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ABSTRACT

Breast cancer is one of the leading causes of death in women due to the abnormal growth of cells
known as a tumour. Thermography is an imaging technique used to capture infrared radiation and
generate a thermogram. The major advantages of thermography are contactless, radiation-free, pain-
less, and real-time screening. The thermogram is used further in a pathological investigation. However,
in the modern-day, machine intelligence technologies are used for the analysis of breast thermograms,
which assist the expert in decision making. The machine intelligence technique requires a thresholding
image during the preprocessing stage, which warrants an efficient thresholding method. Here, we
investigate the multilevel thresholding objective function to minimize the information regarding the
entropic dependence on various classes. A new Equilibrium Slime Mould Algorithm (ESMA) is proposed
for colour image thresholding, an improvement of the Slime Mould Algorithm (SMA), by integrating
the equilibrium practice in updating the slime mould positions from an equilibrium pool concept
of Equilibrium Optimizer (EO). The ESMA performance is compared with well know optimization
algorithms and ranked one based on Friedman’s mean rank, when evaluated using 53 test problems.
Further, the ESMA is used for the development of an entropy minimization based multilevel colour
thresholding method for the analysis of breast thermograms. It is applied in two sets of experiments
using grey components and the RGB components of breast thermograms. The encouraging results on
the thermogram image analysis are presented. Even more interesting results are seen while evaluating
our proposal in terms of different metrics—the peak signal to noise ratio (PSNR), the feature similarity
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(FSIM), and the structure similarity (SSIM). Statistical a nalysis provided reveals the suitability of the
technique for the analysis of breast thermograms. The method may assist the medical practitioners, as
an additional tool. The ESMA may be useful for solving different optimization problems in the world

of engineering.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Breast cancer is a leading cause of death in women [1,2], which
starts in breast tissues leading to abnormal growth of cells around
the breast. Therefore, the analysis of breast cancer images is a
challenge for proper treatment planning. This, in turn, helps us
to increase the survival rate [3]. The detection of breast cancer
needs an imaging device [4] and an image processing technique
to assist an accurate diagnostic [5]. The screening using medical
imaging techniques helps in the cancer diagnostic process. Sev-
eral medical imaging techniques used, during the last decade, to
analyse breast cancer includes — mammography [6], dual-energy
computed tomography (DE-CT) [7], ultrasound [8], magnetic Res-
onance Imaging (MRI) [9,10], single photon emission tomography
(SPECT) [11,12], positron emission tomography (PET) [11,12] and
thermography [13]. Mammography, a diagnostic imaging tech-
nique, uses low-dose x-ray gamma radiation to capture the breast
tissues.

Mammography is widely used worldwide to diagnose breast
cancer at an early stage, which is a painful and uncomfortable
procedure. Mammography imaging has low sensitivity when a
breast has dense tissues that can hide tumours under the tissue,
which leads to high false-positive rates. As the imaging procedure
uses X-ray gamma radiation, repeated use of it increases the
chance of cancer in the future. The image using dual-energy
computed tomography (DE-CT) [7] is better in image quality
with higher contrast of tumours; also, it needs fewer images
as compared to the CT. The DE-CT is used to discriminate and
quantify the iodine, calcium, and fat contents near the breast
cells when the highest concentration of calcium is found near
the rapidly dividing cells, which leads to the formation of tu-
mours. The ultrasound [8] uses the sound wave to capture the
image of abnormal breast mass due to tumours, which helps
to find the abnormality in finding in mammography or clinical
trials. The ultrasound is very helpful for dense breast tissue,
but due to a noisy environment, its performance is reduced.
Magnetic Resonance Imaging (MRI) [9,10] is a highly sensi-
tive imaging technique used for screening early breast cancer
in women, which used high power magnets along with radio
waves and a computer to capture the image. From the study [14],
it is found that the MRI is over-utilized by low-risk women as
compared to underutilize by high-risk women. The method re-
quires a long acquisition time and gives rise to more false-positive
rates. The single photon emission tomography (SPECT) [11,12]
and positron emission tomography (PET) [11,12] are radionuclide
imaging (RI) techniques. The SPECT captures the image using a
gamma camera that uses a single y-ray photon with different
energy with the limitation of the line of response. The line of
response in SPECT is difficult to determine as the origin of y-ray
photon. The PET uses positron-emitting radionuclides cyclotrons
in more specific targets to measure in vivo cellular, molecular,
and biochemical properties. The SPECT has the advantage of pro-
ducing a high contrast image of the breast, with high sensitivity
and quantitative capabilities. The screening methods based on
the imaging techniques such as mammography [6], dual-energy
computed tomography (DE-CT) [7], ultrasound [8], magnetic Res-
onance Imaging (MRI) [9,10], single photon emission tomography
(SPECT) [11,12], positron emission tomography (PET) [11,12]

Table 1
Parameter setting of the various optimization algorithms.

Algorithm Parameters

ESMA N =30,z=0.03

SMA N =30, z=0.03

EO N=30,a,=2 a,=1and GP =05

HHO N=308=15

GWO N =30, a =[20]

WDO N = 30, RT coefficient = 5, constant in the update
equation = 0.5, gravitational constant = 0.2, maximum
allowed speed = 0.3 and Coriolis effect = 0.4

WOA N=30,a=[0,2],b=1,and I =[-1,1]

DE N = 30, Crossover probability C; = 0.9 and scaling factor
F=0.5,

cS N = 30, Abandon probability p, = 0.25, step size o = 1,
and L = 1.5

PSO N = 30, Inertia factor = 0.3, ¢c; =2, and ¢, =2

FA N=30,¢a=05 =02and y =1

L-SHADE N = 18D, H=6, p=0.11 and Arc rate = 2.6

CMA-ES N =4+3log(D), u =N/2

used radiation. As these methods require physical contact with
the machine, it is hurting, which is not desirable. There may
be a coincidental future complication because these technologies
are unprotected from the radiation. In contrary to the above
methods, thermography [13] is a fast, non-contact, radiation-free,
noninvasive, and simple procedure. It can be utilized in the breast
tumour regions including tissues. The thermography uses an im-
age that is the function of the temperature difference in the skin
surface. Here, infrared frequencies are used, which is not harmful.
The thermal image uses a greyscale, in which black represents
the cold region (objects do not emit any radiation) and white
represents the hot region (objects emit high radiation). The ther-
mography uses a long infrared range wavelength (9 — 14 um) to
capture the thermal images. A higher infrared radiation is emitted
around the breast tumour regions as compared to the normal
regions [13].

Due to the advantages of thermography, it is used for breast
thermogram analysis in young women, whose breast tissues are
dense compared to the older women. The most common machine
intelligence techniques used for breast thermogram analysis are
— artificial neural network (ANN), fuzzy C means (FCM), symme-
try check, spatial distributions, K-means clustering, and water-
shed segmentation [5,13,15]. The convolutional neural network
(CNN) with Bayes algorithm [16] and the gradient vector flow [17]
is used for the classification of normal breast vs. suspected breast
tumour from a thermal segmented image as a complementary
diagnostic, to speed up the tasks of pathology. The automatic
colour segmentation of thermal images using the Gaussian mix-
ture model with the expectation-maximization (EM) algorithm
is proposed in [18]. However, in the above methods, the authors
are silent about the segmentation method used, discuss only the
post-processing steps like feature extraction, detection, etc. In
this work, we focus on an easy method of segmentation using
optimal multilevel colour thresholding using the soft computing
approach.

Researchers employ nature-inspired algorithms to find the
optimal threshold values for multilevel thresholding of the breast
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Fig. 1. The effect of population and iterations.
Table 2
Ranking of the results for f; — fij3 with varied values of z.
Test z=0 z=10.01 z =0.02 z=10.03 z =0.04 z=0.05 z =0.06 z =0.07 0.08 z=10.09 z=0.1
problems
fi 0.000E4-00 0.000E+00 0.000E4-00 0.000E+00 0.000E4-00 1.912E—297 7.255E—223 6.454E—179 1.050E—168 5.843E—144 1.099E—107
f 0.000E4-00 0.000E+00 7.073E—288 2.336E—184  3.263E—149 4.519E—119 3.918E—111 1.376E—85 2.289E—79 1.651E—69 1.675E—68
fi 0.000E4+-00 0.000E4+-00 0.000E+00 0.000E+00 0.000E4-00 1.041E—284 1.281E—220 1.172E—181 3.984E—155 2.110E—131 6.814E—113
fa 0.000E4-00 0.000E+00 1.040E—321 6.640E—238  5.696E—172 3.576E—138 3.676E—105 1.102E—94 1.531E—81 1.657E—65 3.202E—48
fs 2.871E4+01 1.482E+01 5.401E400 3.757E+00 2.116E4-00 3.956E4+00 2.375E4+00 5.236E4+00 1.333E4+00 1.942E4+00 1.579E+4-00
fe 1.902E4+00 1.349E—-03 1.525E—03 2.018E—03 2.657E—03 3.988E—03 4.816E—03 7.630E—03 1.419E—02 1.925E—02 2.668E—02
fr 7.448E—05 1.093E—-04 9.901E—05 1.499E—-04 1.600E—04 1.633E—04 1.626E—04 2.021E—04 2.185E—04 2.364E—04 1.524E—-04
fs —8.219E+03 —1.257E+04 —1.257E+04 —1.257E+04 —1.257E4+04 —1.257E4+04 —1.257E+04 —1.257E+04 —1.257E+04 —1.257E+04 —1.257E+04
fo 0.000E4-00 0.000E+00 0.000E4-00 0.000E-+00 0.000E4+-00 0.000E+00 0.000E+00 0.000E+00 0.000E4+00 0.000E4-00 0.000E+4-00
fio 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
fun 0.000E4-00 0.000E+00 0.000E4-00 0.000E+00 0.000E4-00 0.000E+00 0.000E4+00 0.000E4+00 0.000E+00 0.000E4-00 0.000E+00
fi2 4634E—01 2.973E—02 5.354E—03 3.308E—03 2.747E—03 1.860E—03 9.684E—04 9.385E—04 8.512E—04 7.164E—04 6.431E—04
fi3 2.722E4+00 2.943E—01 4.110E—03 3.603E—03 4.862E—03 2.488E—03 3.873E—03 3.633E—03 3.865E—03 3.586E—03 3.108E—03
Friedman's 6.385 4923 4,692 4.538 5.462 5.923 6.538 7.154 6.769 6.923 6.692
mean rank
Rank 6 3 2 1 4 5 7 11 9 10 8
Table 3
Result of scalable test problems fi_1s3.
Test Metric ~ ESMA SMA EO HHO GWO WDO WOA DE cs PSO FA L-SHADE CMA-ES
problem
f1 Avg 0.000E+00  1.191E—295  8.083E—41 1.119E-91 1.182E—07 5.707E—02 1.645E—18 2.689E+00 6.627E+00 5.184E—02 1.697E+00  1.100E—27  8.244E—11
Std 0.000E+00  0.000E+00  2.732E-40  6.335E-91 3.511E-07 9.558E—02 2591E—18 8601E4+00 6.738E—01 1.284E—02 1.602E4+00  1771E-27  4272E—11
f Avg 2336E-184 2853E—156 5430E—24  5293E-50  3.380E—05 7.794E—01 3540E—11 4.090E—02 1.159E+01 1.033E4+00 4.958E4+00  2.948E—14  1437E—05
Std 0.000E+00  1931E—155 5354E—24  2492E—49  3573E—05 8249E—01 3.022E—11 1.121E-01 7.468E—01 1594E—01 2329E4+00  1750E—14  4.577E—06
f3 Avg 0.000E+00 | 1.055E—306 1938E—09  1884E—71 3.399E—-01 3536E—01 7.552E—05 5.748E+02 1.295E+02 5.082E—01 9.159E+00  1.863E—13  2.289E+00
Std 0.000E+00  0.000E+-00  4.082E—09  9.973E—71  4.297E—01 1.793E—01 1980E—04 3.537E+02 8.175E+01 1.312E—01 3.866E4+00  4510E—13  3.064E400
fa Avg 6.640E-238  7.849E—144 2566E—10  7.796E—49 1260E—01 3.352E—02 6.739E—05 2.437E+01 8569E—01 1443E—01 6.821E—01  2746E—06  1.891E—04
Std 0.000E+00  5605E—143 4361E—10  3.151E-48  9.560E—02 6.821E—02 5824E—05 7.162E+00 4.382E—02 2.178E—02 1548E—01  2.356E—06  6.397E—05
fs Avg 3.757E4+00  7.813E+00  2.535E+01 | 9.147E-03  2.874E+01 3.810E+01 2.663E+01 2.714E+04 3.641E+02 3.403E+01 2.359E+02  1.413E+01  6.497E+01
Std 8.436E+00  1.134E+01 1.955E—-01 | 1.130E-02  3.842E-01 9.989E+00 1.010E+00 8.174E+04 4.273E+01 1.651E+00 2.133E+02  8.496E—01 1.678E+02
fs Avg 2018E—03  6.126E—03  8826E—06  1.816E—04  3.637E+00 2502E—01 8.686E—01 3.033E+01 2.448E+01 5.478E—02 8.101E4+00 | 4.618E=27  7.060E—11
Std 8364E—04  4251E—03  6470E—06  2.149E—04  6.940E—01 1237E—01 3.958E—01 1.597E+02 1.870E+00 1253E—02 1835E400 | 2.204E-26  3.665E—11
fr Avg 1499E—04  1747E—04  1.159E—-03 | 1.355E-04  4.602E—03 1519E—01 8525E—03 6.801E—02 4.066E+01 1.245E—01 7.740E+00  1.335E—03  5.234E—03
Std 1.294E-04  1489E-04  5690E—04  1356E—04  2940E—03 7.073E—02 5.007E—03 2.039E—02 1.028E+01 4.304E—02 1.348E+01  3.637E-04  1.961E—03
fa Avg —1257E4+04 —1257E+04 —8.970E+03 | —1.257E404  —3.942E+01—9.292E+01 —7.936E+03 —7.212E+03 —3.896E+03 —1.657E+02 —5.361E4+00  —3.264E+03  -inf
Std 1.575E-01  3.355E-01 6.162E4+02  8.296E—01 6.779E+00 9.888E—01 4.835E+02 OE+03 2.389E+02 3.292E+01 1233E400  4.153E+02  NaN
fo Avg 0.000E+00  0.000E+00  0.000E+00  0.000E+00  2.721E+01 6.904E+01 2326E4+01 1.614E+02 2.138E+02 1.844E+01 2066E4+02  6.429E+00  1.616E402
Std 0.000E+00  0.000E+00  0.000E+00  0.000E+00  3.459E+01 2.820E+01 1296E401 2.599E+01 1.648E+01 3.813E4+00 1.828E401 1.455E400  9.411E+00
f10 Avg 8882E-16  8882E-16  9039E—15 | 8.882E-16  8.088E—05 1535E—01 5564E—10 1.615E+00 3.452E+00 2.819E—01 2208E4+00  4.199E—14  2.558E—06
Std 0.000E+00  0.000E+00  2868E—15 | 0.000E+00  1.671E—04 2639E—01 5270E—10 8459E—-01 1.052E—01 5.959E—02 8.470E—01  2.360E—14  6.983E—07
fi1 Avg 0.000E+00  0.000E+00  0.000E400  0.000E+00  1629E—09 3.150E—03 2.830E—17 4.061E—01 2.815E—01 3.430E—03 1.127E—01 | 0.000E+00 | 4.574E—10
Std 0.000E+00  0.000E+00  0.000E+00  0.000E+00  4.091E—09 4.451E—03 4.887E—17 8.356E—01 3.516E—02 8.748E—04 8810E—02 | 0.000E+00  2279E—10
f12 Avg 3.308E-03  2.989E-03  8.155E-07  7.176E—06  3.009E—01 3.593E—04 3.438E—02 1.513E+03 2.669E+00 7.880E—04 8.598E—01 | 2.955E-16  5.351E—12
Std 4855E—03  3916E—03  9837E—07  1205E—05  8.632E—02 2216E—04 1929E—02 8.068E+03 3.535E—01 2.164E—04 2248E—01 | 1.542E-16  2.828E—12
f13 Avg 3603E-03  6.515E—03  2.566E—02  9.872E—05  2.193E4+00 6.626E—03 7.648E—01 8.988E+03 1.016E+00 2.030E—02 3.494E+00 | 9.666E-15  5.271E—11
Std 5389E—03  6.834E—03  4.235E-02  1.352E-04  3.191E-01 4576E—03 2480E—01 2.183E+04 1.139E—01 9.702E—03 3.801E—01 | 5.930E-15  3.320E-11
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Fig. 5. Boxplot of six scalable unimodal and multimodal test problems.
Table 4
Result of non-scalable test problems fi4_»3.
Test Metric ~ ESMA SMA EO HHO GWO WDO WOA DE cs PSO FA L-SHADE CMA-ES
problem
f1a Avg 0.9980 0.9980 1.0369 1.6561 126705  12.6705 0.9980 1.0175 1.5656 12.6705 12.6705 8.6262 5.2521
std 4106E—13  7.484E—13 2778E—01 1598E4+00 1715E—10 1.693E—11 1255E—12 1.392E—01  8513E—01 1510E—12 1453E—13 3.176E+00  3.574E+00
fi5 Avg 5610E—04  5.577E—04 3.082E—03 3899E—04 7.200E—04 4509E—04 4.573E—04 9254E—04  1944E—03 3.717E—04 1.040E—03 | 3:075E=04 ' 3.787E—04
std 2.183E—04  2.502E-04 6.962E—03 2093E—04 6.538E—04 1.311E-04 2479E—04 2791E-03  9.357E—04 6.296E—05 1221E—03  3.025E—19  7.391E—05
fi6 Avg —1.0316 —~1.0316 —~1.0316 —1.0316 ~1.0291 —1.0313 —~1.0316 —~1.0316 —~1.0219 —1.0316 —~1.0316 —1.0316 —~1.0316
std 1.767E—09  2.342E—09 3.077E—16 1.032E—08 8725E—03 3.064E—04 1.438E—10 2.243E—16  1.027E—02 1330E—06 3.440E—16 2.608E—16 | 2.243E—16
f17 Avg 0.3979 0.3979 0.3979 0.3979 1.0352 0.3981 0.3979 0.3979 0.4069 0.3979 23.8536 7.7924 4.8891
std 1.154E—07  1.239E—07 = 3.924E—16 5.132E—06 1613E+00 1.581E—04 1501E—08 = 3.924E—16  8.342E—03 5816E—07 2213E+00 3.444E—01 6.500E—01
fis Avg 3.0000 3.0000 3.0000 3.0000 4.6034 3.0230 3.0000 3.0000 42724 3.0000 7.2413 3.0000 3.0000
std 3.194E—11  1.407E—10 = 1.669E—15  4.786E—07 6.413E+00 2510E—02 1.795E—08 3.976E—15  1.580E+00 3.683E—05 9.914E4+00 2224E—15 3.597E—15
f19 Avg —3.8628 —3.8628 —3.8628 —3.8603 —3.8547 —3.8540 —3.8583 —3.8628 —3.8485 —3.8569 —3.4638 —3.8628 —3.8628
std 3053E—06  3.212E—07 | 2.930E—15  3.012E-03 1.061E—02 6.042E—03 3.942E—03 3.140E—15  1.144E—02 3.345E—03 7.909E—01 3.140E—15 3.140E—15
fo Avg —3.2515 —3.2537 —3.2607 —3.1110 —2.6643 —3.1394 —2.8694 —3.2427 —2.9462 —3.0660 —3.2781 —3.2946 —3.2642
std 5955E—02  6.004E—02 7.106E—02 7.513E—02 7.362E—01 9.930E—02 5.572E—01 5.660E—02  9.840E—02 2.656E—01 7.035E—02  5.093E—02  6.003E—02
1 Avg —10.1529 —10.1529  —8.8130 —5.4333 —43097 —5.0340 —4.9733 ~9.3198 —3.5169 —5.0548 —2.6794 —5.0558 —8.2993
std 2.196E—04  2516E—04 2493E+00 1322E+00 1.623E4+00 1.887E—02 5.845E—01 2.325E+00  9.006E—01 4.535E—04  1.129E+00 ['5:627E=07 " 3.209E+00
fan Avg —10.4026 —104025  —8.8956 —5.3745 —47609 —5.0641 —5.0058 ~10.2720 —3.6126 —5.0873 —2.6271 —5.0887 —10.4002
std 2454E—04  2733E—04 2634E+00 1.175E+00 1.124E400 2.006E—02 5.848E—01 9.352E—01  1.065E+00 2.950E—04 1.018E+00 1.252E—06 | '8:970E=15
fa3 Avg —10.5361 —-105360  —9.3553 —5.3068 —4.6394  —5.1061 —5.1285 —9.9832 —3.5023 —5.1281 —2.6394 —5.2571 -10.2217
std 2.128E-04  3.233E-04 2616E+00 1.403E+00 1.345E400 1.773E—02 5.160E—06 1.923E+00  7.299E—01 3.343E—04 9.615E—01 6.322E—01  1.590E400

