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a b s t r a c t 

Earlier 1D histogram-based entropic methods for multilevel image thresholding suffer from the lack of contextual 
information. Subsequently, the idea was extended for 2D histogram-based methods, where neighbourhood pixels 
were considered to retain the contextual information. Nevertheless, 2D histogram-based entropic methods are 
computationally intensive. Moreover, these methods are based on the maximization of entropic functions using an 
optimizer, leading to less accuracy. To address these issues, we propose a context-sensitive entropy dependency 
(CSED) based multilevel thresholding method. A new optimizer called opposition equilibrium optimizer (OEO) is 
introduced. The opposition based learning and escaping strategy are incorporated to enhance exploration capabil- 
ity. Here, 31 test functions including 8 from standard testbed IEEE CEC 2014 are used for validation. The merits 
are – i) reduced complexity, ii) improved accuracy, iii) better stability and scalability, iv) enhanced exploration 
capability, v) well suited to random problems with changing dimensions, etc. The search history, trajectory, and 
average fitness history of the OEO are explicitly discussed. The Box plots and the convergence curves are presented 
to confirm its stability and faster convergence. Friedman’s mean rank test, Bonferroni-Dunn test, and Holm’s test 
are also carried out to ensure OEO superiority over others. Encouraging thresholding results on high dimensional 
colour satellite images from the Landsat image gallery are shown based on the suggested method (CSED-OEO). 
The quantitative measures (Peak Signal to Noise Ratio, Feature Similarity Index, and Structure Similarity Index) 
are used for validation. The CSED-OEO is compared with state-of-the-art methods and found better. It means, 
realistically, the method may be useful for segmentation-based analysis of colour images. 

1

 

v  

i  

g  

m  

a  

p  

H  

s  

i  

n  

a  

f  

s  

e  

a  

t  

i  

s  

t
 

o  

p  

b  

a  

k  

r  

c  

t  

v  

a  

u  

h
R
A
2

. Introduction 

Image segmentation is one of the primary requirements in machine
ision. The thresholding-based approach is a more popular methodology
n image segmentation. The thresholding-based approach either uses the
ray-scale image or the colour image, as a target source, to get the seg-
ented image for further processing. In earlier days, gray-scale images

re a more preferred way of target images for the image segmentation
roblem, which consists of the intensity information of a true image.
owever, the colour image contains extra information called hue and

aturation along with the intensity. Hence, the colour image has more
nformation content than the gray-scale image [1] . This is the reason,
owadays, for which the researchers are moving towards the colour im-
ge thresholding. The colour image thresholding has special importance
or a geographic information system (GIS), which captures the remote
ensing images. It stores, checks, and displays the data related to the
arth surface. The remote sensing images are used to locate the objects
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nd the boundary for further processing to generate potential informa-
ion like landscape, kind of soil, roads and forest fires, etc [2] . The colour
mage thresholding played a major role in GIS to analyse the remote
ensing image for easy analysis, simple interpretation with exposed fea-
ures, and reduced storage through compression of data [3–6] . 

Based on the survey of thresholding techniques [7–9] , the thresh-
lding methods are classified as bi-level and multilevel thresholding de-
ending on the number of thresholds used to segment the images. The
i-level (global) thresholding approach uses only one threshold. The im-
ge is segmented into two areas – object and background. This method is
nown as the binarization of the image. However, in real life, the bina-
ization of the image using bi-level thresholding does not provide suffi-
ient information for further analysis. So, the researchers move towards
he multilevel thresholding approach, which uses two or more threshold
alues to segment the image simultaneously for multiple objects from
n image based on some criterion to be optimized. Some of the pop-
lar, recently developed (maximization/minimization criterion-based)
Abraham). 
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ne dimensional (1D) thresholding methods are Otsu’s method [10] ,
sallis entropy [11] , Kapur’s entropy [12] , Masi entropy [13] , Rényi
ntropy [14] , minimum cross entropy [15] and interdependence based
pproach [16] . All these methods use the 1D gray-level histogram of the
mage to obtain the optimal threshold values. The search complexity for
he 1D thresholding method based on the 1D histogram for ‘ d’ thresh-
ld values with 𝐿 distinct gray levels is 𝑂( 𝐿 

𝑑 ) for the gray-scale image
hile 𝑂( 3 𝐿 

𝑑 ) for the colour (RGB) image. The results of 1D threshold-
ng methods are encouraging, with some drawbacks of not considering
patial correlation among the neighbourhood pixels. Therefore, these
ethods are called context-free methods. To overcome the drawbacks,
butaleb proposed two-dimensional entropy in [17] , an extension to
apur’s entropy [12] using a novel 2D histogram. The 2D histogram

s formed using the information of a 1D histogram together with the
ocal averaging information of its neighbourhood pixels (gray-level val-
es). Some of the prominent works on the 2D thresholding approach
hat used a 2D histogram are proposed using Otsu’s method in [18] ,
ényi entropy [19] , Tsallis-Havrda-Charvát entropy [20] , and Masi en-

ropy [21] , which show improved performance over 1D thresholding
ethods. However, as the 2D thresholding approach uses a 2D his-

ogram, the search complexity for the gray-scale image is 𝑂( 𝐿 

2 𝑑 ) while
or the colour (RBG) image is 𝑂( 3 𝐿 

2 𝑑 ) for ‘ 𝑑’ threshold values. Neverthe-
ess, the complexity increases by a factor 𝐿 

𝑑 . To reduce the complexity,
esearcher proposed 2D gray gradient based thresholding approach in
 22 , 23 ] that used a modified 2D histogram with the gradient informa-
ion. The gray gradient approach used row wise quadrants instead of the
iagonal quadrants in the 2D histogram. However, this still requires a
earch complexity of 𝑂( 𝐿 

( 𝑑+1 ) ) for the gray-scale image while 𝑂( 3 𝐿 

( 𝑑+1 ) )
or the colour images. Nonetheless, here also the complexity increases
y a factor ‘ L ’. In summary, these 2D thresholding methods suffer from
igh computational complexity. Higher is the number of threshold val-
es ‘ d ’, more is the complexity. 

To overcome the problem, the energy curve [24] is used instead of
 histogram. The energy curve is computed at each gray level by con-
idering the spatial contextual information of an image. It is more like
 1D histogram, which consists of several valleys and hills. From this
nowledge, different regions are identified and segmented. The search
omplexity of the thresholding method is now – 𝑂( 𝐿 

𝑑 ) for gray-scale im-
ge and 𝑂( 3 𝐿 

𝑑 ) for colour (RGB) image. So, the threshold section using
he energy curve has two advantages. Firstly, the spatial contextual in-
ormation is incorporated in the threshold selection process. Hence, the
hresholding performance is improved. Secondly, the computational de-
and is reduced. This has motivated the authors to use the energy curve

nstead of a 2D histogram. 
Moreover, for the multilevel thresholding, the nature-inspired opti-

ization algorithms are used to reduce the computational complexity
hen the number of threshold levels ‘d’ increases. Therefore, a suit-
ble optimizer is needed for this purpose. Some of the energy curve
ased multilevel thresholding using nature-inspired optimization algo-
ithms are discussed here. The energy curve based multilevel thresh-
lding was first used by Patra et al. in [24] . They used entropy based
bjective function to obtain the optimal thresholds. A genetic algorithm
GA) was used for optimization. The experiment was carried out in a
ray-scale image. Pare et al in [ 25 , 26 ] came up with the colour image
ultilevel thresholding using the Cuckoo search (CS) algorithm and en-

rgy curve to obtain the optimal threshold values using Otsu’s method,
apur’s entropy and Tsallis entropy based objective functions. A breast

hermogram analysis based on the multilevel thresholding approach is
resented in [27] . The authors used the energy curve in place of the
istogram. The Otsu’ method and Kapur’s entropy were considered as
he objective functions. The dragonfly algorithm (DA) was used as an
ptimizer. Recently, the CS is used as an optimizer for the energy curve
ased Otsu’s method in [28] , which shows better thresholding perfor-
ance compared to the gray-level co-occurrence matrix (GLCM) and
ényi entropy. This prompts us to use the energy curve instead of a
istogram for the multilevel thresholding followed by a good optimizer.
2 
Recently, Faramarzi et al. proposed an equilibrium optimizer (EO)
29] inspired by the behaviour of dynamic and equilibrium state in a
ontrolled mass volume model. Its exploration capability is limited be-
ause the particle position updating rule only depends on the best candi-
ate. Although it shows better performance than some well-known op-
imization algorithms, there is still scope for its enhanced exploration.
his had encouraged Wunnava et al. [16] to come up with an adaptive
quilibrium optimizer (AEO) using an adaptive decision for dispersal of
he non-performer particles. However, the adaptive decision depends on
he fitness value of the particle; the search trajectory strictly follows the
est solutions (obtained so far). Hence, there is likely to miss other pos-
ible solutions on the opposite (or near to the opposite) side. As a result,
he search is limited. To overcome the problem, an opposition equilib-
ium optimizer (OEO) is proposed in this work. An effort is made to
ncrease the exploration capability using the escaping strategy. Further,
n idea of the opposition based learning (OBL) [ 30 , 31 ] search strategy
s incorporated. The novel escaping strategy helps the OEO not to be
rapped in the local optimal solution. Moreover, it ensures exploration
rom the opposite side of the search space. The performance of the OEO
s evaluated using 23 well-known classical diversified test functions se-
ected from the literature [ 32 , 33 ] together with 8 composition test func-
ions from the IEEE CEC 2014 standard testbed [34] . The performance
f the suggested OEO is also compared with some well-known and re-
ently developed optimization algorithms – differential algorithm (DE)
35] , particle swarm optimization (PSO) [35] , equilibrium optimizer
EO) [29] , Harris hawks optimizer (HHO) [36] , sailfish optimizer (SFO)
37] , whale optimization algorithm (WOA) [38] , gray wolf optimizer
GWO) [39] and high-performance optimizer such as Success-History
ased Adaptive DE with Linear Population Size Reduction (L-SHADE)
40] . The qualitative and quantitative results are quite impressive and
xhibit superiority over other optimization algorithms. For a detailed
tatistical analysis, both Friedman’s mean rank test [41] , Bonferroni-
unn test [42] , Holm’s test [43] Wilcoxon’s signed ranked tests [41] are
mphasized. The performance of the suggested OEO warrants us to use
t for the multilevel thresholding of remote sensing images. 

