 2.530E+03 2.479E+03 1.029E+04 3.234E+03 2.740E+03
Average 2.211E+03 2.305E+03 1.021E+04 2.425E+03 2.334E+03 1.002E+04 2.746E+03 2.556E+03
Std. Dev. 1.249E+01 6.091E+01 4.478E+01 6.391E+01 7.376E+01 1.029E+02 2.148E+02 6.006E+01

CEC-2014-F23 Best 2.500E+03 2.500E+03 2.501E+03 2.514E+03 2.629E+03 2.500E+03 2.500E+03 2.500E+03
Worst 2.500E+03 2.500E+03 2.503E+03 2.525E+03 2.629E+03 2.502E+03 2.500E+03 2.501E+03
Average 2.500E+03 2.500E+03 2.502E+03 2.520E+03 2.629E+03 2.500E+03 2.500E+03 2.501E+03
Std. Dev. 0.000E+00 0.000E+00 3.744E−01 2.654E+00 9.780E−05 3.212E−01 1.155E−05 1.804E−01

CEC-2014-F24 Best 2.508E+03 2.521E+03 2.600E+03 2.581E+03 2.534E+03 2.600E+03 2.600E+03 2.600E+03
Worst 2.549E+03 2.600E+03 2.600E+03 2.602E+03 2.600E+03 2.601E+03 2.601E+03 2.600E+03
Average 2.523E+03 2.551E+03 2.600E+03 2.598E+03 2.595E+03 2.601E+03 2.600E+03 2.600E+03
Std. Dev. 1.059E+01 2.960E+01 2.708E−02 5.414E+00 1.478E+01 1.761E−01 1.353E−01 2.585E−02

CEC-2014-F25 Best 2.618E+03 2.630E+03 2.700E+03 2.683E+03 2.670E+03 2.700E+03 2.700E+03 2.700E+03
Worst 2.702E+03 2.700E+03 2.700E+03 2.700E+03 2.700E+03 2.700E+03 2.700E+03 2.700E+03
Average 2.687E+03 2.697E+03 2.700E+03 2.699E+03 2.698E+03 2.700E+03 2.700E+03 2.700E+03
Std. Dev. 2.938E+01 1.146E+01 1.759E−03 3.304E+00 5.851E+00 3.112E−03 2.602E−08 8.552E−04

CEC-2014-F26 Best 2.700E+03 2.700E+03 2.800E+03 2.702E+03 2.700E+03 2.800E+03 2.800E+03 2.800E+03
Worst 2.700E+03 2.701E+03 2.800E+03 2.704E+03 2.800E+03 2.800E+03 2.800E+03 2.800E+03
Average 2.700E+03 2.700E+03 2.800E+03 2.703E+03 2.706E+03 2.800E+03 2.800E+03 2.800E+03
Std. Dev. 4.529E−02 1.131E−01 2.521E−05 4.276E−01 2.367E+01 1.817E−04 1.044E−04 1.751E−05

CEC-2014-F27 Best 2.703E+03 2.702E+03 2.900E+03 2.849E+03 2.706E+03 2.900E+03 2.900E+03 2.900E+03
Worst 2.900E+03 3.111E+03 2.902E+03 2.993E+03 2.900E+03 2.903E+03 2.900E+03 2.900E+03
Average 2.881E+03 2.983E+03 2.901E+03 2.955E+03 2.896E+03 2.900E+03 2.900E+03 2.900E+03
Std. Dev. 5.844E+01 1.457E+02 2.724E−01 2.760E+01 2.711E+01 4.959E−01 8.049E−07 6.339E−02

CEC-2014-F28 Best 3.000E+03 3.000E+03 3.002E+03 3.030E+03 3.157E+03 3.000E+03 3.000E+03 3.001E+03
Worst 3.000E+03 3.000E+03 3.004E+03 3.096E+03 3.350E+03 3.005E+03 3.000E+03 3.002E+03
Average 3.000E+03 3.000E+03 3.003E+03 3.064E+03 3.212E+03 3.000E+03 3.000E+03 3.001E+03
Std. Dev. 0.000E+00 0.000E+00 5.300E−01 1.477E+01 4.775E+01 1.000E+00 6.608E−06 2.588E−01

CEC-2014-F29 Best 3.100E+03 3.100E+03 1.106E+06 1.460E+04 3.113E+03 3.100E+03 3.100E+03 3.004E+05
Worst 3.666E+06 3.666E+06 2.210E+06 8.196E+05 1.968E+06 1.903E+06 3.118E+03 8.227E+05
Average 1.478E+05 2.612E+05 1.808E+06 1.476E+05 1.431E+05 1.941E+05 3.103E+03 5.190E+05
Std. Dev. 7.179E+05 9.086E+05 2.760E+05 1.465E+05 4.854E+05 4.226E+05 4.382E+00 1.080E+05

CEC-2014-F30 Best 3.200E+03 3.200E+03 1.765E+05 4.884E+03 3.465E+03 3.200E+03 3.200E+03 5.158E+04
Worst 8.534E+03 9.493E+03 4.262E+05 1.731E+04 3.988E+03 2.256E+05 3.204E+03 1.446E+05
Average 6.212E+03 6.229E+03 3.272E+05 9.257E+03 3.545E+03 2.767E+04 3.200E+03 9.922E+04
Std. Dev. 1.480E+03 1.161E+03 5.658E+04 2.704E+03 9.419E+01 5.805E+04 7.887E−01 2.343E+04

Friedman average rank 2.43 2.77 10.23 6.40 4.03 9.70 7.23 5.00

Rank 1 2 11 7 4 10 8 5
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and

SMq (t, s) =
1

q − 1

⎡⎣1 −

L−1∑
i=tm−1+1

L−1∑
j=sm−1+1

(
p (i, j)

PDm (t, s)

)q
⎤⎦ .

q. (8) serves as a fitness function in a maximization problem
or 2D Tsallis based multilevel thresholding. It is an exhaustive
earch process as the number of thresholds m increases leads to
n optimization problem.

.2. Harris hawks optimization (HHO) algorithm

The Harris hawks optimization (HHO) [59] is based on coop-
rative foraging behaviour of a well-known bird Harris hawks
Parabuteo unicinctus). The Harris hawks foraging behaviour
ased on the ‘‘leapfrog’’ motion and ‘‘surprise pounce’’. Using the
eapfrog motion, the hawks perform rejoin and split several times
o actively search for prey all over the target area. The surprise
ounce is also known as the ‘‘seven kills’’ strategy, used for
apturing the prey. In this strategy, several hawks cooperatively
ttack from diverse directions and converge to detected escaping
rey. Based on the foraging behaviour, an exploratory, and ex-
loitative phased HHO algorithm has been proposed [59] which
epends on the equal perching chance and rabbit escape (prey)
nergy.

. The proposed adaptive Harris hawks optimization (AHHO)
lgorithm

In this section, the author proposes an adaptive Harris hawks
ptimization (AHHO) keeping in view that no algorithm is per-
ect for all classes of problems as suggested by ‘‘no free lunch’’
NFL) [81] and always there is a chance for improvement of search
erformance.
test functions F5, F10, F15, F20, F25, and F30.

3.1. Mathematical formulation of AHHO

The development of the adaptive Harris hawks optimization
(AHHO) algorithm is based on the underlying principle of escape
energy of the prey and perching strategy of Harris hawk of
HHO [59]. The AHHO algorithm broadly classified in three phases
as exploration phases, transition phases and exploitation phases
which can be mathematically modelled as follows.

Let us define X (t) as the position vector of hawks, Xprey (t) is
the position of prey, Xrand (t) is a randomly selected hawk within
the current population at current iteration t (i.e 1 ≤ t ≤ tmax),
and tmax is the maximum number of iterations.

3.1.1. Exploration phase
Let the Harris hawk in HHO [59] perches randomly on the tall

tree and wait for the prey with an equal perching chance u. If
u < 0.5, they perch based on the neighbouring family members
and perch on random tall trees when u ≥ 0.5. Then the new
position vector X (t + 1) can be defined as:

X (t + 1)

=

{
Xrand (t) − r1 |Xrand (t) − 2r2X (t)| u ≥ 0.5(

Xprey (t) − Xm (t)
)
− r3 (LB + r4 (UB − LB)) u < 0.5

(9)

where r1, r2, r3 and r4 are random numbers in the range [0, 1]
updated in each iteration, UB is the upper boundary of search
space, LB is the lower boundary of search space, Xm (t) is the mean
position vector of the current population of N hawks, and Xprey (t)
is the best location of the prey.

Xm (t) =
1
N

N∑
i=1

Xi (t) (10)

where Xi (t) is the position of the ith hawk in the iteration t .
The exploration phase described by the Eq. (9) of HHO [59],

the Harris hawks perch based on the equal chance of u, which is
a random number. Let us consider two important cases as follow:
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Fig. 9. Scalability results comparison of AHHO to other optimization algorithms of classical test functions f1 − f13 .
Case 1: The perching chance is (u ≥ 0.5); and the Harris hawk
is nearer to the prey (f (X) > fopt )

Case 2: The perching chance is (u < 0.5); and the Harris hawk
is far from the prey (f X ≫ f )
( ) opt
For Case 1, the Harris hawk is nearer to the prey, it should
continue to perch along with the other family members. However,
due to a better perching chance(u ≥ 0.5), it moves to a random
location, which is not desirable. In the other Case 2, Harris hawk is
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far from the prey, it should suddenly move to perch on a random
tall tree. However, due to a lower perching chance (u < 0.5), it
continues to perch along with the other family members. These
cases lead to wastage of search agents (Harris hawk). Therefore,
there is a strong need to investigate for an adaptive strategy.
The algorithm can be supplemented by an adaptive method to
decide when the Harris hawk would do perch along with the
other family members or move to a random tall tree.