thermal images [19,20] and visual images [21,22]. This thresh-
olded image is used further in the post-processing, for a better
interpretation. The particle swarm optimization (PSO) is em-
ployed to find the optimal thresholds of the breast thermograms
using Otsu’s between class variance [23] thresholding techniques
in [19]. The dragonfly algorithm (DA) is deployed to find optimal
thresholds, using Otsu’s between class variance [23] and Kapur’s
entropy [24], in [20] to generate the thresholded image that
supports the decision making at the clinical level. Recently, the
social group optimizer (SGO) is used with Kapur’'s entropy [24]
to obtain the thresholded image of an infrared thermal image.
Further, it is used in FCM clustering to find the abnormality in the
symmetry of the left and right breast structure. The above study
reveals that, during the preprocessing of the thermal image, a
good thresholding technique is inevitable. The thresholded breast
thermogram image is required to assist the pathological investi-
gation, may be treated as a supplement to the mammography.
Hence, more work is needed in these directions.

The time complexity of the multilevel thresholding problem
increases with the increase in the number of threshold levels.

Hence, there is a strong need to use the nature-inspired algorithm
to reduce the time complexity. To do this, an optimizer with
the ability to get an optimal solution or near-optimal solution
is desirable, to compute the optimal threshold values in the
multilevel thresholding. A bi-level thresholding approach, min-
imizing the entropic dependencies on the different classes, is
discussed by Johannsen and Bille in [25]. Positive outcomes of
this method are found from a comparison between many bi-level
thresholding methods discussed in [26]. Interestingly, this idea is
faster than the existing maximization of variance/entropy-based
methods [18,20]. This could draw our attention to extend the idea
for the development of a multilevel thresholding technique for
the breast cancer thermogram images using the soft computing
technique.

The earlier soft computing approaches are deterministic,
which used the first-order derivative of the objective function
equating it to zero to get the optimal solution. However, the
modern-day soft computing approaches are better and stochastic,
which are mostly nature-inspired optimizers. Nature-inspired
optimization algorithms can be used in any type of optimization
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Table 5
Result of CEC-2014 test problems.
Test problem  Metric ESMA SMA EO HHO GWO WDO WOA DE cs PSO FA L-SHADE ~ CMA-ES
CEC-2014F1  AV8 1.323E+07 | 1.373E+07 1.341E+07 9.445E+07  1400E+09  2.140E+09  4.372E+07 | 8.598E+06  1.398E+09 8.619E+06  2.787E+09  1.414E+09  3.321E+07
std 1.088E+07  7.992E+06  5.661E+06 4.059E+07 3.216E+08  6.374E+06 2462E+07 | 5.361E+06  2.562E+08 1.011E+07  1589E+07  2.124E408  1.245E+07
CEc2014p2  Ave 2293E+04 1604E+05 1565E+05 9.188E+08 7.657E+10 8.948E+10 4.681E+08 6.233E+07 8.135E+10 1816E+08 1.016E+11 7.031E+10  1.997E+05
std 1.308E+04  8.587E+04 2.000E4+05 5.165E+08 7.180E+09  1.716E+08  3.367E4+08 2.765E+08 6.826E+09 5.289E+08  3.035E4+08 5.963E+09  1.698E+05
CEC2014F3  AvE 1.687E+04  1271E+04 2271E+04 5.015E+04 8.673E+04 8.284E+04 2601E+04 | 2.497E+03  9.432E+04 3.704E+04 2.032E+07  7.936E+04  2.571E+05
std 1431E+04  1208E+04 8.864E+03  7.997E+03 9.058E+02  1464E+03  7.080E+03 = 2.730E+03  2.141E+04 4.685E+03  1.771E+06  4.900E+03  5.919E+04
CEC-2014F4  MVE 5402E+02 5508E+02 5216E+02 8.062E+02  1.195E+04  2.131E+04  6.005E+02  5273E+02  1.703E+04 5.464E+02  2531E+04  1.376E+04 | 4:202E+02
std 3.435E+01  5344E+01  3243E+01 1297E+02  3.085E+03  7.185E+01 4.603E+01 4.031E+01 2.626E+03 4717E+01  1.032E+02  1.958E+03 | 7.424E—01
CEc.2014rs  Ave 5210E+02 5211E+02 5210E+02 5208E+02 5.207E+02 5.207E4+02 5.208E+02 5210E+02 5211E+02 | 5.201E+02 5213E+02 5206E+02  5.210E-+02
std 9.414E—02 6.347E—02 9.564E—02 1205E—01 2.083E—01 8471E—02 1775E—01 4.348E—02 5.186E—02 3.122E—02 9.384E—02 1250E—01 4.820E—02
CEC2014F6  AVE 6.191E+02 6.201E+02 6.110E+02 6.366E+02 6.480E+02 6.487E+02 6.232E+02 6.101E+02  6.429E+02 6.468E+02 6.510E+02  6.428E-+02 | 6.000E+02
std 4366E+00 3520E+00 2.990E+00 3.559E+00 1.546E+00 6.516E—01 3676E+00 5512E+00 1.269E+00 1.150E+00 2.383E—01 1.023E+00 | 5.296E—03
CEc201aF7  Ave 7.011E+02  7.011E+02  7.002E+02  7.072E+02  1.434E+03  1651E+03  7.053E+02 7.012E+02  1492E+03  7.069E+02  1.760E+03  1.388E+03 | 7.000E+02
std 2696E—02 4.274E—02 1318E—01 4.168E+00 8.406E+01 1575E4+00 3.147E4+00 2.902E+00 9.595E+01 1423E+01 2294E+00 7.288E+01  9.041E—08
CEc.2014rs  AVE 8.389E+02 8.695E+02 8.664E+02 9.491E+02 1.207E+03 1.098E+03 9.185E+02 9.535E+02  1.164E+03 9.666E+02 1.311E+03 1.137E4+03  9.608E+02
std 1.004E+01  1.906E+01  1.655E+01 1.635E4+01  2.222E+01 [ 2.586E+00 | 2.078E+01 3.743E+01 1.702E4+01 9.789E+00 4.047E+00 1.162E4+01  9.993E+00
CEC-2014F9  AV8 1.034E+03  1.044E+03 | 1.007E+03 | 1.103E+03  1.224E+03  1.178E+03  1.098E+03  1.109E+03  1.292E+03 1.090E+03  1.360E+03 1.260E+03  1.067E+03

Std 3.396E4+01 3.315E4+01  2.635E+01  2.294E4+01 2.683E4+01 5.954E+00 2.223E4+01 1.728E4+01 1.519E+01 6.080E+00 | 4.608E+00  1.205E+01  8.996E+400

Avg 2.100E+03 2.606E+03 3.057E4+03 4.506E4+03 9.223E4+03 7.494E4+03 3.665E+03 6.428E+03 8.700E4+03 5403E+03 1.133E+04 8.707E+03  8.046E+03
Std 4.205E+02  4.534E+02 6.114E4+02 7.365E4+02 4.766E+02 | 6.253E4+01 5207E+02 9.820E+02 3.482E+402 2.134E4+02 9.883E+01 3.626E+02  3.046E+02

Avg 4.510E+03 4.644E+03 5.023E4+03 5.878E+03 9.859E+03  8.144E+03 5.072E+03  8.662E+03  9.156E+03 5.452E+03  1.333E+04 9.355E+03  8.298E+03
Std 8.374E402 6.558E+02 7.203E+02  7.652E4+02 8.464E4+02 1.393E+02 5.878E4+02 3.542E4+02 2.930E+02 2.929E4+02 | 1.027E+02  3.374E+02  3.743E4-02

Avg 1.201E+03  1.201E+03  1.202E+03  1.202E4+03  1.202E4+03  1.202E+03 | 1.201E+03 | 1.203E4+03  1.203E+03 | 1.201E+03  1.206E+03 | 1.201E+03 | 1.203E+403
Std 2.387E-01 2.891E-01 4.811E-01 5.460E—01 6.863E-01 7.909E—01 3.863E—01 4.604E—01 5.015E—-01 4.160E-01 6.730E—01  3.836E—02 4.070E-01

Avg 1.301E4+03  1.301E+03 = 1.300E+03 1.301E+03 1.308E403 1.310E4+03 1.301E4+03 | 1.300E+03 1.309E+03 1.301E+03 1.311E+03 1.308E+03 | 1.300E+03
Std 1226E—-01 1.292E—-01 8.836E—02 2.066E—01 6.175E—01 | 1.012E—02 1611E-01 9.126E-02 6.248E—01 1277E—-01 1.718E—-02 4.882E—01 3.822E—02

Avg 1.401E+03  1.401E+03  1.400E+03 1.401E+03  1.653E+03  1.766E+03  1.401E+03 | 1.400E+03  1.698E+03 1.403E+03  1.806E+03  1.664E+03 | 1.400E+03
Std 3.707E-01 3.678E—01 1.210E—-01 2.181E400 3.703E401 4.740E-01 6.711E-01 1.655E—01 3.133E401 6.012E400 1.030E4+00 2.052E+01 = 7.991E—02

Avg 1513E4+03  1.515E403 | 1.510E+03  1.556E+4+03 2.525E405 5.011E4+05 1.547E4+03  1.522E+03 4.699E4+05 1567E4+03 9.717E4+05 2.506E+05 1.514E403
Std 4.118E+00 4.780E+00 3.157E4+00 1.552E4+01 1.125E4-05 5.952E4+03 4.334E+01 5.172E400 1.303E405 1.061E4+01 1.533E4+04 7.488E+404 | 7.954E—01

Avg 1.612E+03 1.612E+03 1.612E4+03 1613E+03 1.614E+03 1.614E+03 1.613E4+03 1.613E4+03 1614E+03 1.614E+03 1.614E4+03 1.614E+03 1.613E+03
Std 5735E-01 5.366E—01 6.540E—-01 3.504E—01 9.333E—-02 3.848E—02 4.439E-01 2.652E-01 1496E—01| 3.183E—02 1437E-01 1219E-01 2.902E-01

Avg 2.541E4-06 2.781E4+06 1.167E+06  9.226E4+-06 2.570E4+08 6.248E+08  1.943E4+06 4.779E4+05 6.800E+07 | 1.525E+05  9.244E+08 1.081E+08  1.875E4-06

CEC-2014-F10

CEC-2014-F11

CEC-2014-F12

CEC-2014-F13

CEC-2014-F14

CEC-2014-F15

CEC-2014-F16

CEC-2014-F17

Std 1.324E4+-06  1.561E4+06  9.246E+05 6.806E+06 1.221E408 4.799E+06 1.210E4+06 4.804E4+05 2.503E+07 | 1.011E+05 1.102E+07  3.826E+07  8.117E405
CEC-2014-F18 Avg 1.692E+04 3.883E+04 5.188E+03 4.028E4+05 5.764E4+09 1.339E+10 8.311E+04 1.008E+04 3.487E+409 5.161E+03 1514E+10 4.126E+09  1.846E+406
Std 1.453E4+04 4.178E+04 4.864E+03 5.824E4+05 1979E4+09 4.291E4+07 1271E4+05 1.512E+04 8.320E4+08  1.396E+03 5.874E+07 1.143E+09  1.119E406

Avg 1.922E+03  1.931E+03 1.914E+03 1.983E+03  2.328E4+03 2.616E+03  1.925E+03 1.913E+03 2.419E+03 1968E+03  2.774E+03  2.362E+03 | 1.913E+03
Std 2.912E401 3.348E4+01 1.767E+01 3.846E4+01 1.310E402 4.650E+00 2.383E4+01 1.533E4+01 6.501E+01 2.111E4+01 5702E4+00 4.576E+01  8.722E—01

Avg 3.868E4+04 4.049E+04  2.193E+04 5.944E4+04 3.517E405 2.067E+09 3.019E+04 | 7.649E+03  5980E+05 1.747E4+04 2.998E+09  4.256E+05  7.339E+404
Std 2.394E4+04 2.373E+04 8.733E+03  3.388E4+04 5719E4+04 3.347E+07  1.407E4+04 5.743E+03  4.992E+05| 4.974E+03  4.175E+07  2.643E+05 4.603E+404

Avg 7.742E4+05 9.145E4+05 5.403E+05 2.444E+06  1.420E4+08 1.929E4+09 5958E+05 4.816E+04 2.496E+07 7.250E4+04 2.628E+09 4.477E+07  1.149E+06
Std 5.596E4+05 7.388E+05 3.999E+05 2.904E+06 1.147E4+08  1.654E+07 4.841E+05 6.857E+04 9.855E+06 7.545E+04 2.656E+07 1.970E+07 6.576E+05

Avg 2.893E+03  2.928E+03  2.607E+03  3.230E+03  1.502E+05 3.507E+06  2.899E+03 | 2.562E+03  4.338E+03 3.388E+03  5.394E+06  5.827E+03  2.772E+03
Std 2.284E+02  2.213E+02  1.931E+02  3.168E+02  2.044E+05 5724E+04 2.414E+02 2.479E+02  2.782E+02  3.546E+02  7.386E+04  1.689E+03 | 1.251E+02

Avg 2.500E+03 2.500E+03 | 2.615E403 | 2.500E+03 2.500E+03  2.505E+03 | 2.500E+03  2.616E+03 2.567E4+03 2.506E+03  2.529E+03 | 2.500E+03  2.629E+03
Std 0.000E+00 0.000E+00 1.347E—01 | 0.000E+00 3.383E—03 5218E4+00 2.066E—08 9.806E—01 4.363E4+00 8288E—01 1.341E+01 1.844E—12 5.342E400

Avg 2.600E+03 2.600E+03 2.600E+03 2.600E+03 2602E+03 2.601E+03 | 2.600E+03 2.641E+03 2.607E4+03 2.601E+03 2.604E+03 2.600E+03 2.646E+03
Std 0.000E+00 0.000E+00 1.250E—02 8.225E—04 6.669E—01 2.834E—01 1.142E-01 5.602E+00 8.153E-01 1.680E—-01 6.075E-01 5.444E—04 6.757E+00

Avg 2.700E+03 2.700E+03 | 2.701E403 | 2.700E+03  2.700E+03 2.700E+03 2.700E+03 2706E+03 2.701E4+03 2.700E4+03 2.700E+03  2.700E+03 2.708E+03
Std 0.000E+00 0.000E+00 3.892E400 0.000E+00 5.320E—-05 7.100E—-02 5.823E—10 1539E+00 6.360E—02 1212E-02 1.870E-01 5.716E—13  2.782E+00

Avg 2.703E4+-03 | 2.701E4+03 2.728E+03 2.777E+03  2.800E+03 2.800E+03 | 2.701E+03 2705E+03 2.710E+03 2800E4+03 2.800E+03 2.752E4+03  2.706E+03
Std 1.389E+01 1.627E—01 4.493E4+01 4.262E+01 3.941E-04 6.482E—04 1.520E—01 1.956E+01 9.852E—01 4.446E—04 9.691E—03 3.327E4+01 2.745E+01