A minimization of entropic objective function based multilevel
hresholding method is proposed in Wunnava et al. [16] , which uses
 1D histogram as an input to obtain the threshold values for the gray-
cale image. The information regarding the neighbourhood pixels is ig-
ored. As a result, there is some loss in the contextual information. On
he other hand, the energy curve has contextual information, which
an be used for thresholding purposes in place of the 1D histogram.
his has inspired us to propose a context-sensitive entropy dependency
CSED) based multilevel thresholding method. A CSED objective func-
ion is introduced to enhance the performance, with reduced computa-
ional complexity. Optimal threshold values are obtained by minimiz-
ng the objective function using the OEO. Need to mention here that
he present problem is a minimization problem, which leads to reduced
omputations. The proposal is coined as CSED-OEO based multilevel
hresholding method. The proposed CSED-OEO based multilevel thresh-
lding technique is evaluated using high dimensional remote sensing
mages from the Landsat image gallery [44] . The quantitative analysis is
arried out based on some well-known metrics like Peak Signal to Noise
atio (PSNR) [45] , Feature Similarity (FSIM) [46] , Structure Similar-

ty (SSIM) [47] , optimal threshold values, and mean gray level. For the
ualitative analysis, we present the thresholded images for some sam-
le images. Further, a statistical test is also carried out with the help of
riedman’s mean rank test, which shows the overall performance of the
SED-OEO method. Results are discussed in a detailed manner in the
esults and discussion section. 

The rest of this piece of work is as follows. Section 2 briefly describes
he minimum entropy dependency based multilevel thresholding; the
nergy curve; and the equilibrium optimizer (EO). Section 3 proposes
n opposition equilibrium optimizer (OEO) to enhance the exploration
apability of the EO. This section also presents a comparative perfor-
ance analysis. Section 4 describes the proposed CSED-OEO based mul-
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Fig. 1. Spatial coordinate representation of a pixel ( 𝑖, 𝑗 ) in 𝑁 

2 neighborhood. 
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ilevel thresholding. The results and discussion on the proposed multi-
evel thresholding using high dimensional remote sensing images are
resented in Section 5 . Finally, the concluding remarks are drawn in
ection 6. 

. Preliminaries 

.1. Minimum entropy dependency based Multilevel Thresholding 

The multilevel thresholding uses a set of thresholds 𝜏 = ( 𝜏1 , 𝜏2 , ⋯ , 𝜏𝑑 )
o classify the image into ( 𝑑 + 1 ) classes 𝐶 𝑖 , where 𝑖 = 1 , 2 , ⋯ , 𝑑 + 1 . An
ndividual class is represented as: ⟨0 , 𝜏1 − 1 ⟩ ∈ 𝐶 1 ⟨𝜏1 , 𝜏2 − 1 ⟩ ∈ 𝐶 2 

⋮ 
𝜏𝑑 , 𝐿 − 1 ⟩ ∈ 𝐶 𝑑+1 

(1) 

here 𝜏1 , 𝜏2 , ⋯ , 𝜏𝑑 are the threshold gray level values and 𝐿 is the max-
mum gray level in an image 𝐼 . The 𝐶 1 and 𝐶 𝑑+1 are the foreground and
ackground classes or vice versa, whereas 𝐶 𝑖 with 𝑖 = 2 , 3 , ⋯ , 𝑑 are the
ntermediate classes. 

Recently, multilevel thresholding using the minimum interdepen-
ency is proposed in [16] , which is an extension of the idea of bi-
evel thresholding proposed in [44] . The optimal threshold values 𝜏∗ =
 𝜏∗ 1 , 𝜏

∗ 
2 , ⋯ , 𝜏∗ 

𝑑 
) are obtained by minimizing the interdependency func-

ion: 

∗ = 

(
𝜏∗ 1 , 𝜏

∗ 
2 , ⋯ , 𝜏∗ 

𝑑 

)
= arg min 

0 <𝜏∗ 1 <𝜏
∗ 
2 < ⋯ <𝜏∗ 

𝑑 
<𝐿 −1 

{
𝜓 1 

(
𝐶 1 

)
+ ⋯ + 𝜓 𝑖 

(
𝐶 𝑖 

)
+ ⋯ + 𝜓 𝑑+1 

(
𝐶 𝑑+1 

)}
. (2) 

here entropic information 𝜓 𝑖 of the 𝑖 th class 𝐶 𝑖 ( 𝑓𝑜𝑟 𝑖 = 1 , 2 , ⋯ , 𝑑 + 1 )
s evaluated using Eq. (3) . 

𝜓 1 
(
𝐶 1 

)
= log 𝑒 

( 
𝜏1 ∑
𝑖 =0 

𝑝 𝑖 

) 
− 1 ∑𝜏1 

𝑖 =0 𝑝 𝑖 

[ ( 
𝜏1 −1 ∑
𝑖 =0 

𝑝 𝑖 

) 
log 𝑒 

( 
𝜏1 −1 ∑
𝑖 =0 

𝑝 𝑖 

) 
+ 𝑝 𝜏1 log 𝑒 𝑝 𝜏1 

] 
⋮ 

 𝑖 

(
𝐶 𝑖 
)
= log 𝑒 

( 
𝜏𝑖 ∑

𝑖 = 𝜏𝑖 −1 
𝑝 𝑖 

) 
− 1 ∑𝜏𝑖 

𝑖 = 𝜏𝑖 −1 
𝑝 𝑖 

[ 
𝑝 𝜏𝑖 −1 log 𝑒 𝑝 𝜏𝑖 −1 + 

( 
𝜏𝑖 −1 ∑

𝑖 = 𝜏𝑖 −1 +1 
𝑝 𝑖 

) 
log 𝑒 

( 
𝜏𝑖 −1 ∑

𝑖 = 𝜏𝑖 −1 +1 
𝑝 𝑖 

) 
+ 𝑝 𝜏𝑖 log 𝑒 𝑝 𝜏𝑖 

] 
⋮ 

𝜓 𝑑+1 
(
𝐶 𝑑+1 

)
= log 𝑒 

( 
𝐿 ∑

𝑖 = 𝜏𝑑 
𝑝 𝑖 

) 
− 1 ∑𝐿 

𝑖 = 𝜏𝑑 
𝑝 𝑖 

[ 
𝑝 𝜏𝑑 log 𝑒 𝑝 𝜏𝑑 + 

( 
𝐿 ∑

𝑖 = 𝜏𝑑 +1 
𝑝 𝑖 

) 
log 𝑒 

( 
𝐿 ∑

𝑖 = 𝜏𝑑 +1 
𝑝 𝑖 

) ] 
(3) 

The probability distribution 𝑝 = { 𝑝 0 , 𝑝 1 , ⋯ , 𝑝 𝑙 } of all possible individ-
al gray level in the image 𝐼 of dimension, 𝑚 × 𝑛 is described as: 

 𝑙 = 

𝑐 𝑙 

𝑀 ×𝑁 

, ∀𝑙 ∈ [ 0 , 𝐿 ] (4)

here 𝑐 𝑙 is the occurrence of the gray level 𝑙 in the image 𝐼 , 
∑

𝑐 𝑙 = 𝑚 × 𝑛

nd 0 ≤ 𝑝 𝑙 ≤ 1 . 

.2. Energy curve and its application to multilevel thresholding 

The histogram of an image does not contain contextual information.
ence, the histogram-based thresholding approach may not provide an
ptimal threshold value. To overcome this, an energy curve is intro-
uced in [24] , that can preserve the contextual information with the
imilar characteristics of a histogram. 

Let us take an image 𝐼 = { 𝑧 𝑖𝑗 , 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 } of size ×𝑛 , where
 𝑖𝑗 is the intensity values at coordinates ( 𝑖, 𝑗 ) . The neighborhood system
48] 𝑁 of order 𝐷 for a spatial coordinate ( 𝑖, 𝑗 ) can be defined as: 

 

𝐷 
𝑖𝑗 

= 

{
( 𝑖 + 𝑢, 𝑗 + 𝑣 ) , ( 𝑢, 𝑣 ) ∈ 𝑁 

𝐷 
}

(5)

In the thresholding application, we require the second order ( 𝐷 =
 ) neighborhood system, i.e., ( 𝑢, 𝑣 ) ∈ { ( ±1 , 0 ) , ( 0 , ±1 ) , ( 1 , ±1 ) , ( −1 , ±1 ) } ,
hown in Fig. 1 . 

Let us generate a two-dimensional binary matrix 𝐵 𝑙 =
 𝑏 𝑖𝑗 , 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 } for intensity values 𝑙( 0 ≤ 𝑙 ≤ 𝐿 ) us-
ng Eq. (6) and a two-dimensional constant matrix 𝐶 =
3 
 𝑐 𝑖𝑗 , 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛 } using the Eq.(7). 