Let us define average fitness ( favg ) value of the Harris hawk
search location (Xi|i = 1, 2, . . . ,N) as

favg =
1
N

N∑
i=1

f (Xi) (11)

where f (Xi) denotes the fitness value of the individual Harris
hawk.

The new search location Xi (t + 1) of Harris hawk in the ex-
ploration phase can be modelled as

Xi (t + 1)

=

{
Xrand (t) − r1 |Xrand (t) − 2r2Xi (t)| f (Xi) ≥ favg(

Xprey (t) − Xm (t)
)
− r3 (LB + r4 (UB − LB)) f (Xi) < favg

(12)

here r1, r2, r3 and r4 are random numbers in the range [0, 1]
pdated in each iteration, UB is the upper bound of the search
pace, LB is the lower bound of the search space, Xm (t) is the
ean position vector of the current population of N hawks, and
prey (t) is the best location of the prey.

.1.2. Transition phases
The foraging behaviour of Harris hawks depends on the ex-

loratory phase, exploitative phase and the transition phase,
hich will be decided by escape energy E of the prey. The
scaping energy E of HHO is modelled as:

= 2E0

(
1 −

t
tmax

)
(13)

here E0 is the initial energy which changes its states in between
−1, 1] at each iteration. When E0 is decreasing 0 to −1, the
prey is physically flagging, whereas E0 is increasing the prey is
trengthening. So, when |E| ≥ 1, the hawks search different
regions to explore the prey location, that HHO is in the explo-
ration phase, and when |E| < 1, the HHO tries to exploit the
neighbourhood of the solution for the period of the exploitation
phase.

Let us consider the time-dependent behaviour of E of HHO,
which is demonstrated in Fig. 2. The escape energy E of the prey
helps to decide the movement of the Harris hawk. From Fig. 2,
it is seen that the escape energy decreases, varies in the range
of [−2, 2]. Sometime retains its states in the range [0, 2] (for
a while or more). As discussed in the literature [59], when the
escape energy is equal to 0, the prey is completely exhausted.
This is not desirable, because it is needed to further explore for
improvising the results. This led us to modify the escape energy
of HHO through investigations. In this work, an effort is made to
adapt the escape energy by incorporating mutation. It is proposed
that the escape energy should remain present mostly in the range
[0, 2]; except for the mutation interval.

Let us define a random number r5 in the range of [0, 1], a
maximum value of probability of mutation as pm_max, a minimum
value of probability of mutation as pm_min, t as the current iter-
ation and the maximum iteration as tmax. The mutation interval
(MI) is adaptively calculated as



A. Wunnava, M.K. Naik, R. Panda et al. / Applied Soft Computing Journal 95 (2020) 106526 21⎥

t

MI = mod

⎛⎝t,

⎢⎢⎢⎣ 1

pm_max − (pm_max − pm_min)

(
t

tmax

)⎥⎥⎦⎞⎠ (14)

where mod(•) represents the reminder.
The mutation energy (Em) can be calculated using the follow-

ing algorithm:

if (t == 1)
Em = r5

else if (t ̸= 1)
if (MI > 0)

Em = r5
else

Em = −r5
end

end

The escape energy of AHHO is modelled in Eq. (15) and the
ime-dependent behaviour of EAHHO is demonstrated in Fig. 3.

EAHHO = E1 ∗ Em (15)

where

E1 = 2
(
1 −

t
tmax

)
. (16)

The escape energy of the prey is varied from (0, 2), except
the mutation interval MI . The prey is physically flagging, when
the escape energy is nearer to the zero ( 0) value. While the
prey is strengthening, the escape energy is increasing from 0 to
2 value. The |EAHHO| ≥ 1 describes the exploration phase of the
Harris hawk, which is required to explore the different regions
for the prey. The |EAHHO| < 0 pronounce the exploitation phase,
where the hawk explores the neighbourhood for solution. More
exploration is achieved in this way. To avoid the local minima,
the mutation interval MI is introduced. The MI is important, on
which the escape energy changes its polarity. This, in turn, helps
to guide the AHHO to search for the global minima.

3.1.3. Exploitation phase
In the exploitation phase, the Harris hawk performs the sur-

prise pounce by attacking the planned prey detected in the pre-
vious phase. However, the prey always tries to escape from the
Harris hawk. Depending upon the escaping behaviours of the
prey, the AHHO define successful escaping chance when r < 0.5,
and unsuccessful escaping chance when r ≥ 0.5, before surprise
pounce. Based on the escaping energy EAHHO of the prey, the Harris
hawk attacking is modelled as soft besiege when |EAHHO| ≥ 0.5,
and hard besiege when |EAHHO| < 0.5. Henceforth, the AHHO
exploitation phase can be modelled in four possible strategies
as soft besiege, hard besiege, soft besiege with progressive rapid
dives, and hard besiege with progressive rapid dives which de-
pends on the random jump strength of the prey during escaping.
The random jump strength J can be calculated as:

J = 2 (1 − r6) (17)

where r6 is a random number in the range [0, 1].

• Soft besiege (r ≥ 0.5 and |EAHHO| ≥ 0.5)
The soft besiege is described as when the prey has enough
energy to mislead the Harris hawk by taking random jumps.
During this, the Harris hawk encircles the prey softly to

make the prey exhausted and finally do the surprise pounce.
This strategy can be modelled as:

Xi (t + 1) = ∆X i (t) − EAHHO
⏐⏐JXprey (t) − Xi (t)

⏐⏐ (18)

where

∆X i (t) = Xprey (t) − Xi (t) (19)

• Hard besiege (r ≥ 0.5 and |EAHHO| < 0.5)
The hard besiege is described as when the prey exhausted
and low escaping energy, so the Harris hawk perform sur-
prise pounce without encircling the prey. This strategy can
be modelled as:

Xi (t + 1) = Xprey (t) − EAHHO |∆X i (t)| (20)

• Soft besiege with progressive rapid dives (r < 0.5 and |EAHHO|
≥ 0.5)
In this strategy the Harris hawk encircles softly when the
prey has enough energy to escape during the surprise
pounce can be modelled as:

Xi (t + 1) =

{
Y if f (Y ) < f (Xi (t))
Z if f (Z) < f (Xi (t))

(21)

where

Y = Xprey (t) − EAHHO
⏐⏐JXprey (t) − Xi (t)

⏐⏐ (22)

Z = Y + S × LF (d) (23)

where d is the dimension of the problem, S is a random
vector of size 1 × d, and LF is the levy flight [82] for the
leapfrog movements experienced by the prey.

LF (x) = 0.01 ×
u × σ

|v|
1
β

, σ =

⎛⎜⎝ Γ (1 + β) × sin
(

πβ

2

)
Γ

(
1+β

2

)
× β × 2

(
β−1
2

)
⎞⎟⎠

1
β

,

β = 1.5

(24)

where u, v are random numbers in the range (0, 1).
• Hard besiege with progressive rapid dives (r < 0.5 and |EAHHO|

< 0.5)
In this strategy the Harris’ hawk encircle hardly when the
prey has not enough energy to escape during the surprise
pounce can be modelled as

Xi (t + 1) =

{
Y if f (Y ) < f (Xi (t))
Z if f (Z) < f (Xi (t))

(25)

where

Y = Xprey (t) − EAHHO
⏐⏐JXprey (t) − Xm (t)

⏐⏐ (26)

Z = Y + S × LF (D) (27)

and LF is the levy flight which is evaluated using Eq. (24).

3.2. Pseudocode of AHHO

In the beginning, let us identify the dimension for the problem
(d), number of Harris hawk (N), maximum number of iterations
(tmax), maximum value of probability of mutation (pm_max), min-
imum value of probability of mutation (pm_min), fitness function
f • and range of search space as [UB, LB].
( ( ))
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3.3. Computational complexity of AHHO

The computational complexity of the AHHO mainly depends
n the five processes: initialization, fitness evaluation, updating
f escape energy and updating the position vector of the Harris
awk. The complexity is depending on number of Harris hawk
n), search dimensions (d), number of iterations (t), cost of fitness
valuation (c) and cost of escape energy evaluation (e). Then the
omplexity of the AHHO can be represented as

(AHHO) = O (initialization) + O (fitness evaluation)
+ O ( escape energy update)

+ O (position vector update) (28)

he estimated computational complexity of AHHO is

(AHHO) = O (n) + O (tndc) + O (tne) + O (tnd)
∼= O (tnd (c + 1) + tne) (29)

.4. Performance evaluation of the AHHO algorithm

.4.1. Benchmark functions and compared algorithms
The performance of the proposed AHHO is investigated using
set of 23 diverse classical test functions from [60,83,84] and
0 test functions from the IEEE CEC 2014 competition [61]. The
Fig. 11. 2D histogram plane based on the grey gradient for multilevel
thresholding.

test functions are categorized into four groups: classical unimodal
(f1 − f7), classical multimodal with varied dimension (f8 − f13),
classical multimodal with fixed dimension (f14 − f23) and modern
CEC test functions (CEC-2014-F1 to CEC-2014-F30). The classical
test functions also categorized as scalable test functions (f1 − f13)
and non-scalable test functions (f14 − f23) based on the scalabil-
ity of dimension. The unimodal functions have a unique global
optimum which can reveal the exploitative capability of the pro-
posed optimization algorithm. The rate of convergence is the
most important aspect. The multimodal functions have multiple
optima. This can disclose the diversification together with the
local optimum avoidance potentials of the proposed optimization
algorithm. The details of the benchmark functions (f1 − f23) are
resented in Appendix. The CEC 2014 test suite consists of
nimodal, multimodal, hybrid and composite test functions for
eal parameter single-objective optimization. These test functions
re used to expose the exploration and exploitation capability of
he algorithm and how it escapes from the local optima.