Avg 2.900E+03 2.900E+03 | 3.293E403 | 2.900E+03 2.900E+03 2.904E+03 | 2.900E+03  3247E+03 3.194E4+03 2904E+03 2.979E+03 3.096E4+03  3.540E+03
Std 0.000E+00 6.087E—11 1.030E4-02 = 0.000E+00 2.138E—03 5.433E4+00 6.438E—09 9.001E+01 3.435E4+01 9.106E—01 6.996E+01 3.292E4+02  4.792E+02

Avg 3.000E+03 3.000E+03  3.827E403 | 3.000E+03 3.000E+03 3.006E+03 | 3.000E+03  3.936E+03 3.317E4+03 3.005E+03  3.105E+03 | 3.000E+03  3.223E+03
Std 0.000E+00 9.289E—11  1.820E402 = 0.000E+00 2.860E—03 6.651E+00 8.077E-09 2.735E+02 3.698E+01 1.143E+00 7.961E+01 1.811E-09 2.264E+01

Avg 2.939E4+06 2.508E+06 1.696E+06 3.958E+06 7.146E4+03  5.355E406 | 3.100E+03 3.289E+06 7.554E+07 7.057E4+06 3.796E+07 | 3.100E4+03  3.130E+03
Std 4.194E+06  4.126E+06  3.709E4+06  1.182E4+07  3.740E+03  6.123E+06 2.852E—02 4.929E+06 7.561E4+06 8.059E+05 1.722E+07 = 2.448E—05 4.295E+00

Avg 1.138E+04  1.478E+04  1.132E+04  1.719E+05  3.506E+03  3.652E+05  1.883E+04 1.060E+04  1.752E+06 4.973E+05 2.541E+06 | 3.200E+03  4.589E+03
Std 8.734E+03  9.762E+03  7.878E+03  2.901E+05 2.687E+02 3.954E+05 1.313E+04 9.318E+03  5.422E+05 6.685E+04  1.326E+06 | 7.549E—04  2.606E+02

CEC-2014-F19

CEC-2014-F20

CEC-2014-F21

CEC-2014-F22

CEC-2014-F23

CEC-2014-F24

CEC-2014-F25

CEC-2014-F26

CEC-2014-F27

CEC-2014-F28

CEC-2014-F29

CEC-2014-F30

Table 6

p-value of the Wilcoxon rank-sum test with a 5% significance of scalable benchmark functions f;_13 (p-values > 0.05 are shown in boldface).
Test SMA EO HHO GWO WDO WOA DE Cs PSO FA L-SHADE CMA-ES
problem
fi 2.500E-01 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
fo 1.212E—07 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
f 6.250E—02 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
fa 4619E—14 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
fs 1.608E—01 1.832E—-08 1.179E—12 8.882E—16 8.882E—16 2.328E—09 8.882E—16 8.882E—16 8.882E—16 8.882E—16 1.832E—08 1.832E—08
fs 2.328E—09 8.882E—16 4.619E—14 8.882E—16 8.882E—16 8.882E—16 1.967E—11 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
f7 1.000E+00 8.882E—16 & 7.798E—01 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
fs 6.210E—04 8.882E—16 = 4.011E—01 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
fo 1.000E+00 1.000E+00 1.000E+00 8.882E—16 3.553E—15 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
fio 1.000E+00 8.882E—16 ' 1.000E+00 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16
i 1.000E+00 1.000E+00 1.000E+00 8.882E—16 5.684E—14 2.441E—04 8.882E—16 8.882E—16 8.882E—16 8.882E—16 = 1.000E+00 8.882E—16
fi2 7.798E—01 4619E—14 1.179E—12 8.882E—16 4.601E—03 8.882E—16 8.882E—16 8.882E—16 9.191E—02 8.882E—16 8.882E—16 8.882E—16
fi3 1.097E—02 = 4.011E-01 1.179E—12 8.882E—16 5.704E—05 8.882E—16 8.882E—16 8.882E—16 1.179E—12 8.882E—16 8.882E—16 8.882E—16
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Table 7
p-value of the Wilcoxon rank-sum test with a 5% significance of fixed dimension benchmark functions fi4_,3 (p-values > 0.05 are shown in boldface).
Test SMA EO HHO GWO WDO WOA DE cs PSO FA L-SHADE CMA-ES
problem
f1a 1.000E--00 4619E—14 1.179E-12 8.882E—16 8.882E—16 4.601E—03 4619E—14 8.882E—16 8.882E—16 8.882E—16 8.882E—16  8.882E—16
f1s 7.798E—01 1.474E—05 6.867E—07 1.000E+00 4.887E—02 1.769E—03 5.758E—01 4.619E—14 5.704E—05 7.798E—01 8.882E—16  5.704E—05
f16 4.887E—02 8.882E—16 4.887E—02 8.882E—16 8.882E—16 5.704E—05 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16  8.882E—16
f17 1.097E—02 8.882E—16 | 4.011E—01 8.882E—16 8.882E—16 1.967E—11 8.882E—16 8.882E—16 2.624E—01 8.882E—16 8.882E—16  4.887E—02
f18 9.191E—02 8.882E—16 1.212E-07 8.882E—16 8.882E—16 4619E—14 8.882E—16 8.882E—16 8.882E—16 3.389E—06 8.882E—16  8.882E—16
f19 1.832E—08 8.882E—16 4619E—14 8.882E—16 8.882E—16 4.011E-01 8.882E—16 8.882E—16 8.882E—16 5.758E—01 8882E—16  8.882E—16
fo 1.000E+00 6.210E—04 1.967E—11 1.967E—11 1.980E—04 2.328E—09 1.980E—04 8.882E—16 5.704E—05 4601E—03 2.328E-09  6.210E—04
1 7.798E—01 1.980E—04 8.882E—16 8.882E—16 8.882E—16 8.882E—16 1.832E—08 8.882E—16 8.882E—16 8.882E—16 8882E—16  6.210E—04
2 9.191E—02 6.210E—04 8.882E—16 8.882E—16 8.882E—16 8.882E—16 4619E—14 8.882E—16 8.882E—16 8.882E—16 8.882E—16  8.882E—16
fr3 1.000E--00 3.389E—06 8.882E—16 8.882E—16 8.882E—16 8.882E—16 2.416E—10 8.882E—16 8.882E—16 8.882E—16 8882E—16  1.179E—12
Table 8
p-value of the Wilcoxon rank-sum test with 5% significance of CEC-2014 test functions (p-values > 0.05 are shown in boldface).
Test problem SMA EO HHO GWO WDO WOA DE cs PSO FA L-SHADE CMA-ES
CEC-2014-F1 9.191E-02 || 4011E-01  8.882E-16 8.882E—16 8.882E—16 1.832E-08 4.887E—02 8882E—16  9.191E—02 8.882E—16 8.882E—16 1.967E—11
CEC-2014-F2 8.882E—16 1.179E—12 8.882E—16 8.882E—16 8.882E—16 8.882E—16 2.416E—10 8882E—16  8.882E—16 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F3 4.011E-01 1.097E—02 2.416E—10 8.882E—16 8.882E—16 6210E—04  4.619E—14 8.882E—16 1.212E-07 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F4 7.798E—01 1.097E—02 8.882E—16 8.882E—16 8.882E—16 2.328E—09 2.409E—02 8882E—16  4.011E-01 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F5 1.000E+00 ~ 1.608E—01 2.416E—10 2416E—-10  4.619E-14 1.967E—11 4011E-01 | 2409E-02  8.882E—16 4619E—14 4.619E-14 | 1.608E—01
CEC-2014-F6 5.758E—01  2.328E—09 8.882E—16 8.882E—16 8.882E—16 1.980E—04 2.328E—09 8882E—16  8.882E—16 8882E—16 8.882E—16  8.882E—16
CEC-2014-F7 3.389E—06 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 1.980E—04 8882E—16 [9.191E=02" 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F8 1.179E—12 2.416E—10 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8882E—16  8.882E—16 8882E—16 8.882E—16  8.882E—16
CEC-2014-F9 4011E=01 | 6.210E—04 2.416E—10 8.882E—16 8.882E—16 1.967E—11 4619E—14 8882E—16  2.416E—10 8.882E—16 8.882E—16 1.474E—05
CEC-2014-F10 1.769E—03 1.832E-08 4619E—14  8.882E—16 8.882E—16 8.882E—16 8.882E—16 8882E—16  8.882E—16 8882E—16 8.882E—16  8.882E—16
CEC-2014-F11 7.798E-01 | 4.601E—03 2.328E—09 8.882E—16 8.882E—16 1.980E—04 8.882E—16 8882E—16  6.867E—07 8882E—16 8.882E—16  8.882E—16
CEC-2014-F12 | 5.758E—01 1.967E—11 8.882E—16 8882E—16  4.619E—14  2.409E—02 8.882E—16 8.882E—16 1.769E—03 8.882E—16 2.328E-09  8.882E—16
CEC-2014-F13  5.758E-01  4.619E—14 6.867E—07 8.882E—16 8.882E—16 4.601E—03 6.867E—07 8.882E—16 1.097E—02 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F14 | 2.624E—01 1.832E-08 1.474E—05 8.882E—16 8.882E—16 6.210E—04 1.097E—02 8882E—16  4.887E—02 8.882E—16 8.882E—16 | 2.624E—01
CEC-2014-F15 | 9.191E-02 1.980E—04 8.882E—16 8.882E—16 8.882E—16 8.882E—16 2.416E—10 8882E—16  8.882E—16 8.882E—16 8.882E—16  4.601E—03
CEC-2014-F16 ~ 1.000E+00 | 4.011E=01 6.867E—07 8.882E—16 8.882E—16 3.389E—06 4619E—14 8882E—16  8.882E—16 8.882E—16 8.882E—16  2.416E—10
CEC-2014-F17 | 2.624E—01 1.474E—05 2.328E—09 8.882E—16 8.882E—16 9191E=02"" 4.619E—14 8882E—16  8.882E—16 8882E—16 8.882E—16  4.011E—01
CEC-2014-F18  4.887E—02 5.704E—05 8.882E—16 8.882E—16 8.882E—16 2.416E—10 5.704E—05 8882E—16  6.210E—04  8.882E—16 8.882E—16  8.882E—16
CEC-2014-F19 1.097E—02 1.980E—04 2.416E—10 8.882E—16 8.882E—16 3.389E—06 6.210E—04 8.882E—16 1.832E—08 8882E—16 8.882E—16 1.769E—03
CEC-2014-F20 | 7.798E—01 | 2.409E—02 1980E-04  8.882E—16 8.882E—16 2624E-01  4.619E-14 8.882E—16 1.980E-04  8.882E—16 8.882E—16 1.980E—04
CEC-2014-F21 5.758E-01 | 5.758E-01 = 4.601E—03 8.882E—16 8.882E—16 2.624E—01 8.882E—16 8882E-16  4619E—14  8.882E—16 8.882E—16 1.097E—02
CEC-2014-F22  7.798E-01  5.704E—05 1.474E—05 8.882E—16 8.882E—16 2.624E-01 1.212E-07 8.882E—16 1.212E-07 8882E—16 8.882E—16  4.601E—03
CEC-2014-F23 1.000E+00  8.882E—16 1.000E+00 | 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8882E—16  8.882E—16 8882E—16 8.882E—16  8.882E—16
CEC-2014-F24  1.000E+00  8.882E—16 2.274E—13 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8882E—16  8.882E—16 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F25 1.000E+00  8.882E—16 1.000E+00 | 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8882E—16  8.882E—16 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F26 | 5.758E—01 1.769E—03 9.021E—05 8.882E—16 8.882E—16 7.798E—01 1.980E—04 4619E—14  8.882E—16 8.882E—16 4.619E—14 1.179E—12
CEC-2014-F27  5.000E—01  8.882E—16 1.000E+00 | 8.882E—16 8.882E—16 8.882E—16 8.882E—16 8882E—16  8.882E—16 8.882E—16 8.882E—16  8.882E—16
CEC-2014-F28  5.000E-01 = 8.882E—16 5.000E-01  8.882E—16 8.882E—16 8.882E—16 8.882E—16 8882E—16  8.882E—16 8882E—16 8.882E—16  8.882E—16
CEC-2014-F29 | 9.191E-02 | 7.798E=01 5.418E—07 2.624E—01 1.608E—01 1.832E-08 4.011E-01 8882E—16  2.409E—02 8882E—16 1.832E—08 1.832E—08
CEC-2014-F30 1.097E—02 5.758E—01  2.529E—01 1.967E—11 1.212E-07 6.210E-04 | 4.011E-01  8882E—16  8.882E—16 8882E—16 1.967E—11 2.416E—10
Table 9
Friedman mean rank for test problems for 30 dimensions (The data are rounded up to 3 decimal points).
Test problems Metric Optimization algorithm
ESMA SMA EO HHO GWO WDO WOA DE CS PSO FA L-SHADE CMA-ES
Scalable test problems fi_13 Mean rank = 2.654 3.269 4.192 2808 8.615 8692 6923 11462 11923 8.692 11.538 4.077 6.154
Rank 1 3 5 2 8 9 7 11 13 10 12 4 6
Non-scalable test problems fi4—33 Mean rank 4.300 4.300 4700 6.900 11.400 9.300 7.300 4.000 11.000 8.200 10.400 5.150 4.050
Rank 3 4 5 7 13 10 8 1 12 9 11 6 2
CEC14 test problems F1 to F30 Mean rank | 3.400 4.300 4.267 6.200 8933 10.033 5.167 5.667 10400 6.300 12300 7.733 6.300
Rank 1 3 2 6 10 11 4 5 12 7 13 9 8
Overall (f;_»3 and F1 to F30) Mean rank = 3.387 4.047 4330 5.500 9.321 9.566 6.000 6.774 10.887 7.245 11.755 6.349 5.840
Rank 1 2 3 4 10 11 6 8 12 9 13 7 5

problem, because they are simple to implement, derivative-free,
and can avoid local minima [27,28]. This encourages the re-
searchers to use the derivative-free nature-inspired optimization
algorithm instead of a conventional deterministic optimizer. The
nature-inspired algorithms are mainly classified into three cat-
egories: evolution-based, physics-based, and swarm-based. The
evolution-based optimization algorithms are inspired by the laws
of natural evolution. The most prominent in the evolution-based
category is the differential evolution (DE) [29]. However, more
advanced high-performance optimization techniques are — suc-
cessful history-based adaptive DE with linear population size
reduction (L-SHADE) [30] and evolution strategy with covariance
matrix adaptation (CMA-ES) [31]. The physics-based optimization
algorithms, such as the wind driven optimization (WDO) [32]
and recently developed Equilibrium optimizer (EO) [33], mimic
the laws of the physical world. The swarm-based mimic the
social behaviour or foraging mechanism or hunting mechanism
of groups of an organism. Some of the famous and recently

developed swarm-based optimizers are particle swarm optimiza-
tion (PSO) [29], cuckoo search (CS) [34], Harris hawk’s opti-
mization (HHO) [35], grey wolf optimizer (GWO) [27], wind
driven optimization (WDO) [32], and whale optimization algo-
rithm (WOA) [28]. The overall performances of L-SHADE [30],
CMA-ES [31], EO [33], HHO [35] and GWO [27] on general bench-
mark function evaluation are quite satisfactory. The DE [29] and
CS [34] are good at multimodal benchmark functions for fixed
dimensions, widely used in many applications. The PSO [29],
WDO [32] and FA [34] have shown interesting results in the
diversified fields.