 𝑖𝑗 = { 1 , 𝑧 𝑖𝑗 > 𝑙 

−1 , 𝑧 𝑖𝑗 ≤ 𝑙 
, ∀𝑖 ∈ [ 1 , 𝑚 ] and ∀𝑗 ∈ [ 1 , 𝑛 ] (6)

 𝑖𝑗 = 1 , ∀𝑖 ∈ [ 1 , 𝑚 ] and ∀𝑗 ∈ [ 1 , 𝑛 ] . (7)

The energy curve is defined as = { 𝐸 0 , 𝐸 1 , ⋯ , 𝐸 𝐿 } , where 𝐸 𝑙 is the
nergy value of the image at intensity values 𝑙 and is defined as: 

 𝑙 = − 

𝑚 ∑
𝑖 =1 

𝑛 ∑
𝑗=1 

∑
𝑝𝑞∈𝑁 

2 
𝑖𝑗 

𝑏 𝑖𝑗 ⋅ 𝑏 𝑝𝑞 + 

𝑚 ∑
𝑖 =1 

𝑛 ∑
𝑗=1 

∑
𝑝𝑞∈𝑁 

2 
𝑖𝑗 

𝑐 𝑖𝑗 ⋅ 𝑐 𝑝𝑞 . (8)

The 
𝑚 ∑
𝑖 =1 

𝑛 ∑
𝑗=1 

∑
𝑝𝑞∈𝑁 

2 
𝑖𝑗 

𝑐 𝑖𝑗 ⋅ 𝑐 𝑝𝑞 term of Eq. (6) is a constant term. This en-

ures that the energy value is always a positive quantity. The energy
alue 𝐸 𝑙 for a gray level 𝑙 is zero, only when all the elements of 𝐵 𝑙 are
ither 1 or - 1. Otherwise, 𝐸 𝑙 is always positive. The energy curve re-
ains the contextual information, which is more like a histogram. So, the
nergy curve can be used instead of a histogram. We get an additional
dvantage of smoothness in a curve and a more prominent discrimina-
ory property of classes. 

.3. Equilibrium optimizer (EO) 

The equilibrium optimizer (EO) [29] is inspired by the mass balance
odel of dynamics and equilibrium states. The approach is based on the
ass conservation within a control volume, a physics principle. Let 𝑋 𝑖 

e the 𝑖 th particle concentration from a population of 𝑁 particle in 𝑑
imensional search space is initialized within the upper search boundary
 𝑈𝐵) and the lower search boundary ( 𝐿𝐵) using Eq. (9) . 

 𝑖 = 𝐿𝐵 + 𝑟𝑎𝑛 𝑑 𝑖 ( 1 , 𝑑 ) ⋅ ( 𝑈𝐵 − 𝐿𝐵 ) , ∀𝑖 ∈ [ 1 , 𝑁 ] (9)

Then, the particle concentration 𝑋 and the fitness value 𝑓 ( 𝑋) for 𝑁
articles are: 

 = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑋 1 
𝑋 2 
⋮ 
𝑋 𝑖 

⋮ 
𝑋 𝑁 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
= 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

𝑥 1 1 𝑥 2 1 ⋯ 𝑥 
𝑗 

1 ⋯ 𝑥 𝑑 1 
𝑥 1 2 𝑥 2 2 ⋯ 𝑥 

𝑗 

2 ⋯ 𝑥 𝑑 2 
⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 

𝑥 1 
𝑖 

𝑥 2 
𝑖 

⋯ 𝑥 
𝑗 

𝑖 
⋯ 𝑥 𝑑 

𝑖 

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ 

𝑥 1 
𝑁 

𝑥 2 
𝑁 

⋯ 𝑥 
𝑗 

𝑁 

⋯ 𝑥 𝑑 
𝑁 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 
(10)

nd 

 ( 𝑋 ) = 

[
𝑓 
(
𝑋 1 

)
, 𝑓 

(
𝑋 2 

)
, ⋯ , 𝑓 

(
𝑋 𝑖 

)
, ⋯ , 𝑓 

(
𝑋 𝑁 

)]′
(11)

Further, in the subsequent generation, the particle concentration 𝑋 𝑖 

or 𝑖 th particle is updated as: 

 𝑖 = 𝑋 𝑒𝑞 + 

(
𝑋 𝑖 − 𝑋 𝑒𝑞 

)
⋅ 𝐹 𝑖 + 

𝐺 𝑖 ⋅
(
1 − 𝐹 𝑖 

)
, ∀𝑖 ∈ [ 1 , 𝑁 ] (12)
𝜆𝑉 
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here 𝑋 𝑒𝑞 is a randomly pooled candidate from an equilibrium pool
 𝑒𝑞,𝑝𝑜𝑜𝑙 , 𝐹 𝑖 is the exponential factor, 𝐺 𝑖 is the generation rate, 𝑉 is the

ontrol volume taken a fixed value equal to 1 and 𝜆𝑖 is a random vector
n the range [ 0 , 1 ] . 

The equilibrium pool 𝑋 𝑒𝑞,𝑝𝑜𝑜𝑙 is formed using the particle concentra-
ion of the four best candidates 𝑋 𝑒𝑞(1) , 𝑋 𝑒𝑞(2) , 𝑋 𝑒𝑞(3) , 𝑋 𝑒𝑞(4) based on the
tness value 𝑓 ( 𝑋) and the average concentration among them 𝑋 𝑒𝑞( 𝑎𝑣𝑒 ) ,
hich is represented as: 

 𝑒𝑞,𝑝𝑜𝑜𝑙 = 

{
𝑋 𝑒𝑞 ( 1 ) , 𝑋 𝑒𝑞 ( 2 ) , 𝑋 𝑒𝑞 ( 3 ) , 𝑋 𝑒𝑞 ( 4 ) , 𝑋 𝑒𝑞 ( 𝑎𝑣𝑒 ) 

}
(13)

For a minimization problem, the selection of 𝑋 𝑒𝑞(1) , 𝑋 𝑒𝑞(2) ,
 𝑒𝑞(3) , 𝑋 𝑒𝑞(4) is based on a condition 𝑓 ( 𝑋 𝑒𝑞(1) ) ≤ 𝑓 ( 𝑋 𝑒𝑞(2) ) ≤ 𝑓 ( 𝑋 𝑒𝑞(3) ) ≤
( 𝑋 𝑒𝑞(4) ) . The average concentration 𝑋 𝑒𝑞( 𝑎𝑣𝑒 ) is evaluated as: 

 𝑒𝑞 ( 𝑎𝑣𝑒 ) = 

𝑋 𝑒𝑞 ( 1 ) + 𝑋 𝑒𝑞 ( 2 ) + 𝑋 𝑒𝑞 ( 3 ) + 𝑋 𝑒𝑞 ( 4 ) 

4 
(14)

The exponential factor 𝐹 𝑖 is used to make a balance between the
xploitation and the exploration, which is generated as: 

 𝑖 = 𝑎 1 𝑠𝑖𝑔𝑛 
(
𝑟 1 − 0 . 5 

)⎡ ⎢ ⎢ ⎣ 𝑒 − 𝜆𝑖 
(
1− 𝑡 

𝑇 

)( 𝑎 2 𝑡 ∕ 𝑇 ) 
− 1 

⎤ ⎥ ⎥ ⎦ , ∀𝑖 ∈ [ 1 , 𝑁 ] (15)

here 𝑟 1 and 𝜆𝑖 are the random vectors of size 1 × 𝑑 within the range
 0 , 1 ] , which keep balance in the direction of the exploitation and ex-
loration, 𝑎 1 and 𝑎 2 are taken as fixed values of 2 and 1 in [29] . The 𝑡
epresents the current iteration and 𝑇 represents the maximum iteration
llowed to reach the optimal equilibrium points. 

The generation rate 𝐺 𝑖 help to extract the optimal solution by im-
rovising exploration phase and for the 𝑖 th particle is evaluated as: 

 𝑖 = 𝐺𝐶 𝑃 𝑖 
(
𝑋 𝑒𝑞 − 𝜆𝑖 𝑋 𝑖 

)
𝐹 𝑖 (16)

𝐶 𝑃 𝑖 = { 0 . 5 𝑟 2 , 𝑟 2 ≥ 0 . 5 
0 , 𝑟 2 < 0 . 5 (17)

here 𝐺𝐶 𝑃 𝑖 is the generation rate control parameter and 𝑟 2 is a random
umber in the range of [ 0 , 1 ] . 

.4. Opposition based learning (OBL) 

The opposition based learning (OBL) was proposed by Tizahoos in
005 [30] . The technique is based on its current solution 𝑋 and its op-
osite estimate �̂� of the current solution. Generally, the population 𝑋
f an optimization algorithm are initialized in a random 𝑑 dimensional
earch space. If the random solution space is nearer to the optimal so-
ution space, the algorithm converges with a lesser function evolution.
n the other way, if the random solution space is far away from the
ptimal solution space, then the algorithm may fall in the local optimal
olution or takes a long time to converge. To overcome this problem,
ne can take an estimate �̂� in the opposite direction of 𝑋 and compare
t to update the solution for the next generation. 

Definition 1: Let 𝑥 be a real number defined within the interval
 𝑙𝑤, 𝑢𝑝 ] , then the opposite number �̂� is described as: 

̂ = 𝑙𝑤 + 𝑢𝑝 − 𝑥 (18)

If 𝑙 = 0 and 𝑢 = 1 , then 

̂ = 1 − 𝑥 (19)

Similarly, one can estimate the opposite number for higher dimen-
ional problem. 