To investigate the result and performance of AHHO is com-
ared with other well recognized nature-inspired algorithm such
s HHO [59], CSA [62,63], CS [64,65], DE [66–68], FA [69,70],
WO [72], WDO [73], WOA [74] and L-SHADE [75,76]. The quan-
itative analysis includes best, worst, average, and standard devi-
tion (std.dev.), whereas qualitative analysis include the position
f the prey, search history, trajectory, diversity history, average
itness history, error curve, box plot, and convergence curve.
he non-parametric Wilcoxon signed-rank test at α = 0.05
nd Friedman mean rank test is performed to detect the sub-
tantial deference between various nature-inspired algorithms.
he Wilcoxon signed ranked test are evaluated when AHHO was
ignificantly better (+), significantly poorer (−−) and signifi-
antly equal (≈) then the other optimization algorithm using the
-value.

.4.2. Experimental setup
To bring consistency among the optimization algorithm, the

aximum iterations are set to 500, the maximum number of
unction evaluations is set to 5000 for a population size of 10,
nd the maximum number of function evaluations is set to 15000
or a population size of 30. The population size for various opti-
ization algorithms are taken for the experiments as N = 10,
nd N = 30 for AHHO, HHO, CSA, CS, DE, FA, GWO, PSO, WDO,
nd WOA. As L-SHADE optimization algorithm population size
epends on the dimension as Initial population size is N0 = 18d
d is the dimension of the problem) and the final population is
min = 4. The AHHO parameter pm_max and pm_min are chosen as
.3 and 0.1 after hit and trial methods based on test functions.
he used parameter setting of various optimization algorithm
re reported in Table 3. The result of the various optimization
lgorithm recorded over 50 independent runs implemented in
ATLAB R2018b under WINDOWS 10 64-bit Home in Intel Core

3 (6th Gen.) with 8 GB RAM.
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Fig. 12. Flowchart of AHHO-I2DGG based multilevel thresholding.
.4.3. AHHO’s qualitative results
The qualitative results of AHHO for three classical test func-

ions are demonstrated in Fig. 3, and three modern test functions
rom CEC 2014 are demonstrated in Fig. 4. The qualitative per-
ormance is evaluated using the position of the prey, search
istory, trajectory, diversity history, and average fitness history
o illustrate the clear pattern of search and in what way hawks
ontribute to find optimal solutions in AHHO.
The position of the prey diagram is described in Figs. 3–4, for

he Xprey in search space during the 500 iterations, and it reveals
hat for f and f , the search space converges to 0. The position of
1 9
the prey for other functions shows that it tries to converge to the
minimum value to attain the minima for specific test functions.

The search history diagram is presented here and is based
on the first two-dimensional position as x and y variable for all
N hawk during the 500 iterations. The search history from the
Figs. 3–4, it can be visible that the position of hawks are more
concentrated in the minima position on the contour plot for f1,
f9, f14, and CEC-2014-F15. For the CEC-2014-F5 and CEC-2014-F10
test function, the position of the hawks tries to reach nearer to
minima.
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s

Fig. 13. Convergence plot of various optimization algorithms for identification number 3096 from BSDS 500 for Lv = 5.
Fig. 14. Sample test image and the corresponding histogram of identification number 3096 from BSDS 500.
The trajectory diagram in Figs. 3–4, describe the position of
1st hawk in the 1st dimension during the 500 iterations. It can
be visualized from Fig. 3 that in the initial iteration there is
oscillatory behaviour of the curve due to exploration and after
that, it converges to an optimal position in the 1st dimension.
However, the trajectory diagram in Fig. 4 is from the CEC 2014
test functions, where the trajectory of 1st hawk in the 1st dimen-
sion also reaches the optimal position, which experience more
fluctuation during the advancement of iteration count as they are
complex.

The balance between exploration and exploitation is impor-
tant for any optimization algorithm to obtain the optimal value.
The feature diversity is an indirect approach to measure the
exploration and exploitation capability of any optimization al-
gorithm as described by [85]. The diversity is calculated based
on the Euclidian distance between the position of N hawks. Let
earch space X =

(
x1, x2, . . . , xd

)
for ith hawk of d dimensional
i i i i
problem, then at time t , the diversity can be calculated as:

divesity (t) =

N∑
i=1

⎛⎝ N∑
j=1

√ d∑
k=1

(
xkj (t) − xki (t)

)2⎞⎠. (30)

The diversity history of some functions is presented in the Figs. 3–
4, from which we can visualize that during the initial stage of the
optimization algorithm (iterations count are low) the diversity is
more as compared to the later stage of the optimization algorithm
(iterations count is high). The first observation is the AHHO per-
forms more exploration in the initial stage and performs more
exploitation in the later stage of the search process. The second
observation can be noticed as the decreasing trend in the diver-
sity value as iteration counts go increasing and reach to zero, that
revels AHHO utilize the good balance between exploration and
exploitation.

The collaborative behaviour of the hawk can be observed by
the average fitness of all hawks’ diagram, which are presented in
Figs. 3–4. The decreasing trend of average fitness history shows
the position of all hawks updated simultaneously to a better one
as the generation goes on.
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Fig. 15. Threshold image of subject with identification number 3096 from BSDS 500 for Lv = 5.

Fig. 16. Threshold image of subject with identification number 3096 from BSDS 500 using AHHO.
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Table 17
p-value of the Wilcoxon rank-sum test with 5% significance of CEC-BC-2014 test functions (p-values ≥ 0.05 are shown in boldface). + means that AHHO is statistically
significantly better at p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another algorithm; − means
that AHHO is statistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically better/equal/worse than
other algorithms.

HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

CEC-2014-F1 2.416E−10 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 1.179E−12 8.882E−16
CEC-2014-F2 3.389E−06 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F3 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F4 1.769E−03 8.882E−16 8.882E−16 3.389E−06 8.882E−16 8.882E−16 6.867E−07 8.882E−16 1.769E−03 8.882E−16
CEC-2014-F5 4.887E−02 8.882E−16 8.882E−16 6.867E−07 9.191E−02 5.758E−01 8.882E−16 7.798E−01 4.601E−03 2.416E−10
CEC-2014-F6 6.867E−07 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F7 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F8 1.000E+00 8.882E−16 8.882E−16 1.967E−11 8.882E−16 8.882E−16 8.882E−16 8.882E−16 2.416E−10 8.882E−16
CEC-2014-F9 1.967E−11 8.882E−16 8.882E−16 1.212E−07 8.882E−16 8.882E−16 8.882E−16 8.882E−16 5.704E−05 8.882E−16
CEC-2014-F10 1.832E−08 8.882E−16 8.882E−16 2.328E−09 8.882E−16 8.882E−16 8.882E−16 8.882E−16 1.179E−12 8.882E−16
CEC-2014-F11 1.474E−05 8.882E−16 1.967E−11 1.608E−01 8.882E−16 8.882E−16 4.619E−14 8.882E−16 5.758E−01 4.619E−14
CEC-2014-F12 2.328E−09 8.882E−16 2.328E−09 1.608E−01 8.882E−16 1.474E−05 1.097E−02 2.416E−10 1.097E−02 1.967E−11
CEC-2014-F13 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 3.389E−06 8.882E−16 4.619E−14 8.882E−16
CEC-2014-F14 1.769E−03 8.882E−16 8.882E−16 1.000E+00 8.882E−16 8.882E−16 1.608E−01 8.882E−16 2.624E−01 8.882E−16
CEC-2014-F15 2.409E−02 8.882E−16 8.882E−16 4.619E−14 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F16 1.608E−01 8.882E−16 8.882E−16 1.769E−03 8.882E−16 8.882E−16 8.882E−16 8.882E−16 3.389E−06 8.882E−16
CEC-2014-F17 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F18 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F19 5.704E−05 8.882E−16 8.882E−16 1.179E−12 8.882E−16 8.882E−16 8.882E−16 8.882E−16 1.179E−12 8.882E−16
CEC-2014-F20 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F21 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F22 1.967E−11 8.882E−16 8.882E−16 1.179E−12 8.882E−16 8.882E−16 8.882E−16 8.882E−16 4.619E−14 8.882E−16
CEC-2014-F23 1.000E+00 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 1.000E+00
CEC-2014-F24 6.867E−07 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16
CEC-2014-F25 1.769E−03 1.097E−02 1.769E−03 1.097E−02 1.097E−02 1.097E−02 1.097E−02 1.097E−02 1.097E−02 4.601E−03
CEC-2014-F26 2.416E−10 8.882E−16 8.882E−16 1.212E−07 8.882E−16 8.882E−16 8.882E−16 8.882E−16 3.389E−06 8.882E−16
CEC-2014-F27 1.474E−05 1.474E−05 1.474E−05 1.474E−05 1.474E−05 1.474E−05 1.474E−05 1.474E−05 1.474E−05 1.474E−05
CEC-2014-F28 1.000E+00 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 8.882E−16 4.768E−07
CEC-2014-F29 1.742E−01 1.179E−12 1.179E−12 1.608E−01 4.887E−02 2.624E−01 1.179E−12 1.980E−04 4.887E−02 2.624E−01
CEC-2014-F30 7.798E−01 8.882E−16 1.832E−08 2.416E−10 4.601E−03 2.416E−10 8.882E−16 1.608E−01 1.832E−08 2.624E−01
Counts +/≈ /− 24/3/3 30/0/0 30/0/0 27/1/2 29/0/1 28/0/2 29/0/1 28/0/2 28/0/2 27/1/2
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3.4.4. AHHO’s performance on classical test functions
The statistical result of scalable functions (f1−13) which con-

ists of unimodal (f1−7) and multimodal test functions with varied
imensions (f8−13) are presented in Tables 4–7. The results are

obtained with varied population and dimensions The statistical
result of scalable functions (f1−13) for N = 10 and d = 30 are
resented in Table 4, for N = 30 and d = 30 are presented in