Recently, the slime mould algorithm (SMA) [36] is proposed by
taking inspiration from the foraging behaviour and morphological
variation of slime mould Physarum polycephalum. An Equilib-
rium optimizer (EO) is also proposed recently in [33], based on
the equilibrium states of control volume mass balance models.
The searching pattern, as well as the results of SMA and EO,
is quite impressive when compared with some state-of-the-art
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Table 10
Average time (in a sec) of ESMA and other optimization algorithms.
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Test problems ESMA SMA EO HHO GWO WDO WOA DE CS PSO FA L-SHADE CMA-ES
fi 1.880 1.934 0.218 0.209 0.072 0.152 0.153 0.266 0.330 0.051 0.099 9.938 4818
f 2.125 1.931 0.195 0.221 0.107 0.160 0.151 0.291 0.345 0.065 0.091 10.152 4.928
fs 2.233 2.202 0.474 0.959 0.407 0.429 0.419 0.843 0.619 0.329 0.372 11.909 6.453
fa 1.926 1.959 0.189 0.281 0.077 0.156 0.148 0.283 0.341 0.053 0.081 9.544 5.002
f5 1.967 1.976 0.221 0.397 0.115 0.186 0.178 0.361 0.381 0.085 0.119 9.903 5.071
fe 1.947 1.933 0.190 0.311 0.077 0.153 0.146 0.283 0.339 0.053 0.085 10.177 4.885
fr 2.096 2.083 0.336 0.599 0.243 0.316 0.292 0.576 0.487 0.228 0.227 19.657 5.614
fs 2.002 1.971 0.246 0.438 0.108 0.196 0.199 0.359 0.385 0.100 0.113 10.531 5.469
fo 1.962 1.954 0.199 0.349 0.091 0.175 0.170 0.330 0.369 0.074 0.103 12.008 4917
fio 1.955 1.957 0.206 0.360 0.091 0.177 0.172 0.325 0.379 0.080 0.110 9.938 4.831
fi 2.010 2.019 0.235 0.418 0.114 0.196 0.200 0.382 0.407 0.092 0.123 9.910 5.093
f2 2.430 2.378 0.613 1.331 0.497 0.581 0.579 1.144 0.771 0.471 0.504 13911 7.001
fi3 2.405 2.468 0.641 1.395 0.489 0.576 0.580 1.157 0.772 0.475 0.505 14.095 7.052
fia 1513 1.459 1.022 2.383 0.903 0.974 0.948 1.955 1.016 0.888 0.911 1.072 3.474
fis 0.732 0.691 0.166 0.276 0.071 0.124 0.118 0.254 0.188 0.059 0.075 0.861 0.053
fi6 0.659 0.614 0.158 0.272 0.067 0.123 0.112 0.255 0.174 0.052 0.071 0.471 1.598
fi7 0.648 0.605 0.153 0.226 0.057 0.113 0.102 0.226 0.163 0.043 0.062 0.815 0.040
fis 0.638 0.603 0.145 0.230 0.055 0.110 0.101 0.226 0.172 0.038 0.061 0.447 1.544
fio 0.786 0.684 0.173 0.292 0.099 0.146 0.132 0.291 0.209 0.071 0.108 0.676 1.899
foo 0.943 0.856 0.181 0.303 0.087 0.144 0.136 0.288 0.211 0.069 0.087 1316 2.482
o1 0.801 0.761 0.199 0.361 0.104 0.165 0.153 0.335 0.226 0.090 0.112 0.931 2.245
fn 0.817 0.855 0.245 0.402 0.127 0.181 0.195 0.367 0.245 0.108 0.128 0.977 2.342
fa3 0.839 0.790 0.245 0.473 0.153 0.213 0.203 0.428 0.273 0.133 0.154 1.006 2.491
CEC-2014-F1 2274 2.058 0.313 0.619 0.193 0.279 0.266 0.532 0.466 0.173 0.208 13.793 5.904
CEC-2014-F2 2.239 2.065 0.344 0.479 0.139 0.229 0.216 0.437 0.408 0.121 0.151 12.756 5.538
CEC-2014-F3 2.228 1.986 0.264 0.524 0.138 0.230 0.213 0.434 0.408 0.120 0.152 12.098 5.568
CEC-2014-F4 2.255 1.989 0.277 0.478 0.135 0.225 0.213 0.425 0.407 0.119 0.151 12.646 5.521
CEC-2014-F5 2.248 2.020 0.285 0.616 0.152 0.248 0.237 0.484 0.451 0.142 0.175 11.484 5.985
CEC-2014-F6 4.198 3.859 2.008 5.413 1.773 1.968 2.000 4.096 2223 1.860 1.862 28.183 14.123
CEC-2014-F7 2.338 2.049 0.294 0.571 0.162 0.250 0.258 0.497 0.454 0.145 0.182 14.118 5.905
CEC-2014-F8 2.289 2.009 0.254 0.504 0.123 0.208 0.207 0.495 0.408 0.105 0.141 10.266 5.445
CEC-2014-F9 2.261 2.035 0.287 0.569 0.152 0.238 0.233 0.484 0.429 0.134 0.166 13.668 5.782
CEC-2014-F10 2.330 2.138 0.334 0.701 0.200 0.287 0.281 0.582 0.478 0.187 0.214 12.025 6.084
CEC-2014-F11 2.330 2.148 0.370 0.783 0.231 0.329 0.319 0.647 0512 0.215 0.246 11.175 6.286
CEC-2014-F12 2.622 2.390 0.689 1514 0.495 0.592 0.583 1.179 0.770 0.485 0.512 13.376 7.554
CEC-2014-F13 2.337 2.036 0.268 0.519 0.137 0.227 0.216 0.445 0.410 0.123 0.154 13.941 5.653
CEC-2014-F14 2.271 2.024 0.272 0.521 0.145 0.237 0.222 0.453 0.418 0.128 0.159 13.268 6.147
CEC-2014-F15 2.292 2.043 0.310 0.562 0.167 0.250 0.244 0.484 0.444 0.154 0.199 14.172 5.759
CEC-2014-F16 2.291 2.081 0.296 0.613 0.159 0.249 0.245 0.506 0.436 0.143 0.175 11.904 5.976
CEC-2014-F17 2.342 2.098 0.329 0.669 0.192 0.282 0.290 0.586 0.473 0.177 0.208 13.128 6.437
CEC-2014-F18 2.300 2.106 0.293 0.578 0.156 0.242 0.237 0.484 0.431 0.139 0.168 11.568 6.017
CEC-2014-F19 2.687 2.501 0.657 1.371 0.454 0.586 0.611 1.226 0.826 0.485 0.515 15.928 7.895
CEC-2014-F20 2272 2.203 0.307 0.621 0.163 0.258 0.252 0.503 0.456 0.148 0.179 12.220 6.075
CEC-2014-F21 2.251 2.201 0.333 0.639 0.191 0.288 0.280 0.562 0.491 0.175 0.209 14.698 6.148
CEC-2014-F22 2.299 2.259 0.370 0.728 0.216 0.311 0.317 0.618 0513 0.200 0.236 14.068 6.272
CEC-2014-F23 2.866 2.696 0.823 1.925 0.699 0.791 0.773 1.545 0.976 0.666 0.701 16.352 8.316
CEC-2014-F24 2.614 2537 0.620 1.399 0.482 0.578 0.578 1.188 0.793 0.465 0.502 13.451 7.388
CEC-2014-F25 2713 2.674 0.707 1.599 0.560 0.659 0.656 1.320 0.875 0.548 0.601 15.149 7.968
CEC-2014-F26 4.806 4.708 2.681 6.319 2.366 2.647 2.691 5.449 2.892 2.480 2.536 34.628 18.125
CEC-2014-F27 4.632 4611 2.653 6.213 2.383 2578 2.581 5.172 2911 2.451 2.479 36.148 18.445
CEC-2014-F28 2.963 2.873 0.969 2.160 0.810 0.873 0.888 1.796 1.106 0.828 0.803 16.952 9.135
CEC-2014-F29 3.075 2.954 1.024 2.166 0.801 0.929 0.929 1.946 1.196 0.815 0.854 17.499 10.149
CEC-2014-F30 2751 2.587 0.700 1.572 0.540 0.651 0.648 1.303 0.856 0.531 0.562 14.683 8.139

algorithms. The searching pattern of SMA requires differential
information of two random slime moulds with the best slime
mould, which may tends to deviate the results from the optimal
value. The searching pattern of EO depends on the equilibrium
pools of the best candidate solutions. So, to supplement the
features of the SMA by integrating the equilibrium pool, an equi-
librium slime mould algorithm (ESMA) is proposed in this paper.
The performance of the ESMA is evaluated using 23 test prob-
lems from [37,38] and 30 test problems from the IEEE CEC 2014
test suite [39]. The ESMA results are compared with the three
groups of active optimization algorithms - (i) the well-known
optimization algorithms: DE, CS, PSO, FA, WDO; (ii) the recently
developed algorithms: SMA, EO, HHO, GWO, WOA,; (iii) the high-
performance optimization algorithms: CMA-ES and L-SHADE as
they performed well in the test problems or diversified applica-
tions. Both quantitative and qualitative analysis is done in the
result section. The statistical analysis of results using Wilcoxon’s
test and Friedman means rank test shows that the proposed ESMA
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ranked first. And the next five (second to sixth) ranked algorithms
are SMA, EO, HHO, WOA, and DE.

The performance of the ESMA has motivated us to use it as
an optimizer. The reason for the choice is to make the multi-
level image thresholding method, for breast thermogram analysis,
computationally efficient. The problem statement is formed for
the multilevel thresholding technique, to minimize the objec-
tive functions. To experiment, 10 thermogram images in RGB
coordinates are retrieved from the Database for Breast Research
with Infrared Image [40]. Two experiments are performed on
grey and RGB coordinates of thermogram images, to show the
efficiency of the multilevel thresholding using colour coordinates.
The performance of both experiments is compared with the top
rank holder optimizers in our study. The quantitative results of
both experiments are compared in terms of peak signal to noise
ratio (PSNR) [41], the structure similarity (SSIM) [42], and the
feature similarity (FSIM) [43]. It is observed that the multilevel
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Table 11
A comparison of the average value of PSNR obtained for test image using ESMA, SMA, EO, HHO, WOA, and CMA-ES.
Test image K ESMA SMA EO HHO WOA CMA-ES
RGB Grey RGB Grey RGB Grey RGB Grey RGB Grey RGB Grey
Test1 2 232856 = 24.2261 22.8930 23.5447 22.6333 23.3350 22.8407 22.8802 22.9046 = 24.2261 23.2331 24.1052
3 24.8761 24.6221 24.4601 24.6509 24.6342 24.6463 24.7153 24.2766  24.5584  24.6467 246286  24.5963
4 274404 256851 27.1808 25.0101 26.8695 25.0646 26.4242 25.0518 27.2789  25.0681 27.1116  24.7857
5 29.2237 27.5266 28.0661 26.4100 28.2667 27.1085 27.6329 26.4102 28.6148 26.6624  28.3341  26.7459
Test2 2 215603 17.9833 214308 182526 21.8513 18.5958 21.2686 | 22.2940 21.1819 17.5116 21.9069  17.6445
3 227459 243127  22.6287 23.7160 22.8801 24.4282 225494 23.6189 23.2096 23.8358 22.5604 = 24.3689
4 248828 245539 24.8485 24.0017 245962 23.9234 24.8427 24.2459 24.6820 24.5977 24.4832  24.5002
5 26.8817 25.7843  26.2864 25.6745 26.2098 25.8259 26.4634 25.8386 27.0003 25.6574 26.5149  25.0269
Test3 2 23.0600 19.8095 227253  20.2393 227208 20.5297 22.7863 21.4278 & 23.0661 19.1138 23.0600 19.1113
3 25.3872 25.0358 24.9004 245812 24.8721 247427 247922  24.6421 25.0281 25.1338  25.0895 24.7495
4 26.8815 28.3684 26.7799  27.3365 26.7772  27.2524 26.1879  26.6625 26.8299 27.4373  26.7752  27.8292
5 28.6434 28.4991 28.1732 27.5080 28.2569 28.0506 27.9164 27.5371 28.6504 28.4373 28.1249 27.7081
Test4 2 22.5445 19.9797 223732 20.0129 22.1482  20.0429 22.2199 20.3999  22.0266 19.9792 = 22.5445 20.0188
3 244428 246113 243263 24.6804 243223 24.8035 242959 247387 241879 243122 247178 | 24.9282
4 264851 257235 257523 257509 26.3523  25.7799  26.3042 25.1243  25.9290 25.7153  26.3589  25.9391
5 27.7357 = 282691 27.4200 27.0513 27.6395 27.5601 27.2169 27.7927  27.8225 27.5484 27.2906  27.4853
Test5 2 23.8515 20.2270 23.8280 20.2167 23.7772  20.2085 229043 21.3366  23.7255 20.2270 | 23.8515 20.2219
3 25.6171 257194  25.0522  25.8270 249031 25.8601 249362 24.9016 25.1668 25.7161 24.9547 & 25.8822
4 27.9285 27.2002 26.7993  26.6625 26.8897 27.0266  26.3281 26,7603  27.3879  26.8529  26.2929  27.0510
5 28.5904 282492 27.8813 27.7162 285282 27.5524 27.7198 264918 28.2625 28.0247 28.1391  28.3377
Test6 2 21.1587 = 22.3496 20.8484 22.3008 20.8383 22.3046 21.2888 22.3264 21.0260 & 22.3496 21.0197 22.3492
3 25.1695 259842 24.0243  25.5210 243336  25.3417 24.8983 24.8310 24.6146  25.9071 244238 = 25.9842
4 26.7138 26.3081 26.1343  25.6654 26.1958 26.0168 25.8824 25.7594  26.3628 26.5081 26.6128  25.9948
5 28.0929 27.9866 27.2813 262375 27.0527 27.2690 27.4639  26.1634  27.3872  27.1062  27.1675  27.4261
Test7 2 21.1763  18.6419 = 21.2486 185799 21.2611 18.5856 21.0304 19.3253 21.1632 18.6419 21.2453 18.6135
3 23.6955 234246 229500 21.6204 23,5764 21.9395 23.3558 22.0091 23.1084 21.9911 23.0647 22.2488
4 252914 = 25.7846  25.0939 252234 25.1724 25.0340 24.6472 249130 25.1396  25.7921  25.2331  25.4347
5 27.6459 @ 27.6612 26.8174 27.4025 27.1346 26.8605 26.6492 26.5856  27.5904 27.6733 27.0156  27.1586
Test8 2 25.2835 21.6188 24.3735 21.6381 25.0676 21.6227 23.2707 22.0478 24.8803 21.6232 25.1366  21.6298
3 26.5163 25.8222 26.0804 25.0887 257059 254611 25.6530 24.9650 26.3592 26.0364 25.9518  26.0739
4 27.5308 27.1904 27.0063 26.8207 27.0869 26.8387 26.3394 26.8741 27.2856 27.0510 27.3092  26.9008
5 28.6593 285394 28.3694 28.7770 284870 28.6538 28.0886  27.8327  28.9028 28.8201 28.4873  28.1393
Test9 2 22.6659  23.0331 227500 215712 225556 22.5406 23.0551 225241 22.8229 22,6691 22.6801 | 23.6351
3 254169 247282 248198 24.6471 245622 24.6326 242458 23.9904 | 25.4482 24.6175 24.8628 24.6294
4 27.2413 255730 26.3862 25.8820 26.7776  25.6956  26.3168  25.4857  26.7887 254061  26.8323  25.4406
5 28.3599 27.6521 27.8975 27.0931 27.6879 26.9816 27.1203 26.7461 28.1915 26.5925 27.7396  27.3049
Test10 2 21.9270 17.9469 218374 17.8857 21.8271 17.8946 21.1357 18.2129 21.7803 17.9469 | 21.9270 17.9314
3 229374 @ 24.7069 232893 244136 23.0637 24.0074 23.3401 234239 229347 247040 23.3184  24.3659
4 259976 = 26.3827 25.4619 255997 25.1368 25.5956 247187 25.3707 25.9436  25.7208 25.7033  25.5975
5 27.1337 = 27.8536 26.4981 265613 26.6767 27.2300 259207 26.1377 27.1703  27.0657 26.4809  27.1620
Friedman mean rank 9.8500 7.8000 6.3750 4.6000 6.4500 5.4250 5.2250 3.9000 8.2250 6.4125 7.4250 6.3125
Rank 1 3 7 11 5 9 10 12 2 6 4 8

thresholding using RGB coordinates, by employing ESMA, yields
better results.
The main contributions of this paper are as follows:

I. An equilibrium slime mould algorithm (ESMA) is proposed
by integrating the equilibrium pool from the equilibrium
optimizer (EO) in the search pattern of the slime mould
algorithm (SMA). The qualitative and quantitative perfor-
mance of the ESMA is evaluated using 53 test problems, in-
cluding 30 test problems from the IEEE CEC 2014 test suite.
The results are compared with state-of-the-art optimizers.

II. An objective function for the multilevel thresholding prob-
lem is investigated, which is based on the minimization of
the entropic dependencies among the different classes in
an image.

IIl. The proposed ESMA is employed to find the optimal thresh-
old values, for multilevel thresholding of the breast ther-
mogram images.

The rest of the paper is organized as follows. In Section 2,
the proposed ESMA is discussed. Mathematical modelling and
its performance analysis are also carried out in this section.
An objective function to minimize the entropic dependencies
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among different classes, as a problem statement of the multilevel
thresholding, is presented in Section 3 for readers. Section 4
presents the performance of the grey and colour thresholding
of thermogram images using entropy minimization based objec-
tive function. The concluding remarks and the future work are
highlighted in Section 5.

2. The proposed equilibrium slime mould algorithm (ESMA)

In this section, a new hybridized optimization algorithm
coined as an equilibrium slime mould algorithm (ESMA) is intro-
duced. The searchability of the slime mould algorithm (SMA) [36]
is enhanced by hybridizing the integrity feature of the equi-
librium pool described in the equilibrium optimizer (EO) [33].
We need to mention here that, the equilibrium pool helps in
exploring the best solutions from the search space. The mathe-
matical foundation of the ESMA and its performance evaluations
are explicitly discussed in the following sub-sections.