Definition 2: Let us define a d -dimensional point 𝑋 = { 𝑥 1 , 𝑥 2 , ⋯ , 𝑥 𝑑 }
n a coordinate system where 𝑥 1 , 𝑥 2 , ⋯ , 𝑥 𝑑 are real numbers and the
nterval for each 𝑥 𝑗 lies between [ 𝑙 𝑤 

𝑗 , 𝑢 𝑝 𝑗 ] . Then, the 𝑑-dimensional op-
osite number �̂� = { ̂𝑥 1 , ̂𝑥 2 , ⋯ , ̂𝑥 𝑑 } is defined as: 

̂ 𝑗 = 𝑙 𝑤 

𝑗 + 𝑢 𝑝 𝑗 − 𝑥 𝑗 , ∀𝑗 ∈ [ 1 , 𝑑 ] (20)
4 
Let 𝑓 ( 𝑋) is the fitness value of the 𝑑-dimensional point 𝑋 =
 𝑥 1 , 𝑥 2 , ⋯ , 𝑥 𝑑 } and 𝑓 ( �̂� ) is the fitness value of the estimated n -
imensional opposite point �̂� = { ̂𝑥 1 , ̂𝑥 2 , ⋯ , ̂𝑥 𝑑 } . The solution space up-
ating equation, based on the opposition based learning, is described
s: 

 𝑛𝑒𝑤 = { 𝑋, 𝑓 ( 𝑋 ) ≥ 𝑓 
(
�̂� 

)
�̂� , 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

(21)

. The proposed Opposition Equilibrium Optimizer (OEO) 

This section proposes an opposition equilibrium optimizer (OEO), an
fficient algorithm supplemented with opposition based learning and
 novel escaping strategy. The particle position updating rule in EO
ainly depends on the position of the particles from the equilibrium
ool 𝑋 𝑒𝑞,𝑝𝑜𝑜𝑙 , that are formed using the best candidates 𝑋 𝑒𝑞(1) , 𝑋 𝑒𝑞(2) ,
 𝑒𝑞(3) , 𝑋 𝑒𝑞(4) and they are average 𝑋 𝑒𝑞( 𝑎𝑣𝑒 ) . Therefore, the search is pri-
arily guided by the best solutions. This may lead to the local optimal

olution, because all four best solutions may be found in a particular area
f the search space. Especially, it reduces the chances of getting global
ptimal or near-global optimal solutions. This encourages us to incor-
orate a novel escaping strategy to elude such a situation. This proposal
nherits an escaping strategy, one-third of the particles are randomly es-
aping from the local trap after the equilibrium is achieved. Even more
nteresting is its search capability throughout the entire search space.
hus, the suggested OEO is competent to explore better than the EO.
esides, the emphasis is also given on opposition based learning. The
pposition based learning is established on the simultaneous evaluation
f a particle on its position and its opposite points referred to as anti-
article. To explore the entire search space, the search trajectory should
ove in both directions – zone around the best solutions obtained so far,

nd the anti-particle concentration region. This warrants us to include
pposition based learning in the OEO. This kind of learning strategy
urther enhances exploration capability. 

Escaping strategy: Let us assume that a particle suddenly escapes from
he current search space to a randomly new location with an escaping
robability 𝑃 𝑒 , which is described as: 

 𝑖 = { 𝑋 𝑖 ⋅
(
2 ⋅ 𝑟 3 − 1 

)
, 𝑟 4 < 𝑃 𝑒 

𝑋 𝑖 , 𝑟 4 ≥ 𝑃 𝑒 
, ∀𝑖 ∈ [ 1 , 𝑁 ] (22)

here 𝑟 3 is a random vector of size 1 × 𝑑 and 𝑟 4 is a random number in
he interval [ 0 , 1 ] . This novel updating rule helps the OEO search trajec-
ory to avoid the local optimal solution. 

Opposition based learning: Let us extend the solution space for the
article along with the corresponding anti-particle using OBL, which
elps to explore the search space from both directions. The anti-particle
oncentration �̂� 

𝑗 

𝑖 
for 𝑖 th particle in 𝑗th dimension is generated as: 

̂
 

𝑗 

𝑖 
= min 

(
𝑋 𝑖 

)
+ max 

(
𝑋 𝑖 

)
− 𝑋 

𝑗 

𝑖 
, ∀𝑖 ∈ [ 1 , 𝑁 ] and ∀𝑗 ∈ [ 1 , 𝑑 ] (23)

Finally, the selection-based updating rule of the OEO is described as:

 𝑖 = { 𝑋 𝑖 , 𝑓 
(
𝑋 𝑖 

)
≥ 𝑓 

(
�̂� 𝑖 

)
�̂� 𝑖 , 𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

, ∀𝑖 ∈ [ 1 , 𝑁 ] (24)

here 𝑓 ( 𝑋 𝑖 ) and 𝑓 ( �̂� 𝑖 ) are the fitness value of 𝑖 th particle 𝑋 𝑖 and anti-
article �̂� . 

.1. Pseudocode of the OEO 

In the beginning, determine the number of particles 𝑵 to involve in
he search process, the dimension of the problem 𝒅 , search boundary
nterval [ 𝑳 𝑩 , 𝑼 𝑩 ] , maximum allowable generation 𝑻 of the particle to
each the optimal equilibrium point, escaping probability 𝑷 𝒆 and a fit-
ess function 𝒇 ( ⋅) for a problem statement. Also, assign free parameters
 = 2 , 𝑎 = 1 and 𝑉 = 1 . 
1 1 
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Table 1 

The control parameters of various optimization algorithms. 

Algorithms Control parameters 

OEO Constant 𝑎 1 = 2 , 𝑎 2 = 1 , 𝑉 = 1 and escaping probability 𝑃 𝑒 = 0 . 33 
EO Constant 𝑎 1 = 2 , 𝑎 2 = 1 and 𝑉 = 1 
SFO Power attack control coefficient 𝐴 = 4 and 𝜀 = 0 . 001 
WOA Logarithmic spiral constant 𝑏 = 1 
GWO Convergence constant 𝑎 = [ 2 , 0 ] 
PSO Inertia factor = 0 . 3 , cognitive and social constant ( 𝐶 1 , 𝐶 2 ) = ( 2 , 2 ) 
DE Scaling factor 𝐹 = 0 . 5 and crossover probability 𝐶𝑟 = 0 . 5 
L-SHADE 𝑝 = 0 . 11 , Arc rate = 2.6 and 𝐻 = 6 . 
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Begin: 

Input: 

𝑁 , 𝑑, 𝐿𝐵 , 𝑈𝐵 , 𝑇 , 𝑃 𝑒 , 𝑎 1 , 𝑎 2 , 𝑉 and 𝑓 ( ⋅) 
Initialization: 

Initialize current iteration 𝑡 = 1 
Generate the particle concentration 𝑋 using the Eq. (9 - 10 ) 

Update the fitness vector 𝑓 ( 𝑋) using Eq. (11) 

while ( 𝑡 ≤ 𝑇 ) 
Update the equilibrium candidates 𝑋 𝑒𝑞(1) , 𝑋 𝑒𝑞(2) , 𝑋 𝑒𝑞(3) , 𝑋 𝑒𝑞(4) , 𝑋 𝑒𝑞( 𝑎𝑣𝑒 ) and 

construct the equilibrium pool 𝑋 𝑒𝑞,𝑝𝑜𝑜𝑙 using Eq. (13 - 14 ) 

for ( 𝑖 = 1 𝑡𝑜 𝑁 ) 
Generate the random vector 𝑟 1 , 𝑟 3 , 𝜆𝑖 of size ( 1 × 𝑑 ) and random numbers 

𝑟 2 , 𝑟 4 in the interval [ 0 , 1 ] 
Construct the 𝐹 𝑖 using the Eq. (15) 

Update the 𝐺 𝑖 using the Eq. (16) 

Update the particle concentration 𝑋 𝑖 using Eq. (12) 

if ( 𝑟 4 < 𝑃 𝑒 ) // Escaping strategy 

Update the particle concentration 𝑋 𝑖 using Eq. (22) 

end 

Estimate the �̂� 𝑖 using the Eq. (23) // Generation of anti-particle 

Evaluate the fitness value 𝑓 ( 𝑋 𝑖 ) and 𝑓 ( ̂𝑋 𝑖 ) . 
Selection of next iteration 𝑋 𝑖 using the Eq. (24) . //Opposition based learning 

Update the fitness vector 𝑓 ( 𝑋) for 𝑖 th particle concentration 𝑋 𝑖 . 

end (for) 

Next iteration 𝑡 = 𝑡 + 1 
end (while) 

Output: 𝐶 𝑒𝑞(1) 

.2. Performance evaluation of OEO 

.2.1. Test functions, experimental setup, and evaluated algorithms 

In this section, we evaluate the performance of the OEO using 23
ell-known classical diversified test functions [ 32 , 33 ] together with
 composition test functions from the IEEE CEC 2014 test suite [34] .
ote that these 31 test functions are classified into four categories

uch as unimodal test functions ( 𝑓 1 − 𝑓 7 ) , scalable multimodal test func-
ions ( 𝑓 8 − 𝑓 13 ) , fixed multimodal test functions ( 𝑓 14 − 𝑓 23 ) and compo-
ition test functions ( 𝑓 24( 𝐶 𝐸𝐶 −14− 𝐹23 ) − 𝑓 31( 𝐶 𝐸𝐶 −14− 𝐹30 ) ) . The unimodal
est functions have unique minima that demonstrate the exploration
apability, whereas multimodal test functions are used to demonstrate
he exploitation capability, avoiding many local minima to reach the
lobal minima. The composition test functions have many local minima
ith variations of shapes of the functions in different regions within a

earch space. These functions are composed of shifted, rotated, hybrid,
xpanded versions of the unimodal and multimodal test functions. 