Table 5, for N = 10 and d = 100 are presented in Table 6 and
or N = 30 and d = 100 are presented in Table 7. Based on the
riedman average rank score the AHHO achieve first rank among
ll other optimization algorithms, although the HHO and L-SHADE
re performing good in scalable test functions. The AHHO lags
rom L-SHADE in test function f6, f12, and f13, and HHO in test
unctions f6. The AHHO and HHO behave in the same way in
tatistical results for test functions f9−11.
The statistical result of non-scalable functions (f14−23) for N =

0 is presented in Table 8 and for N = 30 is presented in
able 9. Based on the Friedman average rank score the AHHO
chieve the second rank for N = 10 followed by L-SHADE
nd third rank for N = 30 followed by DE and L-SHADE,
owever it has shown better than the its predecessors’ algorithm
HO.
The data presented in Tables 4–9, describe the statistical re-

ult, for a better understanding of how 100 independents run to
btain the results are shown in a boxplot in Fig. 5 for the classical
est functions. From boxplot, it can be seen AHHO and HHO
onsistently better than other optimization algorithms except the
on-scalable functions. However, for the non-scalable functions,
-SHADE is shown more consistent as compared with the other
lgorithm. On an average AHHO shown comparable results with
ther optimization algorithm using the boxplot representation.
The p-value of the non-parametric Wilcoxon signed-rank test

t α = 0.05 for the classical test functions are presented in
 i
ables 10–15. The AHHO is statistical significant than other op-
imization algorithm based on p-value are summarized as: HHO
‘+’ 37.5%, ‘≈’ 22.2%, ‘−‘ 40.3%), CSA (‘+’ 100%), CS (‘+’ 100%), DE
‘+’ 95.8% , ‘−‘ 4.2%), FA (‘+’ 98.6% , ‘−‘ 1.4%), GWO (‘+’ 94.4% , ‘−‘
.6%), PSO (‘+’ 97.2% , ‘−‘ 2.8%), WDO (‘+’ 100%), WOA (‘+’ 93% , ‘−‘
%) and L-SHADE (‘+’ 98.6%, ‘≈’ 1.4%). From the statistical value,
t can be observed that AHHO shown improvement over the HHO
nd remarkable better than other optimization algorithms.
The convergence curve of six classical test functions are pre-

ented in Fig. 6, which is a curve of best fitness so far vs. iterations
ount. Based on the observation AHHO ranked 1st for f1, f5, f9 and
econd for f12. The AHHO converge curve behave the same way
hen compared to other optimization algorithms except CS on
est functions f15. For the test functions f23 AHHO behave the same
s FA and HHO but outperform on other optimization algorithms.
n an overall performance of AHHO on the classical test func-
ions, which are the combination of unimodal and multimodal
est functions, designed to test the ability of exploitation and
xploration, it can be stated that AHHO can be used function
ptimization.

.4.5. AHHO’s performance on modern CEC 2014 test functions
In the recent days’ modern test functions are designed by

he researcher for a more complex problem such as CEC 2014
est suite [61], which includes rotated unimodal (CEC-2014-F1
o CEC-2014-F3), shifted and rotated multimodal (CEC-2014-F4
o CEC-2014-F16), hybrid (CEC-2014-F17 to CEC-2014- F22) and
omposite (CEC-2014-F23 to CEC-2014_F30) functions. The sta-
istical result comparison of AHHO with other optimization algo-
ithms presented in Table 16 is investigated for 51 independent
uns with the number of search agents (population) N = 30, max-

mum number of iteration count as 500, the maximum number
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Table 18
Performance comparison of various optimization algorithms (Computed over randomly chosen 500 images from BSDS 500) for
Lv = 2, 3, 4, 5 using average fitness function value and standard deviation of fitness function.
Lv Algorithm Improved 2D Grey Gradient (I2DGG) 2D Tsallis Entropy (2DTE) 1D Tsallis Entropy (1DTE)

favg Std favg Std favg Std

2 AHHO 2.8271E+03 2.1055E+03 1.0654E+03 3.2983E+02 0.8886 0.0018
HHO 2.8270E+03 2.1563E+03 1.0653E+03 3.3049E+02 0.8886 0.0018
CSA 2.8236E+03 2.1580E+03 1.0401E+03 3.4455E+02 0.8886 0.0020
CS 2.8001E+03 2.1493E+03 1.0318E+03 3.3176E+02 0.8886 0.0018
DE 2.6831E+03 2.1574E+03 1.0566E+03 3.3656E+02 0.8886 0.0018
FA 2.8257E+03 2.1568E+03 1.0409E+03 3.3904E+02 0.8886 0.0019
GWO 2.8239E+03 2.1574E+03 1.0309E+03 3.3909E+02 0.8886 0.0019
PSO 2.8266E+03 2.1573E+03 1.0610E+03 3.3873E+02 0.8886 0.0018
WDO 2.8267E+03 2.1573E+03 1.0614E+03 3.3872E+02 0.8886 0.0019
WOA 2.8269E+03 2.1573E+03 1.0643E+03 3.3890E+02 0.8886 0.0018
L-SHADE 2.7041E+03 2.1131E+03 1.0593E+03 3.3696E+02 0.8886 0.0018

3 AHHO 2.9855E+03 2.1245E+03 1.2224E+04 4.2724E+03 1.2957 0.0031
HHO 2.9853E+03 2.1248E+03 1.2170E+04 4.7562E+03 1.2957 0.0031
CSA 2.9741E+03 2.1776E+03 1.1526E+04 4.7941E+03 1.2956 0.0035
CS 2.9271E+03 2.1762E+03 1.0202E+04 4.3180E+03 1.2957 0.0032
DE 2.8038E+03 2.1364E+03 1.1588E+04 4.5799E+03 1.2957 0.0032
FA 2.9720E+03 2.1674E+03 1.1108E+04 4.8042E+03 1.2957 0.0031
GWO 2.9742E+03 2.1763E+03 1.0898E+04 4.3175E+03 1.2957 0.0032
PSO 2.9832E+03 2.1768E+03 1.1972E+04 4.6846E+03 1.2957 0.0031
WDO 2.9842E+03 2.1773E+03 1.1916E+04 4.7004E+03 1.2957 0.0031
WOA 2.9852E+03 2.1776E+03 1.2125E+04 4.7392E+03 1.2957 0.0031
L-SHADE 2.7786E+03 2.1101E+03 1.1653E+04 4.5883E+03 1.2957 0.0031

4 AHHO 3.0562E+03 2.1245E+03 1.2988E+05 4.3743E+04 1.6536 0.0038
HHO 3.0561E+03 2.1856E+03 1.2948E+05 4.5768E+04 1.6536 0.0038
CSA 3.0397E+03 2.1879E+03 1.1772E+05 5.9881E+04 1.6534 0.0044
CS 2.9739E+03 2.1776E+03 8.9688E+04 5.9659E+04 1.6535 0.0040
DE 2.8374E+03 2.1854E+03 1.1308E+05 5.2874E+04 1.6536 0.0039
FA 3.0282E+03 2.1692E+03 1.0183E+05 5.8581E+04 1.6536 0.0038
GWO 3.0391E+03 2.1783E+03 1.0600E+05 5.1267E+04 1.6536 0.0039
PSO 3.0501E+03 2.1838E+03 1.2458E+05 5.7290E+04 1.6536 0.0039
WDO 3.0529E+03 2.1852E+03 1.1891E+05 5.4306E+04 1.6535 0.0039
WOA 3.0551E+03 2.1858E+03 1.2597E+05 5.6858E+04 1.6536 0.0038
L-SHADE 2.8462E+03 2.1216E+03 1.1304E+05 5.3897E+04 1.6536 0.0039

5 AHHO 3.0947E+03 2.1442E+03 1.2420E+06 3.7248E+05 1.9950 0.0042
HHO 3.0945E+03 2.1720E+03 1.2353E+06 3.8879E+05 1.9950 0.0042
CSA 3.0714E+03 2.1900E+03 1.0816E+06 6.3521E+05 1.9947 0.0051
CS 3.0070E+03 2.1838E+03 6.3244E+05 4.2015E+05 1.9949 0.0044
DE 2.9072E+03 2.1889E+03 9.4057E+05 5.0518E+05 1.9949 0.0044
FA 3.0640E+03 2.1888E+03 7.7529E+05 5.6541E+05 1.9950 0.0042
GWO 3.0785E+03 2.1861E+03 9.1635E+05 4.9650E+05 1.9950 0.0043
PSO 3.0879E+03 2.1874E+03 1.1511E+06 5.9379E+05 1.9950 0.0043
WDO 3.0902E+03 2.1884E+03 1.0694E+06 6.3994E+05 1.9949 0.0043
WOA 3.0931E+03 2.1887E+03 1.1725E+06 6.0522E+05 1.9950 0.0042
L-SHADE 2.8953E+03 2.1384E+03 9.4292E+05 5.1511E+05 1.9950 0.0044
of function evaluation as 15000, search dimension of the problem
d = 10, and the search boundary for all functions are used as
[−100, 100]. Based on Friedman mean rank AHHO score will be
first but although a very close encounter with HHO, WOA, and
DE.