2.1. Basic algorithms

In this subsection, we briefly discussed the two key algorithms
SMA and EO, on which our proposed ESMA is coined.
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Table 12
A comparison of the average value of FSIM obtained for test image using ESMA, SMA, EO, HHO, WOA, and CMA-ES.
Test image K ESMA SMA EO HHO WOA CMA-ES
RGB Grey RGB Grey RGB Grey RGB Grey RGB Grey RGB Grey
Test1 2 0.7497 0.6833 0.7399 0.6802 0.7285 0.6804 0.7354 0.6811 0.7429 0.6833 0.7371 0.6815
3 0.7642 0.6997 0.7541 0.7039 0.7547 0.7038 0.7620 0.7031 0.7579 0.6998 0.7606 0.7004
4 0.8263 0.7235 0.8178 0.7143 0.8069 0.7177 0.8136 0.7277 0.8219 0.7098 0.8234 0.7130
5 0.8851 0.7642 0.8491 0.7475 0.8501 0.7620 0.8327 0.7509 0.8661 0.7425 0.8638 0.7382
Test2 2 0.7535 0.7051 0.7537 0.7041 0.7416 0.7082 0.7485 0.7315 0.7412 0.7011 0.7453 0.7029
3 0.7594 0.7521 0.7562 0.7420 0.7541 0.7485 0.7539 0.7374 0.7588 0.7494 0.7609 0.7468
4 0.7718 0.7535 0.7812 0.7421 0.7712 0.7424 0.7932 0.7444 0.7691 0.7546 0.7676 0.7539
5 0.8263 0.7619 0.8138 0.7596 0.8051 0.7577 0.8198 0.7665 0.8192 0.7648 0.8140 0.7648
Test3 2 0.7809 0.6859 0.7702 0.6880 0.7719 0.6916 0.7679 0.6929 0.7793 0.6827 0.7797 0.6827
3 0.8028 0.7306 0.7938 0.7207 0.7950 0.7208 0.7911 0.7214 0.8041 0.7326 0.7989 0.7316
4 0.8360 0.7894 0.8181 0.7685 0.8186 0.7665 0.8245 0.7602 0.8345 0.7727 0.8183 0.7772
5 0.8610 0.7862 0.8458 0.7727 0.8489 0.7801 0.8545 0.7764 0.8581 0.7873 0.8528 0.7900
Test4 2 0.7535 0.7097 0.7506 0.7093 0.7490 0.7101 0.7514 0.7100 0.7484 0.7097 0.7539 0.7097
3 0.7818 0.7463 0.7796 0.7472 0.7791 0.7484 0.7827 0.7458 0.7799 0.7437 0.7808 0.7422
4 0.8248 0.7503 0.8160 0.7537 0.8223 0.7520 0.8200 0.7518 0.8107 0.7516 0.8192 0.7528
5 0.8465 0.7917 0.8388 0.7762 0.8409 0.7802 0.8372 0.7965 0.8446 0.7789 0.8346 0.7831
Test5 2 0.7918 0.7694 0.7940 0.7690 0.7944 0.7684 0.7900 0.7696 0.7923 0.7694 0.7954 0.7694
3 0.8139 0.7858 0.8055 0.7834 0.8030 0.7838 0.8085 0.7809 0.8065 0.7857 0.8013 0.7857
4 0.8433 0.7934 0.8289 0.7871 0.8266 0.7911 0.8249 0.7945 0.8386 0.7903 0.8300 0.7877
5 0.8468 0.8024 0.8449 0.7956 0.8442 0.7940 0.8482 0.7897 0.8457 0.8012 0.8495 0.7979
Test6 2 0.7622 0.7462 0.7624 0.7464 0.7617 0.7458 0.7671 0.7444 0.7624 0.7462 0.7619 0.7462
3 0.8028 0.7759 0.7932 0.7730 0.7918 0.7713 0.8023 0.7702 0.8014 0.7756 0.7980 0.7717
4 0.8175 0.7736 0.8202 0.7688 0.8192 0.7726 0.8173 0.7703 0.8174 0.7743 0.8205 0.7751
5 0.8417 0.7842 0.8368 0.7732 0.8397 0.7821 0.8330 0.7775 0.8386 0.7802 0.8418 0.7801
Test7 2 0.7917 0.7674 0.7912 0.7622 0.7904 0.7626 0.7913 0.7604 0.7914 0.7674 0.7921 0.7672
3 0.7952 0.7867 0.7898 0.7776 0.7963 0.7787 0.8001 0.7764 0.7939 0.7819 0.7934 0.7815
4 0.8131 0.7946 0.8037 0.7906 0.8096 0.7909 0.8152 0.7907 0.8065 0.7957 0.8051 0.7955
5 0.8405 0.8194 0.8322 0.8090 0.8275 0.8020 0.8368 0.8091 0.8404 0.8157 0.8380 0.8127
Test8 2 0.8250 0.7608 0.8083 0.7584 0.8218 0.7579 0.8031 0.7613 0.8187 0.7606 0.8246 0.7607
3 0.8362 0.7901 0.8257 0.7837 0.8262 0.7879 0.8323 0.7805 0.8355 0.7913 0.8267 0.7873
4 0.8544 0.7965 0.8400 0.7922 0.8445 0.7923 0.8381 0.7922 0.8480 0.7958 0.8478 0.7972
5 0.8706 0.8142 0.8617 0.8081 0.8565 0.8089 0.8625 0.8101 0.8690 0.8181 0.8624 0.8152
Test9 2 0.7503 0.7173 0.7498 0.7090 0.7407 0.7152 0.7600 0.7151 0.7541 0.7160 0.7485 0.7182
3 0.7964 0.7399 0.7791 0.7364 0.7763 0.7371 0.7726 0.7315 0.7970 0.7382 0.7824 0.7391
4 0.8261 0.7518 0.8073 0.7535 0.8091 0.7499 0.8065 0.7488 0.8160 0.7449 0.8196 0.7550
5 0.8372 0.7773 0.8296 0.7675 0.8276 0.7693 0.8278 0.7706 0.8371 0.7626 0.8281 0.7753
Test10 2 0.7665 0.7312 0.7640 0.7291 0.7640 0.7296 0.7530 0.7318 0.7642 0.7312 0.7670 0.7312
3 0.7700 0.7641 0.7721 0.7582 0.7708 0.7559 0.7816 0.7525 0.7703 0.7639 0.7708 0.7632
4 0.8202 0.7777 0.8022 0.7686 0.7970 0.7658 0.8070 0.7694 0.8162 0.7746 0.8142 0.7730
5 0.8239 0.7887 0.8159 0.7778 0.8187 0.7871 0.8216 0.7760 0.8289 0.7827 0.8065 0.7901
Friedman mean rank 11.1500 4.7000 8.6000 2.3625 8.4000 3.0500 9.2250 3.0125 9.9125 3.8625 9.7125 4.0125
Rank 1 7 5 12 6 10 4 11 2 9 3 8

2.1.1. Slime mould algorithm

2.1.2. Equilibrium optimizer

The slime mould algorithm (SMA) [36] is based on the be-
haviour and morphological variations of the slime mould
Physarum polycephalum during foraging. The slime mould ap-
proaches the food according to the odour in the air, which
imitates the contraction mode. The slime mould used a biological
oscillator which depends on the concentration of food, which
means higher food concentration (fitness) leads to stronger waves
generated by bio-oscillator and faster the cytoplasm flows. The
bio-oscillator simulates the positive and negative feedback among
vein width, food concentration, and slime mould. Based on the
oscillation behaviour and way of approaching the foods during
foraging by slime mould is mathematically modelled as SMA
in [36]. Slime mould does not have any brain or neurons. Still,
it is very intelligent and capable to solve many computationally
difficult problems. It possesses a dynamic structure that helps
to maintain a more stable balance between the global and local
exploration drifts. Most importantly, it can optimize the form of
its network extracting more and more pieces of information. The
SMA has shown remarkable performance on benchmark function
optimization. It is used to solve various real-world optimization
tasks in engineering and industry better than its counterparts.
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The equilibrium optimizer (EO) [33] is mathematically mod-
elled by taking inspiration from dynamic mass balance models
in a control volume to estimate both dynamic and equilibrium
states. Each particle in EO acts as a search agent that randomly
updates its positions to best-so-far solutions known as the equi-
librium candidates. The equilibrium candidate is a particle ran-
domly chosen from the equilibrium pool, which contains the best
four-particle concentration along with the average concentration
among them. The EO uses the generation rate to a trade-off
between exploration and exploitation to avoid the local minima.
So, each particle uses the updating rule composed of the current
positions, equilibrium candidate positions, generation rate along
memory saving mechanism to reach the equilibrium states (op-
timal solutions) in the EO [33]. It contains special features like
— high exploration and high exploitation. It is self-sufficient to
randomly change the solutions. It can update its concentrations
randomly to retrieve the best fit solution candidates. An inbuilt
mechanism (generation rate) helps it to reinforce its exploration
ability in the initial search and exploitation capability in the final
search. The EO has shown quite impressive results on the bench-
mark function optimization when compared with the state-of-art
algorithms.
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Table 13
A comparison of the average value of SSIM obtained for test image using ESMA, SMA, EO, HHO, WOA, and CMA-ES.
Test image K ESMA SMA EO HHO WOA CMA-ES
RGB Grey RGB Grey RGB Grey RGB Grey RGB Grey RGB Grey
Test1 2 0.9758 0.7245 0.9724 0.7108 0.9728 0.7085 0.9716 0.7025 0.9724 0.7245 0.9723 0.7129
3 0.9839 0.7365 0.9822 0.7403 0.9831 0.7399 0.9825 0.7331 0.9828 0.7371 0.9832 0.7374
4 0.9905 0.7588 0.9900 0.7462 0.9894 0.7474 0.9877 0.7508 0.9902 0.7453 0.9900 0.7498
5 0.9931 0.7965 0.9914 0.7747 0.9919 0.7891 0.9907 0.7803 0.9923 0.7757 0.9921 0.7720
Test2 2 0.9673 0.6814 0.9650 0.6815 0.9651 0.6889 0.9589 0.7359 0.9637 0.6738 0.9650 0.6771
3 0.9729 0.7658 0.9715 0.7580 0.9724 0.7667 0.9717 0.7507 0.9748 0.7609 0.9764 0.7563
4 0.9838 0.7683 0.9836 0.7596 0.9826 0.7601 0.9832 0.7621 0.9831 0.7693 0.9832 0.7687
5 0.9892 0.7769 0.9881 0.7762 0.9877 0.7714 0.9872 0.7820 0.9894 0.7802 0.9881 0.7792
Test3 2 0.9701 0.6605 0.9684 0.6656 0.9679 0.6712 0.9692 0.6857 0.9709 0.6490 0.9722 0.6490
3 0.9828 0.7540 0.9810 0.7403 0.9809 0.7426 0.9810 0.7411 0.9812 0.7564 0.9804 0.7552
4 0.9881 0.8147 0.9877 0.7902 0.9878 0.7877 0.9853 0.7801 0.9879 0.7968 0.9876 0.8013
5 0.9919 0.8075 0.9910 0.7917 0.9912 0.7995 0.9904 0.7946 0.9917 0.8090 0.9914 0.8121
Test4 2 0.9613 0.6746 0.9608 0.6742 0.9566 0.6755 0.9554 0.6795 0.9538 0.6746 0.9647 0.6746
3 0.9713 0.7606 0.9715 0.7626 0.9716 0.7662 0.9727 0.7633 0.9699 0.7552 0.9734 0.7522
4 0.9831 0.7874 0.9777 0.7892 0.9820 0.7876 0.9805 0.7740 0.9783 0.7859 0.9815 0.7881
5 0.9857 0.8308 0.9858 0.8090 0.9848 0.8158 0.9856 0.8243 0.9857 0.8179 0.9846 0.8228
Test5 2 0.9769 0.7723 0.9773 0.7719 0.9769 0.7710 0.9673 0.7756 0.9770 0.7723 0.9779 0.7723
3 0.9848 0.8093 0.9830 0.8094 0.9828 0.8120 0.9822 0.8051 0.9842 0.8091 0.9823 0.8101
4 0.9905 0.8243 0.9885 0.8157 0.9888 0.8218 0.9857 0.8222 0.9896 0.8227 0.9877 0.8173
5 0.9922 0.8352 0.9907 0.8255 0.9921 0.8249 0.9904 0.8171 0.9915 0.8314 0.9919 0.8317
Test6 2 0.9453 0.7501 0.9414 0.7495 0.9413 0.7484 0.9447 0.7468 0.9436 0.7501 0.9452 0.7501
3 0.9699 0.7915 0.9666 0.7856 0.9687 0.7834 0.9723 0.7803 0.9684 0.7914 0.9702 0.7855
4 0.9789 0.7943 0.9759 0.7842 0.9760 0.7909 0.9745 0.7869 0.9775 0.7953 0.9775 0.7951
5 0.9832 0.8081 0.9802 0.7929 0.9795 0.8031 0.9822 0.7930 0.9809 0.8027 0.9808 0.8010
Test7 2 0.9419 0.7777 0.9454 0.7709 0.9452 0.7715 0.9411 0.7691 0.9418 0.7777 0.9429 0.7774
3 0.9796 0.8105 0.9758 0.8032 0.9793 0.8042 0.9752 0.8053 0.9775 0.8075 0.9795 0.8075
4 0.9855 0.8381 0.9846 0.8338 0.9855 0.8342 0.9830 0.8245 0.9853 0.8380 0.9846 0.8384
5 0.9912 0.8581 0.9893 0.8473 0.9900 0.8412 0.9865 0.8426 0.9906 0.8568 0.9893 0.8525
Test8 2 0.9739 0.7611 0.9719 0.7587 0.9728 0.7582 0.9650 0.7648 0.9731 0.7609 0.9738 0.7610
3 0.9834 0.8089 0.9819 0.7988 0.9802 0.8045 0.9778 0.7970 0.9827 0.8105 0.9815 0.8047
4 0.9864 0.8270 0.9852 0.8214 0.9853 0.8199 0.9813 0.8188 0.9862 0.8260 0.9862 0.8264
5 0.9897 0.8427 0.9886 0.8393 0.9894 0.8384 0.9872 0.8341 0.9900 0.8464 0.9900 0.8430
Test9 2 0.9654 0.7308 0.9660 0.7090 0.9652 0.7240 0.9659 0.7239 0.9656 0.7261 0.9657 0.7333
3 0.9802 0.7623 0.9788 0.7569 0.9777 0.7572 0.9746 0.7470 0.9801 0.7590 0.9782 0.7600
4 0.9866 0.7765 0.9842 0.7798 0.9857 0.7765 0.9837 0.7724 0.9855 0.7732 0.9859 0.7797
5 0.9904 0.8069 0.9892 0.7933 0.9881 0.7943 0.9863 0.7944 0.9898 0.7899 0.9891 0.8032
Test10 2 0.9690 0.7266 0.9680 0.7233 0.9680 0.7237 0.9561 0.7273 0.9667 0.7266 0.9690 0.7266
3 0.9716 0.7839 0.9759 0.7800 0.9711 0.7777 0.9718 0.7728 0.9721 0.7839 0.9740 0.7837
4 0.9847 0.8016 0.9827 0.7919 0.9810 0.7882 0.9792 0.7904 0.9836 0.7993 0.9839 0.7973
5 0.9885 0.8167 0.9866 0.8029 0.9861 0.8115 0.9848 0.7945 0.9880 0.8085 0.9840 0.8171
Friedman mean rank 11.2250 4.7500 9.1000 2.5250 8.9875 3.0375 7.9250 2.6750 9.8625 3.9125 9.9000 4.1000
Rank 1 7 4 12 5 10 6 11 3 9 2 8

2.2. Mathematical foundation of ESMA

The foraging behaviour of the slime mould provides us with
a rich source of inspiration for the development of efficient opti-
mization techniques. The mathematical modelling of the foraging
strategy is precisely explained below.

The slime mould uses the odour in the air to reach the food.
Let us assume that there are N slime rpould whose position vector

is described as X = [)?1,)22, e

,XN] . The initial position vector
of ith slime mould is initialized randomly as follows:
)?i(t=1)=r1~(UB—LB)+LB, i=1,2,...,N. (1)

The UB and LB are the upper and lower boundary of search space,
t is the current iteration.

The position of ith slime mould X; j = 1, 2, ..., N) at the new
iteration (t + 1) is modelled in SMA [36] as:

ri - (UB — LB) + LB
3 —
XGbest + Stepa
: (W Xy — )?B)

stepy - X; (t)

n<z

Xi(t+1) = 2)

rp<pi(t)andr >z

rn>pit)andry >z

13

The r; and r, are random values in [0, 1]. The ):(cbesr is_the global
best fitness value among iteration 1 to t. The X4 and X3 are two
randomly selected individuals for N slime mould at iteration t.
The z is the probability used to eliminate and disperse the slime
mould which is fixed at 0.03 in [36].

The W represents the weighting factor of slime mould at iter-
ation t, which is calculated from the local fitness value. Let us sort
the fitness values in ascending order (minimization problem):

[sortf, sortindex] = sort (f), wheref = {f1,f2,....fn}. (3)

Then, W is formulated as

W (sortindex (j
Gortindex @) ¢ sortf ()

N
1+r-log< +1> 1<j<—-
’ beest _fLwors[ 2 (4)
= — sortf (j N
1—r3.log<fL7bm f(])—i—l) 5<j§N,

bees[ - fLwors[

where r; is a random number in the range [0, 1]. The fipess and
fiworse are the local best and the worst fitness in the current
iterations which are determined as:

beest = SOl‘ff(l), (5)
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Table 14
Optimal threshold values of grey component for test image using ESMA,

SMA, EO, HHO, WOA, and CMA-ES.

Applied Soft Computing 113 (2021) 107955

Image K Optimal threshold values
ESMA SMA EO HHO WOA CMA-ES
Testl 2 63, 149 89, 147 92, 149 92, 147 92, 149 92, 136
3 77, 134, 201 83, 139, 196 63, 149, 196 89, 140, 199 63, 149, 196 84, 149, 196
4 68, 108, 151,201 81, 129, 182, 199 92, 107, 155, 201 63, 120, 169, 199 84, 127, 179, 201 92, 107, 155, 201
5 22,64, 118, 155, 196 42, 85, 115, 156, 206 24, 83, 107, 151, 196 28, 78, 108, 152, 196 63, 92, 107, 154, 196 42, 89, 107, 151, 201
Test2 2 77,147 84, 148 86, 148 86, 148 86, 206 86, 206
3 77, 146, 206 69, 148, 206 77, 148, 206 75, 147, 216 77, 148, 206 86, 148, 206
4 90, 107, 145, 220 38, 94, 146, 206 54, 86, 148, 206 42,77, 144, 199 54, 89, 148, 206 54, 89, 148, 206
5 53,86, 126, 155,215 11, 53, 120, 168, 204 11, 86, 123, 166, 206 52, 90, 112, 150, 206 54, 86, 126, 177, 215 11, 86, 123, 166, 206
Test3 2 91,130 92, 199 92, 130 88, 134 92, 199 92, 199
3 88,134, 199 75, 125, 201 87, 130, 199 82, 139, 199 87, 130, 199 91, 130, 199
4 85,125, 161, 214 93, 122, 161,199 87, 125, 154, 199 92, 124, 153, 203 92, 125, 159, 199 87, 125, 157, 199
5 78,105, 137, 157,205 94, 111, 125, 157, 199 87, 117, 152, 181,209 91, 118, 152, 184, 205 93, 124, 152, 181, 199 88, 125, 152, 183, 214
Test4 2 86, 152 74, 197 86, 205 82, 197 91, 205 91, 205
3 62, 125, 205 77, 136, 199 80, 136, 205 67, 136, 197 80, 152, 205 74, 152, 205
4 82,125, 165, 198 92, 125, 168, 198 80, 126, 182, 205 81, 126, 181, 198 26, 74, 152, 205 64, 126, 182, 205
5 26,80, 122, 152,205 28, 76, 122, 165,220 26, 64, 110, 152, 204 28, 58, 113, 150, 205 26, 79, 125, 152, 205 26, 86, 128, 182, 205
Test5 2 88,128 90, 197 84, 197 93, 195 84, 197 84, 197
3 90, 139, 197 84, 144, 197 84, 128, 197 77, 138, 197 80, 128, 197 80, 128, 197
4 70, 122, 152, 206 90, 111, 150, 204 84, 110, 153, 197 94, 119, 151, 197 84, 110, 153, 197 84, 128, 180, 197
5 69, 120, 148, 184, 204 86, 119, 153, 177, 203 84, 120, 153, 182, 197 67, 107, 150, 179, 206 32, 87, 120, 153, 197 80, 110, 151, 182, 206
Test6 2 86, 153 83, 178 86, 178 81, 178 86, 178 86, 178
3 86,129, 178 88, 131, 181 81, 128, 178 81, 133, 179 74, 128, 178 74, 128, 178
4 83,126, 153, 178 77, 126, 151, 200 28, 74, 128, 178 75, 126, 151, 196 86, 111, 151, 199 67, 111, 153, 199
5 29,63, 127, 161, 199 28, 62, 110, 150, 179 28, 74, 111, 153, 199 28, 72, 114, 153, 195 28, 81, 128, 178, 235 28, 67, 111, 151, 199
Test7 2 91,151 91, 198 91, 198 91, 198 91, 198 91. 198
3 27,76, 151 28, 83, 198 80, 151, 198 81, 149, 198 79, 151, 198 79, 151, 198
4 25,91, 121, 151 27, 80, 146, 205 28, 80, 151, 198 25, 76, 149, 207 28,80, 151, 198 28, 85, 151, 198
5 22,84,117, 159,201 28,72, 109, 152,216 28,79, 110, 151, 198 27, 79, 132, 168, 198 28, 79, 110, 151, 198 28, 71, 107, 151, 198
Tests 2 88, 127 69, 199 88, 201 75,199 76, 201 76, 201
3 54,127, 182 75, 126, 201 76, 127, 201 53, 126, 182 69, 127, 201 76, 127, 201
4 26,92, 127, 160 26, 94, 128, 178 87, 127, 152, 201 26, 76, 124, 180 26, 69, 127, 201 76, 127, 152, 201
5 27,91, 128, 161, 197 28, 93, 125, 167, 201 26, 88, 112, 152, 201 22, 76, 120, 152, 199 26, 68, 127, 155, 201 26, 75, 112, 152, 201
Test9 2 73, 150 79, 151 91, 153 79, 150 78, 153 78, 153
3 73,136, 200 93, 130, 197 78, 130, 200 79, 133, 204 78, 130, 200 73, 130, 200
4 88,121, 153, 198 89, 128, 165, 204 73, 105, 153, 200 61, 131, 164, 199 68, 130, 164, 200 63, 89, 130, 198
5 23,72, 124, 153,200 21, 77, 125, 164, 193 23, 78, 130, 164, 200 22, 79, 128, 161, 201 23, 78, 130, 164, 204 25, 73, 130, 164, 200
Testl0 2 93, 150 85, 200 77, 198 87, 198 77, 198 77, 198
3 71,143,198 68, 154, 198 74, 150, 198 72, 150, 197 71, 150, 198 73, 150, 198
4 66, 122, 164, 203 84, 122,165, 212 65, 122, 165, 198 27, 74, 152, 198 71, 122, 165, 198 77, 122, 165, 198
5 64, 119, 152, 179, 203 23, 61, 129, 166, 209 27, 81, 127, 165, 198 25, 84, 126, 164, 198 27, 74, 122, 165, 198 27, 74, 122, 166, 198
and Although the SMA has shown promising results as discussed