The performance of the OEO is compared with some recently de-
eloped and well-recognized optimization algorithms such as EO [29] ,
HO [36] , SFO [37] , WOA [38] , GWO [39] , PSO [35] , DE [35] and
-SHADE [40] . A qualitative analysis [49] of the results of the OEO is
arried out through the search history, trajectory, and average fitness
istory. Also, a qualitative comparison of the OEO with other optimiza-
ion algorithms is done using Boxplots, convergence curves, and scala-
ility curves. A quantitative analysis, based on the statistical results of
tness evaluation is carried out in terms of the average result (‘Ave’)
nd standard deviation (‘Std’) metric obtained from the fitness value
f 51 independent runs of each optimization algorithm. Further, Fried-
an’s mean rank test and Wilcoxon signed-rank test with a 5% degree

f significance are used to demonstrating the significant differences be-
ween the other optimization algorithms. The Wilcoxon signed-rank test
s evaluated based on 𝑝 -value compared with OEO vs. other optimization
lgorithms for 51 independent optimal results, and assign ‘ + ’ for 𝑝 -value
ignificantly better than 5% degree of significance, ‘ − ’ for 𝑝 -value sig-
ificantly inferior to 5% degree of significance, and ‘ ≈’ for p-value with
o significant difference. To provide a fair comparison, all test functions
re evaluated with 30 particles through 500 iterations with a maximum
f 15000 function evaluations. The control parameters for the OEO, EO
29] , HHO [36] , SFO [37] , WOA [38] , GWO [39] , PSO [35] , DE [35] and
-SHADE [40] are presented in Table 1 . The optimization algorithms are
5 
mplemented in MATLAB R2018b in the Windows 10 environment of the
ntel Core i3 processor with 8GB RAM. 

.2.2. Qualitative results of OEO 

The qualitative results of the OEO during the iteration progress for
ne test function from each category are presented in Fig. 2 . The well-
nown metrics such as search history, trajectory, and average fitness
istory are used. The search history diagram of Fig. 2 presents the posi-
ions (only the first two dimensions) of each particle during the initial
teration to the maximum iterations. From the search history diagram,
ne can visualize that the OEO utilizes the whole search space to find the
ptimal solution. A higher concentration of points is aggregated nearer
o the optimal solutions points. The trajectory of the best particle among
 particles of the OEO is demonstrated in the 3 r d and 4 th columns of
ig. 2 . The 3 rd column of Fig. 2 demonstrates the trajectory of the best
article in 1 st dimension. It reveals that, with the search progress, the
oncentration (position) reaches optimal or near-optimal solution space,
lthough the initial search space is widely dispersed. Further, the tra-
ectory of the best particle in 𝑑-dimension of the OEO is demonstrated
n the 4 th column of Fig. 2 . It clearly shows how the OEO converges to
n optimal solution space from a randomly distributed search space, as
he iteration progresses. The last column of Fig. 2 displays the average
tness history based on Eq. (25) to demonstrate the collaborative be-
aviour of all 𝑁 particles to reach the optimal or near-optimal solutions.
 decreasing trend in the average fitness history shows the collaborative
ehaviour of the particle to reach an optimal solution. As the iterations
rogress, the newly updated solutions are better than the previous solu-
ions. All these qualitative metrics help us to understand that the OEO
as a well-balanced exploration and exploitation, to reach an optimal
r near-optimal solution. 

 𝑎𝑣𝑒 ( 𝑡 ) = 

1 
𝑁 

𝑁 ∑
𝑖 =1 

𝑓 
(
𝑋 𝑖 

)
, ∀𝑡 = [ 1 , 𝑇 ] (25)

.2.3. Quantitative results comparison of OEO with other optimization 

lgorithms 

The comparison results (of optimization algorithms) on the test func-
ions ( 𝑓 1 − 𝑓 31 ) are presented in Table 2 . The unimodal ( 𝑓 1 − 𝑓 7 ) , scal-
ble multimodal ( 𝑓 8 − 𝑓 13 ) and composition ( 𝑓 24 − 𝑓 31 ) test functions are
valuated for d = 30 for the statistical results presented in Table 2 . The
nimodal test functions 𝑓 1 − 𝑓 4 results on the OEO are improved signif-
cantly than other optimization algorithms. However, for the unimodal
est function 𝑓 5 , the OEO behaves the same way as the EO, behind the
HO and L-SHADE to reach the optimal solution. The performance of

he test function 𝑓 6 the OEO behind the L-SHADE, and for test func-
ion 𝑓 7 the OEO behind the HHO. The performance of the OEO on the
calable multimodal test function 𝑓 8 has improved over the EO and lags
he HHO. The OEO obtain the same optimal results as the HHO for the
est functions 𝑓 9 − 𝑓 11 . The OEO also achieve similar results with EO
or the test function 𝑓 9 , however, OEO lags L-SHADE for the test func-
ions 𝑓 12 , 𝑓 13 . The performance of the OEO on fixed multimodal test
unctions 𝑓 14 − 𝑓 23 show mixed responses of a similar result with EO,
-SHADE, and DE, however, it shows quite improved performance over
O for 𝑓 , 𝑓 − 𝑓 . The performance of the OEO on composition test
15 20 23 
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Fig. 2. Qualitative results (search history, trajectory, and average fitness history) of OEO. 
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Fig. 3. Bonferroni-Dunn test for the various algorithms with 𝛼 = 0 . 05 . 
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unctions 𝑓 24 − 𝑓 31 from CEC 2014 shows better optimal solutions than
ther optimization algorithms. In most of the test functions, the OEO
erforms statistically better. However, in some cases, it lags from other
ptimization algorithms – HHO, DE, and L-SHADE. 

To analyse the statistical performance of the OEO, an statistical anal-
sis based on the Friedman test [50] is first considered. Friedman’s mean
ank is analysed on all 51-independent run of 31 test functions ( 𝑓 1 − 𝑓 31 )
or various optimization algorithms and reported in Table 2 . Based on
he Friedman mean rank reported in Table 2 the null hypothesis is re-
ected, which shows a significant difference in the performance of var-
ous optimizers. Interestingly, based on the Friedman mean rank OEO
anked first. 

Further, to demonstrate the significant difference of OEO perfor-
ance with another optimization algorithm, Bonferroni-Dunn [42] post
oc statistical analysis is carried out. The Bonferroni-Dunn test help to
emonstrate the two algorithms are significantly different if the differ-
nce in the average ranking of the algorithms is larger than the critical
istance (CD) [50] . Fig. 3 shows the average rank of the optimizer with
 threshold line based on CD and OEO as control algorithms. The OEO
hows better performance than EO, SFO, WOA, GWO, PSO, and DE at
ignificance level 𝛼 = 0 . 05 . The OEO outperformed all other optimizers
nd ranked first based on the lowest average rank of 2.355. 

The disadvantage of the Bonferroni-Dunn test is, it cannot differen-
iate the methods which are below (e.g., HHO and L-SHADE) or close
e.g., EO) to the critical line. So further a sequential rejective multiple
est procedure Holm’s test [43] is carried out to identify which algo-
ithm is superior/inferior to OEO. The Holm test is based on the sorted
 -value and a comparison with them 

𝛼

𝑘 − 𝑚 +1 , where 𝛼 is the target sig-
ificance level, 𝑘 is the degree of freedom and 𝑚 is the rank. The Holm
 F  

6 
est begins by comparing with 𝑝 -value with corresponding 𝛼

𝑘 − 𝑚 +1 and
eject the null hypothesis whenever it founds 𝑝 𝑖 < 

𝛼

𝑘 − 𝑚 +1 . The results of
olm’s test using OEO as the control algorithm is shown in Table 3 ,
hich show OEO outperformed the PSO, GWO, EO, DE, WOA and SFO
y rejecting the null hypothesis. However, OEO statistically likes HHO,
nd L-SHADE by accepting the null hypothesis. 

Further, another statistical test called Wilcoxon’s signed ranked
est is also carried out in this work. The p -values are reported in
able 4 based on non-parametric Wilcoxon’s signed ranked test with
 5% degree of significance. Wilcoxon’s signed ranked test is carried
ut with the help of optimal fitness values obtained from the 51 inde-
endent runs of different optimizers taking OEO as a control algorithm.
rom Table 4 , the p-value of the OEO vs. other optimization algorithms
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Table 2 

Comparison of optimization algorithms results (Best results are shown boldface). 