More details on how the 51 independent runs achieve the
optimal value can be demonstrated on the boxplot of six test
function in Fig. 7, which demonstrated that AHHO has consistent
and optimal value as compare to other optimization algorithms.
Also, the p-value of non-parametric Wilcoxon signed-rank test
at α = 0.05 for the CEC 2014 test functions are presented in
Table 17, which demonstrate that AHHO statistically reject the
null hypothesis. The convergence curve of the six test functions
are presented in Fig. 8, from which AHHO have shown quite
good consistent response concerning iteration count. Based on
these analyses, the AHHO can be used for function optimization
in complex problem.

3.4.6. Scalability analysis
This section presents the robustness of AHHO on scalability

tests related to low to high dimensional test cases and it demon-
strated in Fig. 9. The scalability test is conducted for dimension
d = 10, 20, 30, 50, 100, 200, 500 for search agents N = 30 with
maximum iteration is equal to 500. Here AHHO is compared with
HHO, CSA, CS, DE, GWO, PSO, WDO and WOA, but due to the
search agent’s requirement N = 18 × d of L-SHADE, L-SHADE is
excluded from scalability analysis. The AHHO outperforms other
optimization algorithms for the 8 scalable classical test function
f1 − f5, f7 and f13. However, the AHHO perform the same way for
the scalable classical test function f8 − f11, and lag very closely
from HHO in f6 and f12. This reveals that the AHHO provides a
consistent result in low high dimension without degrading the
performance.

3.4.7. Performance of adaptiveness in AHHO when compared to HHO
The AHHO is based on the adaptive decision making on the

exploration behaviour of the Harris hawks. The adaptive decision
making is based on the average fitness favg and current fitness
f (Xi) of ith hawks, that can be evaluated as Eq. (11). To investi-
gate the behaviour of the adaptiveness in AHHO we formulate an
error ‘err ’ that related to deviation of individual hawk fitness to
average fitness. Then error can be calculated as:

err (t) =

N∑⏐⏐favg (t) − f (Xi (t))
⏐⏐ (31)
i=1
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Table 19
Performance comparison of various optimization algorithms (Computed over randomly chosen 500 images from BSDS 500) for Lv = 2, 3, 4, 5
using average PSNR, average SSIM, and average FSIM.
Lv Algorithm Improved 2D Grey Gradient (I2DGG) 2D Tsallis Entropy (2DTE) 1D Tsallis Entropy (1DTE)

PSNRavg SSIMavg FSIMavg PSNRavg SSIMavg FSIMavg PSNRavg SSIMavg FSIMavg

2 AHHO 23.0611 0.7181 0.7218 21.7601 0.6850 0.7019 20.5867 0.6556 0.6758
HHO 23.0608 0.7180 0.7214 21.7271 0.6838 0.7011 20.5480 0.6546 0.6756
CSA 23.0167 0.7171 0.7205 21.6803 0.6797 0.6977 20.3863 0.6484 0.6700
CS 22.7823 0.7113 0.7150 20.8647 0.6423 0.6600 20.4147 0.6495 0.6712
DE 21.8864 0.6858 0.6939 21.6568 0.6836 0.7008 20.4042 0.6489 0.6708
FA 23.0479 0.7177 0.7203 21.4924 0.6803 0.6958 20.3906 0.6483 0.6701
GWO 23.0431 0.7163 0.7202 21.5112 0.6811 0.6981 20.4080 0.6510 0.6717
PSO 23.0611 0.7175 0.7214 21.6937 0.6825 0.6968 20.4206 0.6491 0.6707
WDO 23.0594 0.7176 0.7215 21.6856 0.6848 0.7020 20.5277 0.6518 0.6743
WOA 23.0601 0.7176 0.7216 21.6722 0.6846 0.7017 20.4309 0.6496 0.6713
L-SHADE 22.0106 0.6908 0.6989 21.6789 0.6826 0.7001 20.3873 0.6483 0.6699

3 AHHO 25.5607 0.7871 0.7911 24.2951 0.7521 0.7678 22.7091 0.7302 0.7452
HHO 25.5602 0.7869 0.7910 24.0670 0.7507 0.7677 22.5677 0.7264 0.7434
CSA 25.3434 0.7802 0.7853 24.0111 0.7518 0.7690 22.5171 0.7257 0.7439
CS 24.4762 0.7631 0.7667 22.2917 0.6953 0.7139 22.4894 0.7245 0.7427
DE 23.0944 0.7317 0.7344 23.8365 0.7446 0.7616 22.4534 0.7237 0.7420
FA 25.3122 0.7828 0.7876 23.3140 0.7447 0.7593 22.3180 0.7228 0.7402
GWO 25.4582 0.7839 0.7893 23.7269 0.7461 0.7613 22.3365 0.7199 0.7384
PSO 25.5440 0.7856 0.7899 23.7968 0.7501 0.7635 22.4568 0.7246 0.7424
WDO 25.5379 0.7862 0.7907 23.9779 0.7501 0.7665 22.5151 0.7262 0.7441
WOA 25.5592 0.7867 0.7908 23.9580 0.7503 0.7670 22.4894 0.7242 0.7423
L-SHADE 22.7973 0.7261 0.7310 24.0391 0.7527 0.7682 22.5078 0.7252 0.7436

4 AHHO 27.4371 0.8301 0.8367 26.1247 0.8042 0.8199 24.6361 0.7799 0.7937
HHO 27.4349 0.8299 0.8363 25.9972 0.8008 0.8176 24.2715 0.7764 0.7909
CSA 26.9779 0.8194 0.8285 25.9692 0.7960 0.8110 24.1755 0.7731 0.7894
CS 25.4665 0.7890 0.7964 23.3988 0.7308 0.7453 24.1635 0.7727 0.7888
DE 23.7327 0.7527 0.7591 25.6125 0.7913 0.8087 24.1900 0.7735 0.7894
FA 26.6777 0.8194 0.8250 24.3374 0.7800 0.7925 23.5287 0.7622 0.7764
GWO 27.0498 0.8243 0.8293 25.2845 0.7887 0.8023 24.1215 0.7749 0.7913
PSO 27.3313 0.8263 0.8341 25.8900 0.7988 0.8131 24.1606 0.7726 0.7892
WDO 27.3518 0.8288 0.8355 25.8404 0.7978 0.8120 24.0665 0.7713 0.7868
WOA 27.4294 0.8294 0.8364 25.9551 0.7978 0.8143 24.2199 0.7737 0.7898
L-SHADE 23.6917 0.7580 0.7609 25.7925 0.7941 0.8112 24.1584 0.7730 0.7898

5 AHHO 28.9495 0.8597 0.8688 27.6313 0.8347 0.8521 26.1181 0.8156 0.8322
HHO 28.9450 0.8593 0.8687 27.5620 0.8343 0.8515 25.6185 0.8066 0.8230
CSA 28.2188 0.8442 0.8549 27.5628 0.8309 0.8482 25.5757 0.8077 0.8236
CS 26.2996 0.8102 0.8172 24.6702 0.7636 0.7771 25.5016 0.8045 0.8209
DE 24.5666 0.7811 0.7829 27.1116 0.8244 0.8400 25.5749 0.8063 0.8223
FA 27.9596 0.8492 0.8534 24.9774 0.8013 0.8127 24.3562 0.7919 0.8060
GWO 28.4500 0.8509 0.8601 26.8733 0.8267 0.8412 25.6927 0.8122 0.8260
PSO 28.7773 0.8560 0.8667 27.1409 0.8268 0.8409 25.5721 0.8071 0.8228
WDO 28.7817 0.8581 0.8666 27.3311 0.8311 0.8474 25.2328 0.8021 0.8176
WOA 28.9363 0.8591 0.8687 27.5326 0.8342 0.8510 25.5306 0.8068 0.8233
L-SHADE 24.4422 0.7778 0.7794 27.1804 0.8281 0.8432 25.5776 0.8060 0.8230
r
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where N is the number of hawks, f is fitness functions and t is
the current iterations.

The error curve of three classical test functions f1, f9, f15 and
hree modern test functions F5, F10, F15 from CEC 2014 test suite
re presented in Fig. 10. The error curve shows that error is low
n AHHO than HHO, so it indicates the adaptiveness of AHHO
nhancing the performance.

.5. Discussion on results of AHHO

Based on the Friedman average rank the AHHO shown first
ank for scalability classical test functions f1 − f13, second rank
or fixed dimension classical test functions f14 − f23 (a marginal
ifference from L-SHADE algorithm), and first-rank for 30 modern
est function CEC-2014-F1 to CEC-2014-F30 of CEC 2014 test suite
ompared to well established nature-inspired algorithms HHO,
SA, CS, FA, PSO, DE, GWO, WDO, WOA, and L-SHADE. The AHHO
erform well in test functions except f6, f12 and f13 out of all
3 classical test function and 30 modern test functions from the
EC 2014 test suite. The performance is also comparable to its
redecessors HHO, which can be visualized in Friedman average
ank, Wilcoxon rank-sum test, scalability test, error curve, and
onvergence curve along with the statistical results. The error
urve in Fig. 10, shows that the effect of the cumulative er-
or between average fitness and current fitness due to adaptive
n the exploration stage. The modification of escaping energy
lso helps the transition of exploration and exploitation stage
ffectively. The AHHO inherits the searching property like diver-
ification mechanism based on the average location of the hawk,
evy flight pattern in exploitation and progressive search mecha-
ism, along with its mechanism average fitness-based adaptive
erching strategy and modified escape energy helps it to be
ore efficient to search optimal value, maintain a good balance
etween exploration and exploitation.