fLwors[ = SOTlf(N). (6)

The p; is the probability to decide the ith slime mould trajectory
with the help of other slime moulds; and the highest concen-
trated slime mould when r, < p;(t) or just navigate itself to
reach the higher-order concentration when r, > p; (t). Then the
p; is formulated as:

pi = tanh [f (X;) — fobest| » (7)

where i = 1,2,...,N, f (X;) represents the fitness value of ith
slime mould in positions X; and fgpes is the global best fitness
value from the initial iteration (t = 1) to current iteration (t).

The step, is a step size that depends on uniform distribution
within the range [—a, a] and St_EI))b is a step size that depends on
uniform distribution within the range [—b, b]. The a and b depend
on the current iteration t and the maximum iteration T, which are
modelled as:

a = arctanh (— (E) + 1) , (8)
T
and
t

14

in [36], there is a scope of improvement in the search process
which is evident in Eq. (2). Note that the slime mould trajector
can b_e) modified with the help of the random slime mould. As X,
and X are two randomly selected individuals for N slime mould,
the optimization may fall in the local minima, which limits the
search process. So, we have coined_)the equilibrium slime mould
algorithm (ESMA), that replaces X4 by a position vector from
an equilibrium pool, which consists of four best-so-far position
vectors and considers the average position of them, taking in-
spiration from the equilibrium optimizer (EO) [33]. Interestingly,
this replacement makes the algorithm efficient enough to explore
better. It can achieve optimal solutions.

Let us define the individual elements of the equilibrium pool
as:

-

Xeg1y = X (sortindex (1))
)?eq(z) = X (sortIndex (2))

-

Xeq2) = X (sortIndex (2))

)?eq(3) = X (sortIndex (3))
_ Xeq1) + Xeq2) + Xeq(3) + Xeqa
B 4

(10)

-
XGUE
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Table 15

Optimal threshold values of RGB components for test image using ESMA, SMA, EO, HHO, WOA, and CMA-ES.
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Image K  Optimal threshold values
Test1 ESMA SMA
R G B R G B
2 40,133 83, 171 30, 83 52, 177 84, 171 81, 155
3 55,136, 174 66, 126, 177 39, 81, 137 40, 133, 174 20, 50, 129 31, 79, 149
4 27,113,177, 212 20, 49, 105, 175 31, 75, 106, 150 34, 108, 151, 212 21, 46, 94, 177 37, 84,121, 160
5 15,72, 119, 176, 213 20, 47, 78, 123, 177 30, 52, 84, 116, 161 38, 100, 133, 161, 210 16, 45, 95, 149, 190 27, 53, 85, 122, 157
EO HHO
R G B R G B
2 40,177 78, 171 83, 161 40, 176 78, 171 84,155
3 40, 119, 212 20, 78, 171 30, 83, 155 18, 100, 170 20, 68, 143 31, 79, 150
4 19, 80, 147, 213 20, 66, 117, 177 30, 83, 116, 161 19, 79, 170, 221 47, 89, 123, 180 20, 83, 114, 169
5 34,72, 129, 169, 235 16, 35, 66, 130, 185 30, 55, 82, 118, 155 23, 57, 100, 119, 200 43, 84, 126, 187, 217 34, 52, 91, 130, 161
WOA CMA-ES
R G B R G B
2 40, 177 66, 171 83, 161 40, 177 78, 171 83, 161
3 40, 100, 177 66, 111, 177 30, 83, 155 19, 119, 213 47, 123, 185 30, 83, 161
4 40, 100, 154, 213 20, 47, 111, 171 30, 83, 122, 161 19, 67, 136, 212 20, 47, 111, 171 30, 83, 116, 161
5 16, 40, 119, 176, 213 20, 44, 80, 123, 185 30, 52, 83, 121, 161 23,71, 119, 170, 213 20, 46, 83, 123, 177 14, 52, 83, 122, 161
Test2 ESMA SMA
R G B R G B
2 99 211 87, 185 73, 153 103, 200 117, 185 73, 149
3 37,95, 211 3, 99, 185 33, 76, 151 48, 94, 205 3, 100, 182 34, 103, 153
4 16, 69, 95, 203 63, 128, 187, 220 37, 75, 121, 167 17, 64, 100, 201 3, 61, 123, 149 46, 79, 123, 149
5 21,101, 156, 187, 216 14, 67, 118, 192, 220 29, 51, 77, 111, 179 73, 99, 144, 204, 240 3, 48, 95, 164, 222 32, 87, 125, 144, 192
EO HHO
R G B R G B
2 91, 211 99, 185 76, 151 62, 211 119, 185 76, 153
3 37, 95, 211 3,99, 185 33, 76, 151 37, 91, 214 3, 99, 185 26, 83, 149
4 17,69, 95, 211 3, 45, 119, 185 33, 76, 128, 153 23, 93, 156 14, 66, 107, 185 27, 83, 127, 151
5 17,53, 95, 156, 211 3, 63, 122, 185, 220 13, 49, 76, 128, 153 48, 103, 170, 206, 238 19, 59, 110, 181, 225 24, 88, 129, 155, 198
WOA CMA-ES
R G B R G B
2 37, 211 99, 185 76, 151 91, 211 99, 185 76, 151
3 26, 95, 206 3,92, 184 22, 81, 156 37, 95, 211 3,99, 185 33, 76, 151
4 37,95, 140, 211 14, 105, 185, 220 33,76, 128, 179 37, 69, 156, 221 3, 85, 171, 220 27, 74, 128, 157
5 30, 99, 156, 204, 238 3, 45, 115, 177, 220 33, 77, 123, 153, 179 17, 53, 92, 180, 234 20, 67, 118, 169, 222 30, 84, 121, 151, 179
Test3 ESMA SMA
R G B R G B
2 69, 179 74, 145 82, 178 79, 207 76, 150 82, 178
3 30, 96, 194 67, 122, 177 51, 102, 193 29, 107, 172 55, 118, 179 52, 104, 193
4 31, 130, 179, 220 36, 72, 133, 182 49, 84, 131, 187 29, 84, 112, 191 47, 89, 131, 179 30, 81, 123, 174
5 47,91, 130, 181, 205 43, 75, 107, 145, 173 37, 78, 101, 141, 187 30, 64, 108, 183, 226 44, 76, 110, 142, 180 32, 80, 120, 161, 199
EO HHO
R G B R G B
2 69, 140 78, 145 82, 181 78, 159 74, 146 82, 183
3 47,128, 183 70, 118, 178 46, 102, 181 47, 96, 179 76, 143, 204 49, 101, 178
4 30, 69, 138, 205 43, 78, 118, 177 32, 82, 142, 187 30, 91, 138, 201 41, 78, 118, 179 50, 106, 140, 193
5 30, 79, 140, 159, 205 35, 78, 118, 177, 224 32,77, 102, 142, 183 13, 47, 138, 187, 225 46, 79, 107, 153, 224 41, 76, 121, 158, 193
WOA CMA-ES
R G B R G B
2 69, 140 78, 145 82, 181 69, 183 78, 145 82, 183
3 56, 107, 205 74, 118, 178 46, 102, 187 30, 79, 150 70, 122, 177 52, 102, 181
4 47, 84, 140, 205 43, 78, 118, 177 32, 84, 142, 187 16, 79, 146, 187 70, 110, 138, 178 37, 85, 122, 174
5 16, 56, 107, 173, 225 46, 78, 131, 178, 224 46, 82, 117, 142, 193 42, 96, 128, 158, 216 34, 75, 103, 145, 178 48, 83, 105, 141, 183

The equilibrium pool ieq,pool is constructed using

position vectors.

Xeq,pool = [Xeq(l) ) Xeq(Z)a Xeq(3) s Xeq(4)7 Xave}

these five-

(continued on next page)

The position vector of ith slime mould X; j = 1, 2, ..., N) at the

new iteration (t 4+ 1) is modelled in ESMA as:

(11)

15

ii(t+1):r1-(UB—LB)+LB, whenr; <z

(12a)
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Table 15 (continued).
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Image K  Optimal threshold values
Test4 ESMA SMA
R G B R G B
2 83,19 20, 105 83, 176 67, 218 20, 106 81, 176
3 58,94, 173 55, 112, 178 51, 103, 153 39, 137, 201 20, 65, 184 50, 104, 160
4 40, 104, 135, 170 16, 51, 111, 184 31, 73, 100, 183 29, 107, 135, 195 19, 50, 124, 184 52, 108, 153, 191
5 51, 82, 132, 167, 219 17, 53, 122, 173, 216 47, 73, 103, 140, 188 34, 67, 132, 200, 228 2,51, 87, 148, 184 29, 78, 105, 147, 181
EO HHO
R G B R G B
2 82,173 20, 112 83, 176 67, 192 2, 112 83, 153
3 12,82, 173 20, 74, 178 48, 103, 176 47, 135, 218 20, 66, 177 51, 100, 187
4 17, 83, 135, 192 20, 70, 121, 184 48, 103, 153, 187 13, 99, 132, 181 20, 65, 112, 181 44, 81, 104, 183
5 12,99, 135, 173, 218 20, 70, 121, 178, 218 34, 81, 105, 153, 187 39, 99, 137, 17, 225 21, 46, 74, 124, 218 42, 68, 106, 143, 187
WOA CMA-ES
R G B R G B
2 67,173 2, 112 83, 176 67, 173 20, 106 83, 176
3 39,76, 173 20, 74, 178 48, 103, 176 53, 135, 192 21, 75, 185 40, 103, 183
4 39, 83, 137, 218 20, 70, 121, 184 48, 103, 153, 187 47, 83, 135, 192 20, 64, 125, 181 51, 98, 153, 190
5 12,104, 137, 173, 201 20, 70, 128, 184, 218 40, 73, 104, 153, 187 19, 67, 83, 169, 224 52, 82, 105, 141, 194 52, 82, 105, 141, 194
Test5 ESMA SMA
R G B R G B
2 41, 169 93, 172 80, 185 41, 168 83, 177 86, 192
3 44, 114, 184 76, 127, 181 54, 106, 197 41, 85, 161 72, 125, 181 51, 108, 197
4 41, 87, 168, 217 47,77, 121, 177 45, 84, 137, 192 41, 126, 151, 200 44, 70, 118, 177 34, 98, 136, 185
5 26, 68, 95, 161, 200 47,78, 117, 151, 179 46, 85, 120, 163, 192 41, 65, 98, 159, 203 45, 74, 121, 171, 216 16, 50, 99, 136, 192
EO HHO
R G B R G B
2 41,178 76, 177 84, 197 44, 178 89, 177 95, 197
3 44, 105, 200 69, 127, 177 51, 104, 197 18, 87, 172 81, 121, 172 60, 104, 192
4 15, 109, 161, 200 67, 109, 171, 218 49, 89, 134, 199 54, 87, 114, 197 86, 146, 177, 218 42, 85, 122, 197
5 32,80, 122, 172, 217 47, 76, 125, 180, 212 47, 81, 114, 160, 197 55, 105, 142, 196, 217 63, 98, 123, 180, 218 48, 83, 116, 136, 186
WOA CMA-ES
R G B R G B
2 41,178 76, 177 84, 197 44, 178 93, 177 85, 197
3 41,95, 200 69, 127, 177 51, 114, 197 33, 121, 200 89, 173, 212 47, 117, 197
4 18, 44, 95, 200 47, 76, 121, 177 45, 84, 137, 197 30, 95, 126, 189 64, 125, 163, 212 44, 81, 129, 197
5 23,65, 99, 168, 221 10, 47, 76, 121, 177 45, 81, 104, 137, 197 22, 99, 117, 168, 200 41, 75, 129, 172, 214 53, 90, 132, 160, 199
Test6 ESMA SMA
R G B R G B
2 34,171 2, 149 75, 145 26, 182 2, 149 82, 141
322,127,227 2,72, 152 73, 116, 150 47, 98, 169 2, 80, 153 11, 103, 153
4 34, 98, 149, 227 2,71, 102, 181 50, 81, 115, 155 39, 127, 147, 189 2,70, 107, 179 11, 50, 106, 158
5 55,111, 127, 148, 196 2, 35, 74, 112, 174 11, 73, 103, 125, 159 19, 73, 127, 153, 216 2, 36, 76, 124, 179 34, 73, 108, 154, 197
EO HHO
R G B R G B
2 49,182 2, 149 75, 156 49, 144 80, 153 82, 156
3 49, 127, 201 2, 76, 149 75, 116, 156 49, 148, 189 54, 108, 149 31, 82, 141
4 24, 98, 148, 202 2, 69, 108, 174 31, 82, 116, 156 42, 106, 131, 183 52, 108, 153, 175 27, 56, 115, 150
5 26, 100, 148, 171, 202 2, 36, 69, 108, 174 56, 83, 116, 156, 196 42, 89, 149, 171, 223 30, 80, 110, 147, 184 68, 115, 143, 165, 197
WOA CMA-ES
R G B R G B
2 49, 182 2, 149 75, 156 49, 182 2, 149 82, 156
3 29, 100, 182 2, 76, 149 75, 116, 156 46, 99, 171 2, 74, 153 11, 106, 155
4 19, 49, 100, 182 2, 69, 108, 174 23, 75, 116, 156 29, 98, 131, 192 2, 64, 114, 185 31, 73, 115, 153
5 19, 100, 144, 171, 227 2, 36, 69, 108,174 31, 75, 115, 156, 196 29, 100, 144, 176, 230 2, 71, 105, 150, 184 11, 67, 107, 143, 165

- - — - - -
Xi (6 + 1) = Xapest + 5ty - (W - Reg — X3 )

whenr, < p; (t) andry >z

Xi(t +1) = stepy - X (t), whenr, >p;()and 1y >z

(continued on next page)

exploration-exploitation behaviour of the ESMA with the help of
the weighting factor W and random slime mould X form the

search space. The 'z’ helps in exploration to ensure ESMA from
the beginning to end of the search process for escaping the local

minima, which is experimentally determined and set as 0.03.

Note that )?eq is a random position vector from the equilibrium

pool,

which helps in a

better

trade-off

between

16

It is noteworthy to mention here that the ESMA updates the
position vector in the next iteration with the help of the global
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Table 15 (continued).