Function Metric OEO EO HHO SFO WOA GWO PSO DE L-SHADE 

Unimodal 

test function 

𝒇 1 Ave 5.523E-207 4.570E-41 4.997E-96 3.631E-15 1.953E-18 6.561E-08 5.424E-02 1.370E + 01 1.100E-27 

Std 0 1.282E-40 2.787E-95 9.113E-15 2.194E-18 1.623E-07 1.384E-02 5.357E + 01 1.771E-27 

𝒇 2 Ave 6.425E-103 7.562E-24 2.039E-48 1.324E-07 3.569E-11 3.350E-05 1.064E + 00 2.084E-02 3.329E-14 

Std 4.567E-102 1.696E-23 1.351E-47 1.541E-07 2.864E-11 3.923E-05 1.273E-01 7.083E-02 2.349E-14 

𝒇 3 Ave 6.012E-186 1.135E-08 6.503E-71 9.542E-13 9.966E-05 3.290E-01 5.063E-01 6.363E + 02 1.945E-13 

Std 0 3.659E-08 4.636E-70 3.113E-12 4.367E-04 4.205E-01 1.390E-01 3.461E + 02 3.157E-13 

𝒇 4 Ave 1.524E-99 5.044E-10 3.428E-48 9.667E-09 8.443E-05 1.448E-01 1.439E-01 2.322E + 01 2.324E-06 

Std 4.496E-99 1.569E-09 1.861E-47 1.107E-08 1.318E-04 1.268E-01 2.191E-02 6.204E + 00 1.823E-06 

𝒇 5 Ave 2.628E + 01 2.533E + 01 9.670E-03 7.742E-02 2.771E + 01 2.881E + 01 3.373E + 01 5.731E + 03 1.393E + 01 

Std 2.265E-01 2.238E-01 1.205E-02 1.500E-01 7.679E + 00 3.220E-01 1.508E + 00 1.749E + 04 6.097E-01 

𝒇 6 Ave 5.150E-08 9.598E-06 1.200E-04 2.727E + 00 8.402E-01 3.537E + 00 5.883E-02 6.935E + 00 2.679E-27 

Std 2.304E-07 7.948E-06 2.000E-04 1.640E + 00 3.683E-01 5.972E-01 1.484E-02 1.840E + 01 4.641E-27 

𝒇 7 Ave 2.291E-04 1.149E-03 1.658E-04 3.180E-04 6.920E-03 4.986E-03 1.415E-01 6.388E-02 1.341E-03 

Std 1.970E-04 6.636E-04 1.876E-04 2.774E-04 4.147E-03 2.843E-03 4.149E-02 1.540E-02 4.446E-04 

Scalable 

Multimodal 

test function 

𝒇 8 Ave -8185.573 -9089.599 -12550.462 -74188.123 -8022.479 -39.591 -157.831 -7034.625 -3321.327 

Std 863.616 931.345 131.793 386258.112 483.637 6.098 26.090 1225.383 406.600 

𝒇 9 Ave 0 0 0 3.533E-13 2.009E + 01 2.595E + 01 1.730E + 01 1.509E + 02 6.253E + 00 

Std 0 0 0 7.058E-13 1.563E + 01 1.876E + 01 4.684E + 00 3.458E + 01 1.596E + 00 

𝒇 10 Ave 8.882E-16 8.551E-15 8.882E-16 2.071E-08 5.265E-10 5.442E-05 3.881E-01 2.232E + 00 4.185E-14 

Std 0 2.056E-15 0 2.536E-08 4.429E-10 6.420E-05 2.851E-01 2.721E + 00 1.946E-14 

𝒇 11 Ave 0 1.611E-14 0 9.578E-17 3.483E-17 1.816E-09 3.262E-03 3.562E-01 0 

Std 0 1.151E-13 0 2.483E-16 6.470E-17 3.368E-09 8.851E-04 7.322E-01 0 

𝒇 12 Ave 2.225E-07 6.108E-07 8.003E-06 5.043E-01 3.286E-02 2.936E-01 8.009E-04 2.499E + 04 2.972E-16 

Std 5.720E-07 6.594E-07 1.675E-05 2.835E-01 1.800E-02 8.748E-02 2.369E-04 1.720E + 05 1.701E-16 

𝒇 13 Ave 8.584E-06 2.570E-02 1.020E-04 5.678E-03 7.026E-01 2.072E + 00 1.722E-02 3.337E + 04 1.063E-14 

Std 5.892E-05 4.568E-02 1.818E-04 7.025E-03 2.476E-01 2.674E-01 7.522E-03 1.143E + 05 5.958E-15 

Fixed 

Multimodal 

test function 

𝒇 14 Ave 0.998 0.998 1.521 6.983 0.998 12.671 12.671 1.134 7.868 

Std 3.024E-16 1.22E-16 1.3432087 4.17565175 1.14E-12 1.22E-10 1.42E-12 0.73908425 2.711E + 00 

𝒇 15 Ave 3.080E-04 3.552E-03 3.489E-04 5.440E-04 4.153E-04 1.006E-03 3.892E-04 1.817E-03 3.075E-04 

Std 6.374E-07 7.329E-03 3.577E-05 8.806E-04 2.213E-04 1.379E-03 1.884E-04 4.701E-03 2.954E-19 

𝒇 16 Ave -1.032 -1.032 -1.032 -1.031 -1.032 -1.026 -1.032 -1.032 -1.032 

Std 3.807E-16 3.124E-16 1.606E-09 4.858E-03 1.441E-10 1.137E-02 5.381E-07 2.243E-16 2.243E-16 

𝒇 17 Ave 0.398 0.398 0.398 0.419 0.489 0.797 0.398 0.398 0.758 

Std 1.020E-14 3.924E-16 9.396E-06 1.032E-01 6.500E-01 1.275E + 00 3.543E-07 3.924E-16 2.637E-01 

𝒇 18 Ave 3.000 3.000 3.000 7.786 3.000 4.602 3.000 3.000 3.000 

Std 2.695E-15 1.390E-15 1.547E-06 1.398E + 01 3.661E-08 6.413E + 00 2.905E-05 3.436E-15 2.262E-15 

𝒇 19 Ave -3.863 -3.862 -3.861 -3.800 -3.858 -3.744 -3.857 -3.863 -3.863 

Std 2.735E-15 1.545E-03 2.719E-03 7.293E-02 3.848E-03 5.597E-01 3.120E-03 3.140E-15 3.140E-15 

𝒇 20 Ave -3.269 -3.233 -3.092 -2.939 -2.843 -2.490 -3.075 -3.238 -3.287 

Std 6.188E-02 6.796E-02 1.127E-01 2.598E-01 5.116E-01 8.329E-01 2.279E-01 6.946E-02 5.471E-02 

𝒇 21 Ave -9.001 -8.667 -5.346 -5.080 -4.973 -4.971 -5.055 -9.316 -5.055 

Std 2.1570E-14 2.629E + 00 1.189E + 00 4.006E-01 5.845E-01 5.842E-01 2.539E-04 2.166E + 00 5.305E-07 

𝒇 22 Ave -9.107 -8.982 -5.243 -5.174 -5.006 -4.833 -5.087 -9.841 -5.088 

Std 1.042E + 00 2.631E + 00 1.084E + 00 6.839E-01 5.848E-01 1.024E + 00 4.285E-04 1.949E + 00 1.399E-06 

𝒇 23 Ave -9.903 -9.459 -5.569 -5.157 -5.046 -4.380 -5.128 -10.123 -5.151 

Std 1.060E + 00 2.568E + 00 1.564E + 00 9.784E-01 5.855E-01 1.627E + 00 4.846E-04 1.672E + 00 1.374E-01 

Composition 

test function 

form CEC 

2014 

𝒇 24 ( 𝐂𝐄𝐂 −14− 𝐅 23 ) Ave 2500 2615.299 2500 2500 2500 2500.003 2506.188 2616.419 2500 

Std 0 6.665E-02 0 8.983E-07 1.925E-08 4.641E-03 7.047E-01 2.720E + 00 1.896E-12 

𝒇 25 ( 𝐂𝐄𝐂 −14− 𝐅 24 ) Ave 2600 2600.021 2600.000 2600.000 2600.283 2601.650 2601.238 2640.234 2600.001 

Std 0 8.418E-03 1.123E-03 3.539E-04 1.050E-01 8.980E-01 1.613E-01 7.037E + 00 4.671E-04 

𝒇 26 ( 𝐂𝐄𝐂 −14− 𝐅 25 ) Ave 2700 2701.900 2700 2700 2700 2700.000 2700.099 2705.821 2700 

Std 0 4.009E + 00 0 1.254E-08 4.029E-10 1.172E-04 1.225E-02 1.703E + 00 4.898E-13 

𝒇 27 ( 𝐂𝐄𝐂 −14− 𝐅 26 ) Ave 2772.681 2721.840 2778.546 2778.481 2702.754 2800.000 2800.002 2706.461 2752.289 

Std 4.485E + 01 4.141E + 01 4.132E + 01 3.919E + 01 1.389E + 01 8.879E-04 4.335E-04 2.375E + 01 3.630E + 01 

𝒇 28 ( 𝐂𝐄𝐂 −14− 𝐅 27 ) Ave 2900 3270.823 2900 2900 2900 2900.001 2903.891 3261.551 3127.305 

Std 0 1.077E + 02 0 2.538E-07 5.116E-09 7.726E-04 9.040E-01 6.765E + 01 3.762E + 02 

𝒇 29 ( 𝐂𝐄𝐂 −14− 𝐅 28 ) Ave 3000 3821.335 3000 3000 3000 3000.002 3005.701 3889.015 3000 

Std 0 1.926E + 02 0 4.326E-07 1.080E-08 2.425E-03 1.434E + 00 2.205E + 02 3.829E-09 

𝒇 30 ( 𝐂𝐄𝐂 −14− 𝐅 29 ) Ave 3199.917 2102159.186 497669.946 62394.447 3100.035 8377.328 7197592.705 1455346.004 3100.000 

Std 4.051E + 02 4.077E + 06 3.509E + 06 1.501E + 05 4.464E-02 5.600E + 03 9.846E + 05 3.212E + 06 1.096E-05 

𝒇 31 ( 𝐂𝐄𝐂 −14− 𝐅 30 ) Ave 6195.672 9365.528 251365.972 3200.078 17865.186 3531.487 498303.710 10852.880 3200.002 