. Problem formulation on grey level image thresholding

The grey gradient-based approach [20] generally uses the gra-
ient information. Let f (x, y) is a grey level value of an image

and a (x, y) be the average grey level value of the image as
described by the Eq. (5), then gradient information g (x, y) can
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Table 20
Optimal threshold value of subject with identification number 3096 from BSDS 500.
Lv Method Optimization Algorithm

AHHO HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

2 Improved 2D Grey Gradient 65, 117 65, 117 67, 119 64, 118 66,116 66, 118 65, 117 65, 117 65,118 65, 117 68,120
2D Tsallis 37, 79 37, 78 37, 75 58, 255 37, 80 38, 78 39, 73 38, 70 37, 76 37, 80 37, 80
1D Tsallis 54, 97 53, 96 33, 77 53, 97 53, 96 53, 97 53, 96 52, 96 59, 96 52, 96 52, 97

3 Improved 2D Grey Gradient 61, 108, 129 61, 108, 129 48, 108, 126 75, 108,129 70, 90,122 62, 108, 129 62, 108, 129 61,108, 129 61, 108, 129 61, 108, 129 80,110, 128
2D Tsallis 37, 83, 105 29, 64, 100 33, 58, 79 42, 62, 238 31,81, 104 35, 68, 100 26, 57, 93 26, 57, 93 32, 62, 102 26, 51, 68 27, 67, 103
1D Tsallis 40, 76, 120 35, 72, 113 34, 72, 113 33, 71, 114 35, 72, 113 35, 70, 113 35,70, 113 35, 71, 113 39, 62, 96 35, 72, 112 35, 66, 96

4 Improved 2D Grey Gradient 55, 97,116, 132 54, 96, 116,
131

61, 93, 108,
127

65, 114, 126,
136

70, 108, 116,
129

55, 97,117, 131 53, 96, 117,
131

54, 95.115, 131 56, 95, 116,
131

54, 96, 116,
131

63, 94, 114,
122

2D Tsallis 36, 67,108, 139 38, 76, 99, 119 35, 61, 94, 147 16,62, 107, 211 29, 70, 108,
136

24, 46, 67, 98 25, 55, 92, 111 26, 52, 116,
136

35, 81, 110,
141

47, 76, 99, 119 26, 47, 81, 94

1D Tsallis 34, 64, 94, 120 35, 63, 94, 119 40, 60, 96, 115 35, 59, 91, 119 38, 66, 94, 120 34, 63, 92, 114 34, 66, 96, 118 34, 65, 95, 119 39, 66, 99, 129 35, 64, 94, 120 35, 63, 95, 118
5 Improved 2D Grey Gradient 53, 92, 111,

126, 136
52, 92, 111,
124, 135

65, 102, 121,
132, 167

57, 94, 114,
130, 251

66,82, 102,
119, 135

53, 92, 111,
124, 138

53, 93, 112,
126, 136

52, 91, 111,
123, 136

52, 93,109,
124, 137

53, 93, 112,
125, 135

65, 69, 77, 108,
126

2D Tsallis 28, 52, 83, 110,
132

32, 76, 96, 112,
138

47, 64, 77, 96,
110

1, 32, 95, 136,
236

34, 57, 78, 111,
138

45, 66, 88, 106,
126

25, 39, 71,100,
117

27, 38, 75, 89,
134

25, 51, 87, 111,
140

28, 56, 82, 104,
126

28, 52, 86, 120,
146

1D Tsallis 35, 67, 92, 113,
132

34, 65, 93, 112,
128

26, 56, 75, 99,
161

33, 62, 101,
132, 160

31, 56, 77, 96,
121

35, 58, 77, 96,
114

31, 55, 75, 96,
121

32, 51, 76, 95,
120

32, 56, 75, 92,
121

31, 53, 77, 96,
121

32, 62, 78, 99,
128
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be formulated as:

g (x, y) = abs (f (x, y) − a (x, y)) (32)

The 2D histogram based on the grey gradient can be con-
structed using the grey level values f (x, y) and gradient
nformation g (x, y) as:

GG (i, j) =
1

M • N

{
rij|f (x, y) = i, g (x, y) = j; i, j ∈ (0, L − 1)

}
(33)

where the rij represents the number of pixels with grey level
values with i and gradient information with j.

However, the analysis of the 2D histogram plot exhibits non-
uniformity in the distribution of edge magnitudes. Some of the
peak values are very large, which causes edge magnitude limiting
issues. Hence, there is a strong need to normalize these peaks
while construction of the 2D histogram. In this context, here
an attempt is made to take care of the existing issue. Here, we
propose a new improved 2D grey gradient (I2DGG) algorithm
used for the experiment.

This edge magnitude is normalized to eliminate the edge
magnitude peaks. The normalized edge magnitude is

gn (x, y) =
(g (x, y) − gmin) × K

gmax − gmin
(34)

where gmax and gmin are the maximum and minimum values of
the edge magnitudes, respectively. Note that K is a constant and is
chosen as L−1 = 255 for the experiment. Then, the 2D histogram
ased on normalized grey gradient can be constructed as

iGG (i, j) =
1

M • N

{
rij|f (x, y) = i, gn (x, y) = j; i, j ∈ (0, L − 1)

}
(35)

The multilevel thresholding grey gradient approach, and the
orresponding 2D histogram plane is presented in Fig. 11. The 2D
istogram plane of grey gradient-based approach is subdivided
y a set of m thresholds t = [t1, t2, . . . , tm] of grey-level image;
threshold value s of gradient information, which resulted in a
M quadrants, where M = m + 1. As the 2D histogram plane
f bi-level based on grey gradient, the first-row wise quadrants
onsists of grey level information that can be used for thresh-
lding, and the second-row wise quadrants consist of edge and
oise information that can be ignored. Based on the m number
f thresholds, the image is divided into M number of regions as
R1, R2, . . . , RM}.

The optimal multilevel thresholding of a M class problem with
thresholds [t1, t2, . . . , tm] for a given image is a maximization

roblem as:

(t1, s) , (t2, s) , . . . , (tm, s)}opt
= argmax

{
σ 2
b [(t1, s) , (t2, s) , . . . , (tm, s)]

}
(36)

here the between-class variance σ 2
b is

2
b = PR1

[
(µC11 − µ1)

2
+ (µC12 − µ2)

2]
+ PR2

[
(µC21 − µ1)

2
+ (µC22 − µ2)

2]
+ · · ·

+ PRM
[
(µCM1 − µ1)

2
+ (µCM2 − µ2)

2] . (37)

he probability distributions {PR1, PR2, . . . , PRM} are defined as:

R1 =

t1∑
i=0

s∑
j=0

piGG (i, j),

R2 =

t2∑ s∑
piGG (i, j),
i=t1+1 j=0
nd

RM =

L−1∑
i=tm+1

s∑
j=0

piGG (i, j). (38)

he overall mean vector µ is defined as

=

⎡⎣ L−1∑
i=0

L−1∑
j=0

ipGG (i, j),
L−1∑
i=0

L−1∑
j=0

jpGG (i, j)

⎤⎦T

(39)

and the mean vectors for multilevel thresholding are {µR1, µR2,
. . . , µRM} and are defined as:

µR1 = (µR11, µR12)
T

=

⎡⎣ t1∑
i=0

s∑
j=0

ipiGG (i, j)
PR1

,

t1∑
i=0

s∑
j=0

jpiGG (i, j)
PR1

⎤⎦T

R1 = (µR11, µR12)
T

=

⎡⎣ t1∑
i=0

s∑
j=0

ipiGG (i, j)
PR1

,

t1∑
i=0

s∑
j=0

jpiGG (i, j)
PR1

⎤⎦T

...

RM = (µRM1, µRM2)
T

=

⎡⎣ L−1∑
i=tm+1

s∑
j=0

ipiGG (i, j)
PRM

,

L−1∑
i=tm+1

s∑
j=0

jpiGG (i, j)
PRM

⎤⎦T

(40)

Note that the Eq. (36) is the fitness function. It is an exhaustive
earch process as the number of thresholds m increases, leads to
n optimization problem

. Results and discussions

The proposed AHHO algorithm is applied for the multilevel
hresholding using the benchmark images from the Berkeley Seg-
entation Data set (BSDS 500) [77]. To evaluate the performance
f our proposed AHHO based multilevel thresholding, we imple-
ent and compare the result of AHHO with several well-known
oft computing optimization techniques based multilevel thresh-
lding using — differential evolution (DE) [9,67], particle swarm
ptimization (PSO) [17,71], Cuckoo search (CS) [7,8,65], firefly al-
orithm (FA) [10,70], wind driven optimization (WDO) [8,73] and
ecently developed Harris hawks optimization (HHO) [59], crow
earch algorithm (CSA) [6,63], grey wolf optimizer (GWO) [13,
2], whale optimization algorithm (WOA) [16,74] and successful
istory-based adaptive DE variants with linear population size
eduction (L-SHADE) [75,76] . To validate our technique, we use
hree well-known performance metrics peak signal to noise ratio
PSNR) [7], feature similarity (FSIM) [86] and structured similarity
SSIM) [87]. The experimental parameter setup for various soft
omputing optimization algorithms is shown in Table 3, with
he number of search agents N = 30 and maximum number of
iteration counts is tmax = 100, where as the number of search
agents of L-SHADE depends on the dimension of the problem as
N = 18 × d at the initialization N = 4 at the termination. As
the search agents in requirement various algorithm varies, special
L-SHADE, so to make consistency among the multilevel threshold-
ing using optimization algorithm we fixed the maximum function
evaluation as 3000. So, if any algorithm requires a greater number
of functions to converge, it must break when it reaches 3000
function evaluation.