Applied Soft Computing 113 (2021) 107955

Image K  Optimal threshold values
Test7 ESMA SMA
R G B R G B
2 68, 159 21, 119 75, 179 19, 159 21, 121 73, 179
3 40, 102, 210 21, 78, 146 36, 106, 164 40, 125, 201 21, 85, 179 52, 105, 179
4 68, 95, 161, 236 16, 57, 119, 170 33, 96, 164, 195 19, 65, 153, 224 18, 71, 129, 184 75, 115, 143, 186
5 40, 81, 129, 201, 238 18, 66, 118, 179, 222 7, 33, 73, 105, 179 19, 30, 101, 168, 230 18, 35, 77, 121, 185 37, 75, 94, 146, 175
EO HHO
R G B R G B
2 65, 201 21, 118 105, 179 65, 201 21, 121 103, 166
3 40, 112, 201 21, 114, 179 52, 105, 179 40, 129, 228 21, 83, 178 52, 101, 166
4 19, 81, 143, 201 21, 66, 118, 179 33, 73, 105, 179 45, 95, 168, 200 20, 37, 103, 146 29, 75, 107, 168
5 15, 65, 95, 159, 228 18, 66, 118, 179, 222 35, 73, 105, 158, 197 11, 30, 75, 138, 238 37,77, 97, 123, 179 33, 73, 115, 144, 158
WOA CMA-ES
R G B R G B
2 40, 201 21, 118 105, 179 68, 201 21, 114 105, 179
3 40, 112, 201 21, 114, 179 33, 105, 179 33, 113, 201 18, 100, 179 73, 116, 173
4 19, 65, 159, 201 21, 66, 118, 179 52, 105, 152, 195 19, 48, 156, 200 16, 69, 124, 178 32,75, 112, 181
5 15, 55, 112, 148, 236 18, 77, 127, 180, 222 27, 73, 107, 142, 179 29, 65, 95, 137, 237 21, 36, 71, 117, 179 46, 79, 113, 150, 200
Test8 ESMA SMA
R G B R G B
2 51, 175 69, 152 82, 152 51, 157 71, 149 84, 155
3 51, 100, 206 21, 75, 155 46, 103, 152 36, 143, 220 20, 84, 152 48, 102, 155
4 55,94, 170, 224 19, 59, 106, 155 47, 84, 121, 169 11, 100, 144, 211 17, 72, 124, 189 52, 84, 123, 173
5 21, 51, 100, 138, 226 18, 34, 71, 113, 154 21, 51, 83, 119, 155 38, 95, 138, 166, 212 19, 53, 70, 109, 190 47, 82, 118, 155, 182
EO HHO
R G B R G B
2 51,193 71, 154 83, 155 28, 193 75, 154 83, 152
3 40, 100, 193 20, 71, 154 83, 119, 155 16, 112, 193 21, 72, 167 83, 152, 196
4 30, 100, 157, 220 20, 71, 113, 154 46, 83, 119, 155 9, 51, 138, 190 18, 75, 110, 185 46, 84, 117, 153
5 16, 51, 112, 175, 224 20, 34, 71, 121, 185 46, 83, 121, 155, 187 16, 60, 85, 180, 220 18, 41, 72, 113, 167 27, 82, 123, 138, 187
WOA CMA-ES
R G B R G B
2 51, 157 71, 154 83, 155 51, 157 71, 154 83, 152
3 47,100, 193 20, 71, 154 46, 83, 155 21, 105, 193 21, 75, 150 50, 83, 148
4 55,100, 157, 193 20, 71, 113, 167 25, 83, 119, 155 51, 112, 157, 209 21, 74, 152, 196 49, 83, 121, 196
5 17, 64, 119, 159, 193 21, 66, 116, 162, 193 46, 84, 117, 150, 190 33, 68, 100, 138, 214 22, 61, 117, 147, 196 53, 84, 107, 142, 178
Test9 ESMA SMA
R G B R G B
2 41,216 72, 148 84, 154 41, 220 72, 148 84, 152
3 54, 124, 207 18, 69, 148 53, 101, 158 26, 151, 217 18, 76, 145 44, 82, 162
4 32, 117, 153, 220 21, 70, 131, 181 40, 82, 121, 162 53, 107, 136, 217 18, 67, 114, 171 49, 73, 127, 173
5 13, 80, 134,182, 226 18, 68, 102, 147, 188 46, 77, 106, 130, 170 11, 76, 137, 179, 216 13, 59, 117, 181, 207 45, 74, 103, 134, 173
EO HHO
R G B R G B
2 41,185 72, 148 84, 165 82, 134 72, 148 84, 150
3 41, 120, 220 20, 72, 148 74, 127, 165 47, 120, 213 18, 76, 147 36, 82, 150
4 29,105, 151, 217 20, 72, 121, 178 36, 81, 127, 165 22, 82, 134, 182 34, 76, 121, 178 50, 73, 103, 165
5 33,64, 120, 153, 217 20, 72, 111, 148, 183 36, 74, 103, 150, 186 34, 68, 99, 147, 202 20, 69, 115, 173, 221 35, 81, 129, 156, 181
WOA CMA-ES
R G B R G B
2 64,185 72, 148 84, 165 48, 185 72, 148 83, 165
3 41,107, 185 20, 72, 148 74, 127, 165 41, 137, 196 21, 64, 148 36, 81, 142
4 33,99, 153, 207 20, 77, 121, 178 36, 81, 117, 165 41, 82, 117, 190 21, 57, 112, 180 48, 84, 131, 171
5 20, 68, 107, 162, 220 20, 69, 121, 169, 213 39, 74, 101, 142, 186 41, 82, 136, 164, 206 20, 77, 111, 143, 182 48, 82, 113, 158, 191

best position, local best position from a best-so-far equilibrium

pool, and a random vector, which leads to a decent trade-off

between the exploration and the exploitation.

(continued on next page)

2.3. Pseudocode of the ESMA

In the start, suitably choose the problem dimension D, the
number of slime mould N in the search space with an upper
boundary UB and a lower boundary LB, maximum iterations T, the
probability of elimination and dispersed z; and a fitness function
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Table 15 (continued).
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Image K Optimal threshold values
Test10 ESMA SMA
R G B R G B
2 75, 180 81, 179 72, 168 60, 172 21, 115 72, 143
3 13, 79, 170 69, 115, 179 75, 115, 183 17, 75, 172 22, 83, 151 58, 152, 212
4 74,123, 184, 237 21, 66, 136, 178 27, 84, 136, 209 30, 60, 150, 239 16, 71, 118, 179 48, 105, 162, 212
5 59, 98, 165, 200, 239 22,64, 111, 152, 175 29, 70, 115, 159, 206 13, 75, 109, 132, 209 20, 73, 103, 153, 181 23, 74, 105, 144, 209
EO HHO
R G B R G B
2 60,172 21, 126 75, 153 59, 172 22, 119 75, 152
3 60, 110, 172 21, 118, 179 73, 153, 212 64, 123, 182 19, 72, 146 61, 160, 212
4 13, 75, 146, 206 21, 70, 126, 179 31, 75, 153, 212 86, 123, 148, 237 70, 114, 178, 223 30, 72, 143, 212
5 21,75, 110, 164, 206 2, 51, 102, 146, 179 32, 75, 117, 160, 212 30, 60, 114, 165, 239 22, 65, 145, 183, 218 30, 75, 102, 147, 183
WOA CMA-ES
R G B R G B
2 13, 172 70, 179 75, 153 64, 172 21, 118 71, 153
3 60, 106, 148 21,73, 179 29, 75, 153 45, 123, 165 21,91, 179 71, 168, 212
4 13,79, 146, 206 21, 70, 126, 179 29, 75, 147, 212 64, 109, 172, 201 18, 69, 124, 189 72, 103, 149, 212
5 38,64, 106, 148, 206 21, 51, 98, 145, 179 32,72, 102, 153, 212 60, 75, 148, 172, 213 19, 71, 114, 171, 221 48, 73, 102, 144, 209

f to evaluate the fitness value for a given problem statement. The
pseudocode of the suggested ESMA is given below.

Begin
Inputs: N, D, T, UB, LB, and z.
Initialization: X; = {xil,xl-z, e xl-D} fori =1,2,---, N at a random position
within the search boundary [LB, UB] using
Eq. (1) for a D dimension at initial iteration t = 1 to form X = [)?1,)?2,-“,)?1-, )?N],.
while (t < T)
— Evaluate the fitness f(X) of N slime mould.
— Sort the fitness value in ascending order (for minimization problem) using
Eq. (3) and determine the fipese

using Eq. (5), frworst using Eq. (6) and construct the )?eq}p,wl using Eq. (11).

{

Determine the weighting factor w using Eq. (4).
Update the }?Gbesr
Determine the a using Eq. (8) and b using Eq. (9).
For i = 1: number of slime mould (N)
— Generate a random value 3.
If (r, < 2)
o Update the position vector )?l-(t +1)=r-(UB—-LB)+LB.
Else If (1, = 2)
o Update the probability p;, step, and step,,.

1l

o Randomly chose one position vector )?eq from the
equilibrium pool.

o Generate a random value 7,.

If (r; <py)
= Select a random position Xy a vector from X.
= Update the position vector X;(t + 1) =
)?Gbest + Wa : (W : ieq - )?B)

Else If (r, > p;)
= Update the position vector X;(t + 1) = Step,, - X;(t).

End If

End If
End For
- t=t+1.
End While

Output: )?Gbesr
End

2.4. Computational complexity analysis of ESMA

The computational complexity of an optimization algorithm
inputs parameters to the running time of an optimization algo-
rithm. The Big-O notation is commonly used to represent the
computational complexity. The complexity of ESMA mainly de-
pends on the number of slime mould (N), a dimension of the
problem (D), maximum iterations (T), cost of the fitness eval-
uation (C). The computational complexity of ESMA depends on
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initialization, fitness evaluation, sorting of fitness value, construc-
tion of equilibrium pool, weight update, and position update. The
computational complexity of the initialization is O (N x D), the
computational complexity of fitness evaluation is O (N x C), the
computational complexity of sorting is O (N log N), the computa-
tional complexity of construction of equilibrium pool is O (1), the
computational complexity of weight update is O (N x D), and the
computational complexity of position update is O (N x D). There-
fore, the total computational complexity of ESMA is O(N x D+
T(NxC+NlogN+1+2(N xD))).

2.5. Simulation results of ESMA

2.5.1. Test problems, simulation setup, and compared optimization
algorithms

The effectiveness of the proposed ESMA is investigated with
the help of the well-known 23 test problems from the liter-
ature [37,38] and 30 test problems from the IEEE CEC 2014
test suite [39]. The first group consists of 7 scalable unimodal
test functions (f; — f7), which have a single optimum solution
and sightsee the exploitative capability of the optimization al-
gorithms. The second group consists of 6 scalable multimodal
test functions (fs — fi3). The third group consists of 10 fixed
multimodal test functions (fi4 — f>3) that has multiple minima
and evoke the exploration capability of the optimization algo-
rithms. The fourth group consists of 30 advanced test functions
(CEC — 2014 — F1 to CEC — 2014 — F30) which covers unimodal,
multimodal, hybrid, and composition functions, they mimic the
complexity of many local optima with dissimilar shapes of the
functions in different regions in a challenging test problem.

The performance and results of the proposed ESMA are com-
pared with the recent and well-established optimization algo-
rithms — SMA [36], EO [33], HHO [35], GWO [27], WDO [32],
WOA [28], DE [29], CS [34], PSO [29], FA [34], L-SHADE [30] and
CMA-ES [31]. These algorithms are compared in terms of the
average fitness value (‘Avg’) and the standard deviation (‘Std’)
among 51 independent runs. The number of search agents N is
set as 30 except L-SHADE and CMA-ES optimizer, to maintain the
consistency of the results. The N of the L-SHADE and CMA-ES
depends on the dimension of the problem, which are reported in
Table 1. The maximum number of iterations is set to 500 for all
optimization algorithms, for better illustration of the convergence
analysis and maintains the consistency of the obtained results.
All the algorithms are implemented in MATLAB on the Intel core
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Fig. 12. Friedman’s mean rank of ESMA versus other optimization algorithms.

i-3 (6th iteration) processor with 8GB RAM under Windows 10
environment. The experimental parameter z of ESMA is experi-
mentally determined by parameter sensitivity analysis reported
in Section 3.4.2. However for all other optimization algorithm
the experimental parameters are chosen same as reported by
original work SMA [36], EO [33], HHO [35], GWO [27], WDO [32],
WOA [28], DE [29], CS [34], PSO [29], FA [34], L-SHADE [30]
and CMA-ES [31]. The experimental parameters used for the
performance comparison are reported in Table 1.

2.5.2. Parameter sensitivity analysis

The parameter sensitivity analysis is conducted to observe
the impact of key parameters on the performance of the opti-
mization algorithm. The parameter z, number of slime mould
N and maximum number of iterations T are chosen for the
evaluation of impact. Let chose the parameter z from a set of 11
values [0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1]
at an interval of 0.01 to observe the impact of z on the per-
formance of ESMA. The results of different values of z with the
N = 30 and T = 500 for test problems f; — fi3 presented in
Table 2. From Table 2, it is observed that when z 0.03, the
ESMA performance achieved the well-balanced optimal solution
based on Friedman’s mean rank and ranked one. Based on this we
have taken z = 0.03 as the parameter setting of ESMA, which is
reported in Table 1.

The population and iterations are the other two important
factors for any optimization algorithm, as they are directly pro-
portional to the computational complexity. So, suitably choosing
the number of population and the maximum number of iterations
is essential. For the experiments, the population size N is taken
as 10, 20, 30, 50, 100, and 200 and the maximum number of
iterations T is taken as 100, 300, 500, 1000, 1500, and 2000. To
study the influence of N and T, we have taken one test problem
from each category such as f; as unimodal test problem, fi3 as
multimodal test problem and f,3 as a multimodal test problem
with fixed dimensions. The effect of N and T are visualized in
Fig. 1, which shows that ESMA has shown consistency in perfor-
mance when one chooses N > 20 and T > 300. This directs us to
use N = 30 and T = 500 in our study.
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2.5.3. Qualitative results of ESMA

The qualitative performance of the ESMA on some unimodal
test problems is presented in Fig. 2, multimodal test problems are
presented in Fig. 3, and composition test problems are presented
in Fig. 4. The qualitative analysis includes best position, search
history, a trajectory in 1st dimension, and average fitness history
to demonstrate the search pattern of the slime mould during the
initial iteration (¢t = 1) to maximum iteration (t = T).

The search history diagrams in Figs. 2-4 present the first two
variable x' and x? of X; = {x],x?,....xP} fori = 1,2,...,N
during the t = 1to T iterations in a two-dimensional plot. For the
test problem fi, f4, f7 and f1p, where optimal value is 0, it can be
visible from Figs. 2-4, a higher concentration of points is available
nearer to the optimal solutions that are nearer to 0. For other test
problems with non-zero optimal values, the ESMA also tracks the
position to its optimal solution specified by the test functions.

The best position diagrams in Figs. 2-4 present the trajectory
of the Xgpes: during the 500 iterations. It can be visualized from
Figs. 2-4, in most test problems (f1, f4, f7, fio, CEC — 2014 — F24
and CEC — 2014 — F28), during the initial iteration the position of
slime mould diversified completely within the search space, and
after 10 to 20 iterations tries to reach an optimal position. This
reveals that the ESMA has a quick convergence.

The trajectory in the 1st dimension diagrams of Figs. 2-4
describe the trajectory of the x' of 1st slime mould positions X;
for the iterations t = 1 to T. It can be visible from Figs. 2-4 that,
the test problems with optimal solutions is 0 like fi, fa, f7, fi0,
CEC — 2014 — F24 and CEC — 2014 — F28, the 1st-dimensional
position starts with a dispersed position in the search space, but
during the iterations, it converges near to the optimal solutions
(0). Similarly, other test problems trajectory tries to reach optimal
solutions. The trajectory and the best position diagrams demon-
strate that the ESMA has maintained a good trade-off between the
exploration and the exploitation, to reach the optimal solutions.

Diversity [44] is a metric based on the Euclidean distance
between the position X; = (/. x2, ..., xP) for ith slime mould of
D dimensional problem and is used to measure the exploration
and the exploitation capability of an optimization algorithm. The
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diversity is described for N slime mould as:

N N d

diversity (t) = Z Z Z (X,k (t) — X (f))2

i=1 \ j=1 \| k=1

(13)

From the diversity history of Figs. 2-4, it is observed that the
diversity decreases with an increase in the iterations, from a very
high value to a low value (= 0), which reveals that the ESMA has
a better trade-off between the exploration and the exploitation.
We observe some spikes during the iterations; this demonstrates
that the exploration (due to the equilibrium pool) helps the ESMA
to escape from the local optima.

The average fitness history diagrams presented in Figs. 2-4
show a collaborative behaviour of N slime mould during the iter-
ations (t = 1to T). It is observed from Figs. 2-4 that, a decreasing
trend in the fitness value shows slime mould collaboratively
updates the fitness values, as the iteration goes on.

2.5.4. ESMA results and comparisons on test problems

The results are evaluated using 51 independent runs with
15000 function evaluations on 30 dimensions of test problems.
The results of scalable unimodal and multimodal test problems
(fi — f13) are presented in Table 3, fixed dimensional multimodal
test problems (fi4 — fo3) are presented in Table 4 and advanced
CEC 2014 test problems (CEC — 2014 — F1 to CEC — 2014 —
F30) are presented in Table 5. For a better understanding of the
distribution of results obtained from 51 independent runs of opti-
mization algorithms for a test problem, a boxplot for comparison
is presented in Figs. 5-7.

Table 3 presents the results of scalable test problems (f; —fi3),
from which it is observed that the ESMA has shown superiority
(results) on scalable functions on 30 dimensions, when compared
with other optimization techniques, on most test problems. The
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ESMA shows superiority on test problems f; — f4, and similar
results on test problems fg —f1; with SMA, EO, and HHO. However,
the ESMA shows 2nd best values for the test problems f5 and f7,
and 3rd best values for the test problems fg, fi» and fi3. Fig. 5
shows the box plot of six scalable test problems fi, f5, f1, f7, fs
and fo (The rest of the seven scalable test problem box plots are
shown in Fig. A.1 of Appendix A). It is seen that the ESMA has
consistency in obtaining the optimal results, which is statistically
observed from ‘Std’ of Table 3.

Table 4 presents the results of non-scalable fixed dimensional
multimodal test problems (fi4 — f>3), from which it is observed
that the ESMA'’s performance is quite impressive although tight
competitions from SMA, EO, DE, L-SHADE, and CMA-ES. From the
boxplot of three test problems fi4, fis and f5; in Fig. 6 (The rest
seven non-scalable fixed dimensional multimodal test problems
box plots are shown in Fig. A.2 of Appendix A), it is observed that
the ESMA, SMA, L-SHADE, and CMA-ES are most consistent, over
other optimization algorithms.