Std 3.573E + 03 3.869E + 03 3.760E + 05 7.683E-02 1.213E + 04 3.670E + 02 5.818E + 04 1.333E + 04 6.220E-04 

Friedman mean rank 2.355 3.964 3.598 5.599 5.187 7.200 7.265 6.159 3.672 

Rank 1 4 2 6 5 8 9 7 3 
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hows statistically significant, which are summarised as OEO vs. EO (‘ + ’
3.9%, ‘ ≈’ 9.6%, ‘ − ’ 6.5%), OEO vs. HHO (‘ + ’ 74.2%, ‘ ≈’ 22.6%, ‘ − ’
.2%), OEO vs. SFO (‘ + ’ 90.3%, ‘ ≈’ 3.2%,‘ − ’ 6.5%), OEO vs. WOA (‘ + ’
6.8%, ‘ − ’ 3.2%), OEO vs. GWO (‘ + ’ 96.8%, ‘ ≈’ 3.2%), OEO vs. PSO
‘ + ’ 100%), OEO vs. DE (‘ + ’ 93.6%, ‘ ≈’ 3.2%,‘ − ’ 3.2%) and OEO vs. L-
HADE (‘ + ’ 90.3%, ‘ ≈’ 6.5%,‘ − ’ 3.2%). From these statistical values, it
s observed that the OEO has significant improvement over other opti-
ization algorithms. Based on the statistical results presented in Tables
 o  

7 
-4 , it is believed that the OEO is good enough for function optimiza-
ion. It ensures us a better trade-off between the exploration and the
xploitation to find optimal solutions. 

.2.4. Qualitative results comparison of OEO with other optimization 

lgorithms 

This section presents a qualitative comparison of the OEO with other
ptimization algorithms using Boxplots and convergence curves. The
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Fig. 4. Boxplot comparison of 18 test functions 𝑓 1 − 𝑓 4 , 𝑓 6 − 𝑓 9 , 𝑓 12 , 𝑓 13 , 𝑓 17 , 𝑓 21 , 𝑓 24 − 𝑓 27 , 𝑓 29 and 𝑓 30 . 

Table 3 

Holm’s test using OEO as the control algorithm. 

Method Rank z-value p-value 𝛼∕ 𝑖 ( 0 . 05 ) 
PSO 7.2650 7.6833 1.5543E-14 0.00625 

GWO 7.2002 4.4517 8.5165E-06 0.00714 

EO 3.9643 3.3094 9.3490E-04 0.00833 

WOA 5.1866 3.1150 1.8391E-03 0.01 

DE 6.1588 3.1145 1.8422E-03 0.0125 

SFO 5.5599 2.6410 8.2652E-03 0.01667 

HHO 3.5980 1.4844 0.1376 0.025 

L-SHADE 3.6724 0.9379 0.3482 0.05 
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oxplot shows the potential of the optimization algorithm. From these
lots, one can get an idea of how consistently or frequently the optimal
olutions are obtained. The Boxplots of 18 test functions for fitness value
sing the optimal solutions obtained during 51 independent runs are
resented in Fig. 4 . Interestingly, the OEO has shown satisfactory results
mong all optimization algorithms. Further, convergence curves are also
ompared. A comparison of the OEO with other optimization methods
or 12 test functions are performed based on the iteration count and
resented in Fig. 5 . From Fig. 5 , it can be critically analysed that the
EO’s performances on unimodal and scalable multimodal test functions
re improved a lot than other optimization schemes. However, for the
xed multimodal and composition test functions, it shows a comparative
esult with other optimization algorithms such as EO, HHO, and DE. The
ualitative analysis using Boxplots and convergence curves ensures the
eaders regarding the use of the OEO to solve complex optimization
roblems. 

.2.5. Scalability analysis of scalable test functions f 1 − f 13 
This section presents the comparison results of the optimal fitness

alues of scalable unimodal and multimodal test functions 𝑓 1 − 𝑓 13 
or low to high dimensions. For the scalability analysis, we use 𝑁 =
0 number s of part icles , 𝑇 = 500 (15000 maximum function evaluations)
s the maximum iteration count with 51 independent runs for OEO, EO,
HO, SFO, WOA, GWO, PSO, and DE, to validate low to high dimensions

est cases for 𝑑 = 10 , 30, 50, 100 and 300. The L-SHADE is excluded for
calability test due to a large search agents’ requirement 𝑁 = 18 𝐷. The
8 
calability analysis of various optimization algorithms is presented in
ig. 6 , which reveals the following facts: 

1 The OEO consistently obtains the global optimum solutions for test
functions 𝑓 9 − 𝑓 11 . 

2 The OEO obtains near-optimal solutions for test functions 𝑓 1 − 𝑓 4 . 
3 The OEO optimal solutions on test functions 𝑓 6 , 𝑓 7 , 𝑓 12 and 𝑓 13 are

improved from its predecessors EO. 
4 The OEO performances on test functions 𝑓 5 and 𝑓 8 lags HHO and

SFO while a similar result like EO. 

The scalability analysis reveals that the OEO can be used to obtain
he optimal solution effectively for a set of random dimensional prob-
ems. Noteworthy differences are found for which it seems to be attrac-
ive for solving real-world engineering problems. 

.2.6. Discussions on results of OEO 

For completeness, both the statistical and scalability analysis is pre-
ented. To enhance the search process of the OEO, the opposition-based
earning and the escaping strategy are incorporated. From the statis-
ical analysis based on Friedman’s mean rank test, Bonferroni-Dunn
est, Holm’s test and 𝑝 -value of Wilcoxon’s signed ranked test, pre-
ented in Tables 2-4 and Fig. 3 , it is revealed that the OEO becomes
ank one among some recently developed and well-known optimizers
EO, HHO, SFO, WOA, GWO, PSO, DE, and L-SHADE. The Boxplot in
ig. 4 shows that the OEO has shown consistent performance among
ther optimization methods in most of the test cases. The OEO also en-
ances its convergence ability with iteration counts, which is reflected
n Fig. 5 . The OEO has shown better results in the scalability analy-
is, which is revealed from Fig. 6 . Profound differences are marked in
he study. Exemplary solutions are shown to demonstrate the ability of
ur proposed OEO. As opposed to the existing methods, our algorithm
nherently includes certain mechanisms to handle different situations
nder uncertain dimensions. To figure out, the merits of our algorithm
re – i) improved exploration, ii) better accuracy, iii) convergence in
erms of iteration count, iv) easy to handle random problems with un-
ertain dimensions, etc. The reason for advanced technology may be
ue to the inbuilt escaping strategy and the opposition based learning
cheme. 
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Fig. 5. Convergence curve comparisons of 12 test functions 𝑓 1 − 𝑓 4 , 𝑓 6 , 𝑓 7 , 𝑓 9 , 𝑓 12 , 𝑓 15 , 𝑓 19 , 𝑓 24 and 𝑓 29 . 
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. The proposed context-sensitive entropy dependency based 

ultilevel thresholding using opposition equilibrium optimizer 

In this section, we propose a novel context-sensitive entropy de-
endency based multilevel thresholding technique using the opposi-
9 
ion equilibrium optimizer (CSED-OEO) for colour images. The focus
f the contribution is to retain contextual information without increas-
ng the computation load. The idea of the energy curve (discussed in
ection 2.2 ) is used under one-dimensional setting. Therefore, a higher
peed in the computation of entropy values is enforced while minimizing
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Table 4 

𝑝 -value of Wilcoxon’s signed ranked test with a 5% degree of significance ( 𝑝 -value ≥ 0 . 05 are shown in boldface). ‘ + ’ for better, ‘ − ’ for inferior, and ‘ ≈’ 
for identical. 

Test functions OEO vs. EO OEO vs. HHO OEO vs. SFO OEO vs. WOA OEO vs. GWO OEO vs. PSO OEO vs. DE OEO vs. L-SHADE 

𝒇 1 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 2 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 3 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 4 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 5 8.88E-16 8.88E-16 8.88E-16 5.76E-01 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 6 8.88E-16 4.62E-14 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 7 8.88E-16 4.89E-02 1.61E-01 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 8 1.21E-07 8.88E-16 7.80E-01 4.89E-02 8.88E-16 8.88E-16 1.98E-04 8.88E-16 

𝒇 9 1.00E + 00 1.00E + 00 7.45E-09 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 10 8.88E-16 1.00E + 00 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 11 1.00E + 00 1.00E + 00 6.10E-05 2.44E-04 8.88E-16 8.88E-16 8.88E-16 1.00E + 00 

𝒇 12 1.47E-05 1.97E-11 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 4.62E-14 

𝒇 13 4.62E-14 4.62E-14 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 14 1.60E-11 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.36E-12 8.88E-16 

𝒇 15 6.87E-07 4.62E-14 4.62E-14 1.98E-04 8.88E-16 4.62E-14 1.98E-04 8.88E-16 

𝒇 16 5.22E-03 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 4.66E-10 4.66E-10 

𝒇 17 1.00E + 00 3.55E-15 8.88E-16 8.88E-16 8.88E-16 8.88E-16 1.00E + 00 8.88E-16 

𝒇 18 5.54E-06 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 5.68E-14 2.54E-05 

𝒇 19 5.08E-04 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 2.27E-13 2.27E-13 

𝒇 20 4.01E-01 1.18E-12 4.62E-14 1.97E-11 1.18E-12 3.39E-06 1.61E-01 6.87E-07 

𝒇 21 5.76E-01 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 1.83E-08 8.88E-16 