All the 500 images from BSDS 500 are used for the perfor-
mance in multilevel thresholding using three different fitness
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Table 21
p-value of the Wilcoxon rank-sum test with 5% significance of for 500 images form the BSDS 500 dataset (p-values ≥ 0.05 are shown in boldface). + means that
AHHO is statistically significantly better at p-value at 0.05 than another algorithm; ≈ means that AHHO is statistically no significant at p-value at 0.05 than another
algorithm; − means that AHHO is statistically significant worse than another algorithm. Counts +/≈ /− is the number of problems the AHHO is statistically
better/equal/worse than other algorithms.
Lv Method HHO CSA CS DE FA GWO PSO WDO WOA L-SHADE

2 Improved 2D Grey Gradient 2.06E−03 2.59E−110 2.59E−110 2.59E−110 3.30E−56 9.72E−76 3.30E−56 6.64E−93 3.75E−25 2.59E−110
2D Tsallis 1.57E−01 8.42E−102 8.42E−102 1.23E−93 2.34E−76 2.59E−110 8.42E−102 1.23E−93 1.89E−36 2.41E−78
1D Tsallis 1.00E+00 8.72E−104 4.42E−95 1.07E−53 1.07E−53 5.69E−45 1.86E−09 3.88E−108 1.95E−03 1.78E−15

3 Improved 2D Grey Gradient 1.00E−07 2.59E−110 2.59E−110 2.59E−110 6.85E−70 8.42E−102 3.01E−77 1.25E−99 2.01E−42 2.59E−110
2D Tsallis 4.11E−04 2.59E−110 2.59E−110 8.42E−102 8.13E−86 2.59E−110 8.42E−102 1.23E−93 5.28E−58 1.23E−93
1D Tsallis 2.82E−01 2.59E−110 2.59E−110 2.59E−110 1.44E−73 1.96E−99 4.36E−21 2.59E−110 2.06E−03 1.31E−101

4 Improved 2D Grey Gradient 1.00E+00 2.59E−110 2.59E−110 2.59E−110 5.81E−106 2.59E−110 1.13E−83 2.59E−110 7.04E−17 2.59E−110
2D Tsallis 1.15E−12 8.42E−102 2.59E−110 2.59E−110 8.42E−102 2.59E−110 3.23E−71 8.42E−102 3.23E−71 2.59E−110
1D Tsallis 1.01E−15 2.59E−110 2.59E−110 2.59E−110 9.08E−89 1.25E−99 3.76E−87 2.59E−110 1.03E−15 2.59E−110

5 Improved 2D Grey Gradient 4.96E−07 2.59E−110 2.59E−110 2.59E−110 1.57E−81 8.42E−102 2.59E−110 2.59E−110 5.02E−48 2.59E−110
2D Tsallis 3.95E−01 1.23E−93 2.59E−110 2.59E−110 2.59E−110 2.59E−110 8.42E−102 1.23E−93 5.28E−58 8.42E−102
1D Tsallis 1.18E−11 2.59E−110 2.59E−110 2.59E−110 1.25E−99 2.59E−110 8.42E−102 2.59E−110 1.46E−03 2.59E−110

ounts +/≈ /− 7/2/3 12/0/0 12/0/0 12/0/0 12/0/0 12/0/0 12/0/0 12/0/0 12/0/0 12/0/0
functions: improved 2D grey gradient (I2DGG), 2D Tsallis en-
tropy (2DTE), and 1D Tsallis entropy (1DTE). The initial solutions
are chosen randomly for each optimization algorithms. To mea-
sure the stability, each optimization algorithms is repeated for
50 independent runs. The AHHO-I2DGG based multilevel image
thresholding is presented in Fig. 12.

Table 18 shows the performance of various optimization algo-
ithms considering their average fitness values (favg ) and standard
eviation (Std) among 50 independent runs for the threshold
evels of Lv = 2, 3, 4, 5. The higher the fitness value with a lower
standard deviation, results in a better thresholding performance.
It can be observed that almost all the optimization algorithms
are doing well in 1DTE based multilevel thresholding, when we
consider the average fitness value. However, the standard devi-
ation value is comparatively less in AHHO, HHO, FA, and WOA
optimization algorithms, which is desirable. Therefore, the per-
formance of the AHHO algorithm is recommendable. When we
compare the multilevel thresholding performance using I2DGG
and 2DTE, then the AHHO performs better concerning the average
fitness value and standard deviation. This shows the potential of
our proposed algorithm for image thresholding.

Similarly, Table 19 shows the comparison results of various
optimization algorithms using average PSNR, average SSIM, and
average FSIM. These measures are mostly used to quantity the
multilevel thresholding performance. The higher value indicates
the better thresholding approach. It is observed that the AHHO
performs better than other optimization algorithms in all three
methods, i.e. I2DGG, 2DTE and 1DTE.

The convergence plots of the various optimization algorithms
for threshold level 5 of an image from BSDS 500 with identifi-
cation number 3096 are displayed in Fig. 13. The figure present
three convergence curve related to I2DGG (left side), 2DTE (mid-
dle) and 1DTE (right side). The convergence curve from Fig. 13,
it is observed that the AHHO converges faster than any other
optimization algorithm concerning the iteration count, because
the movement depends on the adaptiveness of AHHO depends on
average fitness in the exploration phases, which is not depends
on a random value ‘q’ as discussed in HHO [59]. It is reiterated
that the ‘q’ value was set at 0.5 in HHO [59].

In these experiments, all the 500 images from the BSDS 500
are considered to evaluate. For an in-depth analysis, a sample
image from the BSDS 500 with identification number 3096 is
considered, which is displayed along with its histogram is dis-
played in Fig. 14. The corresponding optimal threshold value of
subject 3096 are presented in Table 20. The careful study on
the threshold value it can be observed that all the state-of-art

algorithm perform in the same way for threshold level 2 on all
three thresholding methods, however when the threshold level
increases, AHHO threshold levels are closely related to HHO, FA,
GWO, PSO, WDO and WOA, and divergent from the CSA, CS, DE,
and L-SHADE. If we relate the optimal threshold value with the
convergence curve, the AHHO convergence curve related to the
other optimization algorithm in the same way.

The qualitative result based on the threshold value of subject
3096 from BSDS 500, threshold image for threshold level 5 for
various optimization algorithms on I2DGG, 2DTE, and 1DTE are
presented in Fig. 15. From Fig. 15, it can be visualized that, the
AHHO-I2DGG shown the best threshold image when compared
combinedly with other algorithms and methods.

Recently, Heidari et al. [59] proposed a new metaheuristic
algorithm called Harris Hawks Optimization (HHO) taking inspi-
ration from the cooperative perching strategy of Harris’ hawk.
The HHO gives quite an impressive result when compared with
some well-known optimization algorithms. This has motivated
us to analyse the HHO algorithm, where we found that the
transition from explorations to exploitations or vice-versa, has
depends on a random value. This warrants us to modify the
perching strategy control parameter of the exploration and ex-
ploitation are made adaptive fitness value of Harris’ hawk. The
Harris’s hawk chasing strategy mostly depends on the rabbit
(prey) energy, which is in the range of −2 to 2. The rabbit energy
less than 0 means the rabbit has no energy to flagging, that
motivates us to do some modification to rabbit energy in the
proposed work. The modification of rabbit energy and introducing
the adaptive fitness-based control parameter, the proposed algo-
rithm is coined as adaptive Harris hawks optimization (AHHO).
The performance of the AHHO is evaluated using the 23 well
known classical benchmark test function [55,60] and modern
CEC 2014 test functions [61]. A comparison of AHHO with state-
of-art algorithm such as Harris hawks optimization (HHO) [59],
crow search algorithm (CSA) [62,63], Cuckoo search (CS) [64,65],
differential evolution (DE) [66–68], firefly algorithm (FA) [69,
70], grey wolf optimizer (GWO) [72], wind driven optimization
(WDO) [73], whale optimization algorithm (WOA) [74] and suc-
cessful history-based adaptive DE with linear population size
reduction (L-SHADE) [75,76]. As a result, AHHO shows better
convergence along with superior results when compare statistical
with Wilcoxon’s test and Friedman test.