Table 5 presents the results of 30 test problems from the CEC
2014 test suite. From the results in Table 5, it is very difficult
to tell that one algorithm is good for every test problem. So, for
this set of test problems, the ESMA has a tight competition with
the SMA and EO. From 12 test problem box plots presented in
Fig. 7 (The rest eighteen test problem box plots are presented in
Figs. A.3-A.5 of Appendix A), it is observed that the ESMA exhibits
consistent results over other competitor optimization algorithms.

2.5.5. Comparison of convergence curves

The convergence curve helps for a better understanding of
how the optimization algorithm trade-off between the explo-
ration and exploitation to reach the global optimal solutions. The
convergence curve is one of the qualitative performance metrics
of an optimization algorithm, which is expressed as the fitness
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Fig. 15. Flowchart of colour multilevel thresholding using ESMA.

values vs. iterations. The unimodal test problems are used to de-
scribe exploration behaviour. The convergence curve of the ESMA
for unimodal test problems fi, f> f4, f and CEC —2014 —F1 shows
rapid convergence throughout the iterations process which can
be observed from Figs. 8 and 10. The multimodal test problems
are designed to test the exploitive behaviour. The convergence
curve of the ESMA for multimodal test problems with varied
dimensions fyg, f11, CEC — 2014 — F4, CEC — 2014 — F8, and
CEC — 2014 — F10 express the slowest convergence in most of
the iteration processes due to exploitation, which can be observed
from Figs. 8 and 10. However, the exploitation capability of ESMA
is more prominent when we observed the convergence curve

25

of multimodal test problems with fixed dimensions fi4, f20 and
fo3 from Fig. 9. In these test problems, after the 50th iterations,
the ESMA enter to exploitation phase to avoid the local optimal
solution to reach the global optimal solution. As the hybrid and
composite test problems are also used to describe the exploita-
tive capability of the optimization algorithm. So, as the CEC —
2014 — F22 is a hybrid function composed of the multimodal test
function, which shows the convergence curve as of multimodal
test function can be visualized from Fig. 10. The composite test
problem CEC — 2014 — F30 is a combination of unimodal and
multimodal function, so the convergence curve of this function
from Fig. 10 shows a rapid convergence during initial iterations
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due to exploration however the later part of its convergence
experiences the slower convergence due to exploitation.

A comparative convergence is performed between ESMA, SMA,
EO, HHO, GWO, WDO, WOA, DE, CS, PSO, FA, L-SHADE, and CMA-
ES to visualize how far the convergence of ESMA vary from
another optimization algorithm. For all optimization algorithms,
which are evaluated with 15000 function evaluations, the con-
vergence speed vs. iterations can be regarded as a qualitative
metric. The convergence curve of six scalable unimodal and mul-
timodal test problems is presented in Fig. 8, three non-scalable
fixed dimensional multimodal test problems are presented in
Fig. 9, and six test problems from the CEC 2014 test suite are pre-
sented in Fig. 10. From Fig. 8, it is shown that the ESMA converges
faster in scalable unimodal and multimodal test problems as
compared with other optimization algorithms. The convergence
curve of non-scalable fixed dimensional multimodal test prob-
lems behaves in a similar manner, which is seen in Fig. 9. From
the convergence curves presented in Fig. 10 on CEC 2014 test
problems, the ESMA has shown quite an impressive convergence
over other optimization algorithms, although a close tracking
with the SMA and the EO.

2.5.6. Scalability analysis of ESMA

This section presents a scalability analysis of how the dimen-
sions affect the results of the ESMA. The scalable test problems
(fi — fi3) are taken for the experiments with 5, 10, 20, 30, 60,
100, 150, 200, and 300 dimensions for N = 30 with T = 500.
The results of ESMA is compared with the SMA, EO, HHO, GWO,
WDO, WOA, DE, CS, PSO, and FA, however, we have excluded L-
SHADE and CMA-ES due to differences with larger search agents
N (N = 18D for L-SHADE and N = 4 + 3log (D) for CMA-ES)
requirements in these two algorithms. The scalability results are
illustrated in Fig. 11. The ESMA outperformed in all dimensions
in the test problems fi, f5, fs and f4, which is illustrated in Fig. 11.
The ESMA, SMA, and HHO behaved in the same way on the test
problems fg — f11. Whereas, in the test functions fs, fg, f7, fi2 and
fi3, its results are comparable with the HHO and WDO. For a
better understanding, a Friedman mean rank test is conducted on
the average values of various optimization algorithms for scalable
test problems f; — f13. The Friedman means rank is illustrated in
Fig. 12, which clearly shows that, for the low dimension problem
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(D < 60), the ESMA ranked first, and for the high dimensional
problem (D > 60), the ESMA ranked second over the various
state-of-the-art algorithms.

2.5.7. Statistical analysis of ESMA

In this section, we present an illustration of the statistical
results based on the non-parametric Wilcoxon rank-sum test at
o 0.05 and Friedman mean rank test. The p-value of the
scalable unimodal and multimodal test problems are presented
in Table 6. For non-scalable fixed dimensional multimodal test
problems, these p-values are presented in Table 7; and for CEC
2014 test functions, these are presented in Table 8. From the
p-values, it is detected that the ESMA provides statistically mean-
ingful results for EO, HHO, GWO, WDO, DE, CS, PSO, FA, L-SHADE,
and CMA-ES. However, it also shows a significant improvement
over the SMA. The Friedman mean-rank of the test problems
are presented in Table 9. From Table 9, it is seen that for all
categories like scalable (f; — f13), non-scalable (fi4 — f>3) and CEC
2014 test problems, the ESMA scored the first rank in both the
individual/overall categories.

2.5.8. Computational timing analysis

In this section of experiments, the computational timing anal-
ysis of ESMA is compared with other 12 optimization algorithms
such as SMA, EO, HHO, GWO, WDO, WOA, DE, CS, PSO, FA, L-
SHADE, CMA-ES. The analysis is done on average time (in a sec)
during 51 independent runs for fixed iterations T = 500 for all
53 test problems (f; — f>3 and CEC — 2014 — F1to CEC — 2014 —
F30). The computational timing analysis is presented in Table 10,
which shows that ESMA is quite expensive as compared to many
algorithms due to the oscillation factor during the search process.
However, ESMA still performed better timing than L-SHADE and
CMA-ES, and a 6% marginally improvement of timing than SMA
due to incorporating the equilibrium pool in SMA.

2.6. Discussion on simulation results of the ESMA

The qualitative, quantitative, and statistical results are dis-
cussed in the previous section. Nevertheless, the ESMA has shown
superiority results among thirteen scalable unimodal and multi-
modal test problems f; — fi3, ten non-scalable fixed dimensional
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Fig. 17. Thresholded images obtained for grey component of test images using ESMA, SMA, EO, HHO, WOA, and CMA-ES with K = 5.
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Fig. 18. Thresholded images obtained for RGB components of test images using ESMA, SMA, EO, HHO, WOA, and CMA-ES with K = 5.
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Fig. A.2. Boxplot of the test problems fis, fis, fi7, fi9, f20, f21 and f3.

multimodal test problems fi4 — f>3 and thirty CEC 2014 test
problems, when compared with state-of-the-art optimization al-
gorithms including SMA, EO, HHO, GWO, WDO, WOA, DE, CS,
PSO, FA, L-SHADE, and CMA-ES. From Table 9, it is observed
that the ESMA obtains the first rank in the overall category and
among the 30-dimensional problems of scalable test functions
fi — fi3 and CEC 2014 test problems, however, it ranked third
on fixed dimensional multimodal test functions fi;4 — fo3 among
well-known state-of-the-art algorithms. From the Friedman mean
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rank statistical analysis of scalability shown in Fig. 12, the ESMA
shows superiority in low dimensional problems and ranked first
under 60 dimensions. However, the ESMA ranked second if the
dimension increases. The equilibrium poll supplements the SMA
in the exploration and the exploitation phases of the ESMA, to
achieve optimal results. So, from the analysis of the results, the

ESMA evolves as a notable optimization algorithm.
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3. Multilevel colour image thresholding using entropy mini- 3.1. Multilevel colour image thresholding
mization based objective function
The multilevel thresholding classifies the image into K + 1 dif-

ferent classes based on a set of K threshold values {ti, t5, ..., tk}
In this section, a method for multilevel colour thresholding for using the simple rules defined Eq. (14).

the analysis of breast thermograms is investigated. Here, the key

: . . o G <s 0<s<ty

ideas behind the development of this method are highlighted. The

scheme is clearly explained to make the implementation simple. G <« h=s<tb (14)
Attempts are made to make the method computationally quite G <s tii1 <s <t

efficient compared to the existing methods. Cky1<s tg<s<L-1
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Fig. B.1. Convergence curve of test problems f3, fs, f, fs, fo, fi2 and fis.

where the s is a pixel in an image of size M x N and composed
of L grey level. Eq. (14) holds for one component like greyscale
image, whereas for a colour image, 3 sets of thresholds are
obtained for red, green, and blue components individually using
Eq. (14). The aim is to obtain the optimal threshold values, so that
appropriately we can classify the different regions in an image.

3.2. The entropy minimization based objective function for image
thresholding

A bi-level thresholding method using the information regard-
ing the entropic dependence on different classes is described in
[25]. A comprehensive report on the method is found in [26]. The
idea is extended here to multilevel colour image thresholding.
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Let us consider an image I with a grey level range [0, L — 1],
then the probability of the ith grey level is calculated as
— ni
T MxN’

where n; is the number of pixels with grey level values equal to
i, M and N are numbers of rows and columns present in spatial
dimensions of the image I, i is an index within the range of
[0,L—1], Y gpi=1and Y ;g nj=M x N.

The optimal threshold t* of bi-level thresholding is deter-
mined by the minimization of the information regarding the
entropic dependence on each class, which is expressed in Eq. (16).

Di (15)

t* = arg min_[E; + E] (16)
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and CEC — 2014 — F12.

To be precise, the problem at hand is a minimization problem.

The E; and E, are the entropic information of the class C; and
C, respectively, which are evaluated as

t
1
Ey=log (D pi| - =—
i=0 Z

t
i=0 Di

t—1 t—1
x| pilogepe+ (D _pi|loge (Y pi) |
i=0 i=0

and

-1 1
E; = log, ZP:’ -
an z

i=t Pi

(17)
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L-1 L-1
x| plogep+ | Y pi)loge [ D pi

i=t+1

(18)
i=t+1

The bi-level thresholding creation is extended to the multilevel
thresholding creation using Eq. (19).

(65,65, ... tf) = arg

where E; is the entropic information of the class C; for i

min

O<ty <ty <--<tg<L—

1{El +E+ -+ Exya}
(19)

1,2,...,K+ 1 based on K number of the threshold value {t1, ty,
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Table 16
Wall clock average time (in sec) performance of ESMA and other optimization
algorithms for test image Test1.

K ESMA  SMA EO HHO WOA CMA-ES
2 Grey 13585 13618 12277 18366 12175  2.4419
RGB 37661 37783 35402 52168  3.4006  6.8956
3 Grey 13386 1.3469  1.3272  1.8564 12282 27129
RGB  4.0549 41904 42433 55441 36474 7.8834
4  Grey 14007 14048 13494 19520 12389  3.0863
RGB 40756 41023 45436 57746 37366  8.9204
5 Grey 14560 14504 13321 20265 12763  3.4670
RGB 43226 46414 40736 57770 3.8051  10.1154
R tK}, which are evaluated as
- ( !
1 = log, Zpi - = _
1
i=0 Zi:opi
t1—1 t1—1
[(Z p,-) log, (Z pf) +py, log, Pt1i|
i=0 i=0
¢
: 1
E=log. | Y n|—-— Py, 10g Py,
i=ti_4 Zi:ti1'
ti—1 ti—1 (20)
+| X pifloge | D pi| +pologeps
i=ti_1+1 i=ti_1+1
-1
1
Ex41 = log, ZP:‘ .
i=ty D il Pi
-1 -1
pt[( lOge pr + Z Di loge Z Di

i=tic+1 i=tic+1

The multilevel thresholding creation, i.e., Eq. (19), needs to be
minimized. This objective function can be used by an optimizer,
to obtain the optimal threshold values. These values can be used
for the multilevel thresholding of breast thermograms.

4. Results and discussions

The performance of our proposed optimizer ESMA and the
multilevel thresholding creation is evaluated using a set of ran-
domly selected 10 breast thermograms, which are retrieved from
the Database for Breast Research with Infrared Images [40]. Here,
10 breast thermograms are taken as 4 of frontal orientations,
3 of 90° orientations, and 3 of 45° orientations. The retrieved
images are in RGB coordinates with different sizes. Hence, for
the experimental purpose, we resize the breast thermogram with
256 x 256 pixels, which are presented in Fig. 13 along with their
histograms of red, green, blue, and grey components. The multi-
level thresholding is performed with both the grey and the colour
(RGB) coordinates, to visualize the advantages of the multilevel
colour thresholding of breast thermograms. The experiments are
carried out in the MATLAB environment using the Windows 10
operating system on the Intel Core i-3 processor with 8 GB RAM.

For a comparison of our proposed multilevel thresholding us-
ing the ESMA, other top-ranked optimizers SMA, EO, HHO, WOA,
and CMA-ES, as validated from Section 2, are also used for the
multilevel thresholding. The experimental parameters of ESMA,
SMA, EO, HHO, WOA, and CMA-ES are taken the same as reported
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in Table 1. The performance metrics consist of the average value
‘Avg’, the standard deviation ‘Std’ of peak signal to noise ratio
(PSNR) [41], the structured similarity (SSIM) [42], and the feature
similarity (FSIM) [43]. The PSNR metric is used to analyse the
quality of the thresholded image, a higher value indicates better
thresholding. The FSIM and SSIM metrics are used to demonstrate
how the feature and structure of the thresholded image are like
the original image.

The performance of the proposed method for breast thermo-
grams is evaluated. All algorithms go for 21 independent runs for
threshold level = 2, 3, 4, 5, for a maximum iteration T = 100,
to verify the consistency. The implementation of the proposed
method is presented in a block diagram shown in Fig. 14. A
flowchart is also presented in Fig. 15.

The performance of our proposed method in RGB and grey
components is analysed here. A comparison of the average PSNR
is presented in Table 11. The FSIM is presented in Table 12
and the SSIM is presented in Table 13. Note that the values
are computed from 21 independent runs. Here, four threshold
levels K = 2,3,4,5 are considered for the experiment. Vari-
ous state-of-the-art optimization algorithms are considered for
comparison. The boldfaced letters indicate the best results. From
Tables 11-13, it is seen that our proposed ESMA based multilevel
thresholding provides superior results in both RGB and grey com-
ponents. However, the ESMA based multilevel thresholding using
RGB components proves to be a better thresholding approach
to breast thermogram analysis. For instance, an improvement of
the PSNR with 2.38%, FSIM with 6.06%; and SSIM with 26.10% of
RGB components are achieved over the Grey components. This is
also reflected in Fig. 16. Note that Fig. 16 shows a comparison
of PSNR, FSIM, and SSIM for various optimization algorithms.
Multilevel thresholding results considering both RGB and grey
components are shown in Fig. 16. Based on Friedman’s mean rank,
a statistical analysis, it is noticed that the ESMA based multilevel
thresholding using the RGB components ranked first over other
methods, presented in Tables 11-13.

The optimal threshold values of 10 test images for threshold
levels K = 2, 3,4,5 for grey components are presented in Ta-
ble 14 and RGB components are displayed in Table 15. The thresh-
old values of grey components presented in Table 14 are used
to generate the thresholded images through pseudo colouring,
which are shown in Fig. 17 corresponding to the threshold level
= 5. Qualitative analysis is done using these results. Similarly,
the threshold values of RGB components presented in Table 14
are used to generate the colour thresholded images, which are
shown in Fig. 18 for the threshold level = 5. From the thresholded
images, displayed in Figs. 17 and 18, it is observed that the RGB
component-based approach could preserve more details, which
can be helpful in pathological investigations.

A wall clock average time performance in connection with
multilevel thresholding for test image Testl is presented
in Table 16. The wall clock average time reported in Table 16
is based on 21 independent runs of individual methods ESMA,
SMA, EO, HHO, WOA, and CMA-ES based multilevel thresholding.
The ESMA based multilevel thresholding shown better timing
corresponding to HHO and CMA-ES based methods and similar
time complexity to SMA and EO. Based on the performance met-
rics PSNR, FSIM, and SSIM, statistical analysis Friedman’s mean
rank and wall clock average time performance of ESMA based
multilevel threshold shows significant improvement over other
optimizer based multilevel thresholding methods.

5. Conclusions

Unlike early multilevel thresholding-based approaches
reported in the breast thermogram analysis, which usually relied
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on the maximization of the objective functions, the suggested
technique is created on the minimization of the entropic in-
formation. The proposal is well suited for breast thermogram
analysis. Multilevel thresholded images may assist the clinicians,
as an extra support, for the breast thermogram analysis. Mini-
mization of dependency of entropy on various classes helps us
to detect (visualize) clear boundaries between different regions.
The method has shown its ability to extract low-resolution visual
features, because the interdependencies of the entropy between
various classes are minimized using a new hybrid equilibrium
slime mould algorithm (ESMA). The exploration capability of
the ESMA is enhanced, because the concept of equilibrium pool
from the equilibrium optimizer (EO) algorithm is integrated into

the system. Remarkable differences are observed while study-
ing the convergence curves presented in the result section and
Appendix B. The proposed ESMA performs better than state-of-
the-art optimizers. The speed of convergence is implicit from the
study (presented in Figs. 8-10 and Figs. B.1 to B.5). The quality of
the visual results is explicitly shown to attract readers. From Ta-
bles 11-13, it is seen that the thresholding method using the RGB
components ranked first over other methods, the reason is that it
could preserve more details. Therefore, it is wise to recommend
colour thresholding using the proposed method for pathological
investigations. To figure out other merits, the proposal is stable
and scalable (see Figs. 8-11). It is iterated that the suggested work
may attract the use of low cost and portable infrared cameras
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to the diagnostic process. It means, realistically, one would be
ready for the practical implementations. The future scope of the
proposal would be the use of other databases containing infrared
images together with a clinical study. Finally, it is believed that
the ESMA would help function optimization.
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