The qualitative result performance of AHHO on three thresh-
olding methods such as I2DGG, 2DTE, and 1DTE is presented in
Fig. 16, which shows that I2DGG outperforms other methods on
threshold level equal to 2,3,4 and 5. Specifically, from Fig. 16,
it is observed that the proposed I2DGG yields better threshold

images even with the lower levels of thresholding, i.e. when Lv =
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p

Table A.1
Unimodal benchmark functions.
Function d Range fmin

f1 (X) =
∑d

i=1 x
2
i 30, 100 [−100, 100]d 0

f2 (X) =
∑d

i=1 |xi| +
∏d

i=1 |xi| 30, 100 [−10, 10]d 0

f3 (X) =
∑d

i=1

(∑i
j=1 xj

)2
30, 100 [−100, 100]d 0

f4 (X) = maxi {|xi| , 1 ≤ i ≤ d} 30, 100 [−100, 100]d 0
f5 (X) =

∑d−1
i=1

[
100

(
xi+1 − x2i

)2
+ (xi − 1)2

]
30, 100 [−30, 30]d 0

f6 (X) =
∑d

i=1 (⌊xi + 0.5⌋)2 30, 100 [−100, 100]d 0
f7 (X) =

∑d
i=1 ix

4
i + random [0, 1) 30, 100 [−1.28, 1.28]d 0
Table A.2
Multimodal benchmark functions.
Function d Range fmin

f8 (X) =
∑d

i=1 −xisin
(√

|xi|
)

30, 100 [−500, 500]d −418.9829 × d
f9 (X) =

∑d
i=1

[
x2i − 10cos (2πxi) + 10

]
30, 100 [−5.12, 5.12]d 0

f10 (X) = −20exp
(

−0.2
√

1
d

∑d
i=1 x

2
i

)
− exp

(
1
d

∑d
i=1 cos (2πxi)

)
+ 20 + e 30, 100 [−32, 32]d 0

f11 (X) =
1

4000

∑d
i=1 x

2
i −

∏d
i=1 cos

(
xi√
i

)
+ 1 30, 100 [−600, 600]d 0

f12 (X) =
π
d

{
10sin (πyi) +

∑d−1
i=1 (yi − 1)2

[
1 + 10sin2 (πyi+1)

]
+ (yd − 1)2

}
+

∑d
i=1 u (xi, 10, 100, 4)

yi = 1 +
xi+1
4 u (xi, a, k,m) =

⎧⎨⎩ k(xi − a)m xi > a
0 −a < xi < a

k(−xi − a)m xi < −a

30, 100 [−50, 50]d 0

f13 (X) = 0.1
{
sin2 (3πx1) +

∑d
i=1 (xi − 1)2

[
1 + sin2 (3πxi + 1)

]
+ (xd − 1)2

[
1 + sin2 (2πxd)

]}
+

∑d
i=1 u (xi, 5, 100, 4)

yi = 1 +
xi+1
4 u (xi, a, k,m) =

⎧⎨⎩ k(xi − a)m xi > a
0 −a < xi < a

k(−xi − a)m xi < −a

30, 100 [−50, 50]d 0
Table A.3
Multimodal benchmark functions with fixed dimension.
Function Range fmin

f14 (X) =

(
1

500 +
∑25

j=1
1

j+
∑2

i=1 (xi−aij)
6

)−1

aij =

(
−32 −16 0 16 32 −32 · · · 0 16 32
−32 −32 −32 −32 −32 −16 · · · 32 32 32

)
[

−65.536,
65.536

]2

1

f15 (X) =
∑11

i=1

[
ai −

x1
(
b2i +bix2

)
b2i +bix3+x4

]2

The coefficients are displayed in Table A.4.

[−5, 5]4 0.0003075

f16 (X) = 4x21 − 2.1x41 +
1
3 x

6
1 + x1x2 − 4x22 + 4x42 [−5, 5]2 −1.0316285

f17 (X) =

(
x2 −

5.1
4π2 x21 +

5
π
x1 − 6

)2
+ 10

(
1 −

1
8π

)
cosx1 + 10 [−5, 10] × [0, 15] 0.398

f18 (X) =
[
1 + (x1 + x2 + 1)2 ×

(
19 − 14x1 + 3x21 − 14x2 + 6x1x2 + 3x22

)]
×

[
30 + (2x1 − 3x2)2 ×

(
18 − 32x1 + 12x21 + 48x2 − 36x1x2 + 27x22

)] [−2, 2]2 3

f19 (X) = −
∑4

i=1 ciexp
(
−

∑3
j=1 aij

(
xj − pij

)2)
The coefficients are displayed in Table A.5.

[0, 1]3 −3.86

f20 (X) = −
∑4

i=1 ciexp
(
−

∑6
j=1 aij

(
xj − pij

)2)
The coefficients are displayed in Table A.6.

[0, 1]6 −3.32

f21 (X) = −
∑5

i=1

[
(X − ai) (X − ai)T + ci

]−1

The coefficients are displayed in Table A.7.
[0, 10]4 −10.1532

f22 (X) = −
∑7

i=1

[
(X − ai) (X − ai)T + ci

]−1

The coefficients are displayed in Table A.7.
[0, 10]4 −10.4028

f23 (X) = −
∑10

i=1

[
(X − ai) (X − ai)T + ci

]−1

The coefficients are displayed in Table A.7.
[0, 10]4 −10.5363
2 and Lv = 3, whereas 2D Tsallis and 1D Tsallis methods do not

erform well with the lower levels of image thresholding.
To understand how the AHHO results are statistically signif-

icantly better than other optimization techniques and methods,
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Table A.4
Coefficients related to benchmark function f15 .

i ai b−1
i

1 0.1957 0.25
2 0.1947 0.5
3 0.1735 1
4 0.1600 2
5 0.0844 4
6 0.0627 6
7 0.0456 8
8 0.0342 10
9 0.0323 12
10 0.0235 14
11 0.0246 16

Table A.5
Coefficients related to benchmark function f19 .
i ai1 ai2 ai3 ci pi1 pi2 pi3
1 3 10 30 1 0.3689 0.1170 0.2673
2 0.1 10 35 2 0.4699 0.4387 0.7470
3 3 10 30 3 0.1091 0.8732 0.5547
4 0.1 10 35 4 0.03815 0.5743 0.8828

a Wilcoxon rank-sum test with 5% significance based on the
best fitness value among 50 independent runs are presented in
Table 21. Based on the observation AHHO shows statistically 58%
better, 17% similar, and 25% worse than HHO, however, AHHO
shows statistically 100% better than CSA, CS, DE, FA, GWO, PSO,
WDO, WOA, and L-SHADE.

I2DGG seems to be computationally efficient because it com-
utes intra-class variance using row-wise blocks only and the
eason behind this improvement is due to the preservation of
ore edge information in our method. It is seen that AHHO based

2DGG thresholding technique sounds better for multilevel image
hresholding applications in the future.

. Conclusion

This paper proposes an adaptive Harris hawks optimization
AHHO) algorithm based on the variation of escape energy and in-
luding the adaptiveness in the perching strategy of Harris hawk.
he idea of adaptive mechanism in the perching strategy provides
s a computationally efficient technique, the reason is that the
astage of the search agents (Harris hawk) could be avoided.
ue to the adaptiveness in the perching strategy, which is based
n the averaging of fitness value, the AHHO performance shows
ignificant improvement than HHO. Although, the computational
omplexity of AHHO marginally increases than HHO, based on
he iteration counts and function evaluations, the AHHO converge
aster than HHO. The qualitative and quantitative results of AHHO
ompared with well-established optimization algorithms HHO,
SA, CS, DE, FA, PSO, GWO, WDO, WOA and L-SHADE on the test
unctions, which shows AHHO outperforms other optimization
lgorithms. The AHHO algorithm has potential and can be used
o find an optimal solution in various applications in engineering.
he AHHO can be extended to the multi-objective problem, as this
tudy only focused on single-objective problem.
Here, the effectiveness and superiority of the AHHO algorithm
s applied to the multilevel image thresholding. The paper also
Table A.7
Coefficients related to benchmark function f21−23 .
i ai1 ai2 ai3 ai4 ci
1 4 4 4 4 0.1
2 1 1 1 1 0.2
3 8 8 8 8 0.2
4 6 6 6 6 0.4
5 3 7 3 7 0.4
6 2 9 2 9 0.6
7 5 5 3 3 0.3
8 8 1 8 1 0.7
9 6 2 6 2 0.5
10 7 3.6 7 3.6 0.5

proposes an improved 2D grey gradient (I2DGG) multilevel image
thresholding method, a normalized gradient to avoid the large
peaks and relatively less sensitive to high edge values, which is
an optimization problem to find the optimal threshold values. To
study the effectiveness of our proposed I2DGG multilevel thresh-
olding methods, the 2D Tsallis entropy (2DTE) and Tsallis entropy
(1DTE) are used for comparisons. The proposed evolutionary mul-
tilevel image thresholding method, AHHO using I2DGG yields
superior results as compared to other methods based on 2DTE
and 1DTE, because it extracts the both spatial and edge infor-
mation together efficiently. The proposed method could extract
parts that have low-contrast inhomogeneous visual features. The
method is suitable for solving complex segmentation problems, as
we need to compute row-wise regions, not the diagonal regions.
The adaptive perching approach implemented in AHHO helps in
more localization, therefore true optimal threshold values are
achieved. A comparison of threshold segmented image along
with statistical results using average fitness, PSNR, SSIM, and
FSIM are shown in this article. The state-of-the-art optimization
algorithms are compared with AHHO for convincing the readers.
The future scope of the work include colour image thresholding
and breast cancer thermal image thresholding. Finally, we believe
that the suggested method can also be employed for the compu-
tational intelligence-based image segmentation for smart health
care applications.
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Appendix

See Tables A.1–A.7.
Table A.6
Coefficients related to benchmark function f20 .
i ai1 ai2 ai3 ai4 ai5 ai6 ci pi1 pi2 pi3 pi4 pi5 pi6
1 10 3 17 3.5 1.7 8 1 0.1312 0.1696 0.5569 0.0124 0.8283 0.5886
2 0.05 10 17 0.1 8 14 1.2 0.2329 0.4135 0.8307 0.3736 0.1004 0.9991
3 3 3.5 1.7 10 17 8 3 0.2348 0.1415 0.3522 0.2883 0.3047 0.6650
4 17 8 0.05 10 0.1 14 3.2 0.4047 0.8828 0.8732 0.5743 0.1091 0.0381
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