𝒇 22 1.18E-12 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 1.18E-12 8.88E-16 

𝒇 23 1.98E-04 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 1.97E-11 8.88E-16 

𝒇 24 ( 𝐂𝐄𝐂 −14− 𝐅 23 ) 8.88E-16 1.00E + 00 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 25 ( 𝐂𝐄𝐂 −14− 𝐅 24 ) 8.88E-16 3.64E-12 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 26 ( 𝐂𝐄𝐂 −14− 𝐅 25 ) 8.88E-16 1.00E + 00 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 27 ( 𝐂𝐄𝐂 −14− 𝐅 26 ) 1.98E-04 2.86E-01 6.87E-07 6.21E-04 8.88E-16 8.88E-16 1.47E-05 7.80E-01 

𝒇 28 ( 𝐂𝐄𝐂 −14− 𝐅 27 ) 8.88E-16 1.00E + 00 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 29 ( 𝐂𝐄𝐂 −14− 𝐅 28 ) 8.88E-16 1.00E + 00 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 8.88E-16 

𝒇 30 ( 𝐂𝐄𝐂 −14− 𝐅 29 ) 4.62E-14 1.00E + 00 1.97E-11 1.97E-11 4.62E-14 8.88E-16 8.88E-16 1.97E-11 

𝒇 31 ( 𝐂𝐄𝐂 −14− 𝐅 30 ) 1.10E-02 3.66E-03 1.00E + 00 2.33E-09 1.00E + 00 8.88E-16 4.89E-02 1.00E + 00 

+ ∕ ≈ ∕ − 26 / 3 / 2 23 / 7 / 1 28 / 1 / 2 30 / 0 / 1 30 / 1 / 0 31 / 0 / 0 29 / 1 / 1 28 / 2 / 1 

Fig. 6. Scalability analysis for scalable test functions 𝑓 1 − 𝑓 13 . 
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t  
he objective function. As opposed to the earlier techniques, our method
s based on a minimization approach. All these aspects are enshrined in
he present development. 

The multilevel thresholding using the CSED-OEO for a colour image
s formulated here. The energy curve based minimum entropy depen-
ency objective function for a multilevel thresholding problem is inves-
igated and presented in this section. 
𝐼  

10 
Let us define an RGB colour image 𝐼 for size 𝑚 × 𝑛 × 3 as: 

 ( 𝑥, 𝑦 ) = 

[
𝐼 𝑅 ( 𝑥, 𝑦 ) , 𝐼 𝐺 ( 𝑥, 𝑦 ) , 𝐼 𝐵 ( 𝑥, 𝑦 ) 

]
, 1 ≤ 𝑥 ≤ 𝑚 𝑎𝑛𝑑 1 ≤ 𝑦 ≤ 𝑛 (26)

here 𝐼 𝑅 ( 𝑥, 𝑦 ) represents the red, 𝐼 𝐺 ( 𝑥, 𝑦 ) represents the green and
 

𝐵 ( 𝑥, 𝑦 ) represents the blue plane of the image 𝐼( 𝑥, 𝑦 ) , which are mixed
o display a true colour image. The arbitrary individual colour plane
 

𝑝 ( 𝑥, 𝑦 ) , ∀𝑝 ∈ ( 𝑅, 𝐺, 𝐵 ) is of size 𝑚 × 𝑛 pixel. So, each colour pixel is a
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Table 5 

The Optimal and Average segmentation metric results (PSNR, SSIM, and FSIM) (‘ ↑ ’ as superior result count and ‘ ↔’ as similar results count). 

Test Images 𝑑 Metric OEO EO HHO SFO WOA GWO PSO DE L-SHADE 

TI1 4 PSNR OPT 26.7311 26.1953 26.1127 25.9647 25.4479 26.5932 26.3408 24.7168 26.2182 

FSIM OPT 0.9649 0.9638 0.9630 0.9641 0.9473 0.9665 0.9590 0.9249 0.9506 

SSIM OPT 0.9190 0.9046 0.9059 0.9048 0.8977 0.9132 0.9136 0.8836 0.9134 

PSNR AVE 26.1839 25.3158 24.7267 25.1581 24.9962 26.0320 25.7419 24.7999 25.1801 

FSIM AVE 0.9514 0.9406 0.9216 0.9383 0.9327 0.9572 0.9529 0.9250 0.9313 

SSIM AVE 0.9089 0.8938 0.8810 0.8929 0.8905 0.9059 0.9020 0.8873 0.8943 

8 PSNR OPT 30.8012 30.7627 28.8841 29.5309 30.7044 30.6911 29.0388 30.0894 29.2234 

FSIM OPT 0.9889 0.9890 0.9761 0.9829 0.9868 0.9908 0.9730 0.9866 0.9883 

SSIM OPT 0.9649 0.9649 0.9474 0.9606 0.9655 0.9645 0.9550 0.9569 0.9444 

PSNR AVE 30.0965 30.3724 28.2630 27.4707 29.9722 29.6723 27.1042 29.1146 29.3374 

FSIM AVE 0.9853 0.9876 0.9751 0.9684 0.9843 0.9851 0.9657 0.9807 0.9829 

SSIM AVE 0.9591 0.9618 0.9377 0.9270 0.9573 0.9548 0.9310 0.9490 0.9494 

12 PSNR OPT 33.2166 33.0970 31.9839 32.1160 33.1312 32.5839 30.9013 31.8378 32.5145 

FSIM OPT 0.9947 0.9952 0.9931 0.9916 0.9924 0.9949 0.9879 0.9901 0.9929 

SSIM OPT 0.9794 0.9780 0.9757 0.9765 0.9813 0.9776 0.9671 0.9735 0.9760 

PSNR AVE 32.9053 32.8811 31.3138 29.4059 32.8995 31.4762 29.5991 31.3018 31.6175 

FSIM AVE 0.9938 0.9946 0.9901 0.9829 0.9938 0.9886 0.9800 0.9898 0.9920 

SSIM AVE 0.9783 0.9776 0.9708 0.9466 0.9793 0.9715 0.9518 0.9678 0.9709 

TI2 4 PSNR OPT 27.8899 27.8899 27.8790 27.6226 27.5376 27.8717 27.4064 27.8863 27.7021 

FSIM OPT 0.9318 0.9318 0.9343 0.9358 0.9287 0.9337 0.9310 0.9320 0.9223 

SSIM OPT 0.9293 0.9293 0.9299 0.9246 0.9235 0.9259 0.9307 0.9278 0.9261 

PSNR AVE 27.7489 27.7208 27.4155 27.2930 27.6932 27.6973 25.4512 27.6669 27.4911 

FSIM AVE 0.9321 0.9318 0.9287 0.9322 0.9317 0.9298 0.9152 0.9319 0.9282 

SSIM AVE 0.9258 0.9254 0.9230 0.9217 0.9243 0.9251 0.8957 0.9242 0.9226 

8 PSNR OPT 31.7228 31.3243 30.9772 31.5871 31.0988 31.3695 29.5724 30.9483 30.8796 

FSIM OPT 0.9647 0.9646 0.9674 0.9606 0.9552 0.9677 0.9571 0.9534 0.9526 

SSIM OPT 0.9658 0.9622 0.9593 0.9648 0.9636 0.9606 0.9390 0.9612 0.9616 

PSNR AVE 30.5086 30.9935 29.6352 30.5262 30.8446 30.7281 28.9036 30.8518 30.3196 

FSIM AVE 0.9577 0.9572 0.9557 0.9602 0.9546 0.9575 0.9432 0.9543 0.9516 

SSIM AVE 0.9561 0.9608 0.9485 0.9577 0.9609 0.9606 0.9375 0.9617 0.9558 

12 PSNR OPT 34.1794 33.8659 33.1145 32.1654 33.8241 33.1776 32.6510 32.6501 32.4470 

FSIM OPT 0.9765 0.9730 0.9689 0.9657 0.9743 0.9732 0.9724 0.9590 0.9743 

SSIM OPT 0.9761 0.9759 0.9761 0.9712 0.9778 0.9727 0.9673 0.9706 0.9654 

PSNR AVE 33.7585 33.2947 31.7067 30.9414 33.3345 32.4432 31.3180 32.1503 32.3080 

FSIM AVE 0.9725 0.9694 0.9679 0.9578 0.9705 0.9692 0.9646 0.9649 0.9677 

SSIM AVE 0.9775 0.9754 0.9647 0.9633 0.9752 0.9693 0.9632 0.9703 0.9696 

TI3 4 PSNR OPT 25.7751 25.6857 25.6718 25.5586 25.6738 25.7174 24.9349 25.6742 25.6064 

FSIM OPT 0.9717 0.9712 0.9704 0.9658 0.9711 0.9713 0.9712 0.9707 0.9707 

SSIM OPT 0.8299 0.8265 0.8283 0.8222 0.8276 0.8264 0.8175 0.8247 0.8274 

PSNR AVE 25.6355 25.6760 25.3764 25.3733 25.6738 25.6531 23.5348 25.6617 25.4628 

FSIM AVE 0.9719 0.9712 0.9668 0.9674 0.9711 0.9696 0.9486 0.9706 0.9696 

SSIM AVE 0.8283 0.8269 0.8232 0.8208 0.8276 0.8243 0.7490 0.8249 0.8208 

8 PSNR OPT 30.7479 30.4709 29.9327 30.1617 30.7149 30.3299 28.0452 30.3325 30.2803 

FSIM OPT 0.9920 0.9920 0.9905 0.9895 0.9929 0.9941 0.9758 0.9923 0.9917 

SSIM OPT 0.9105 0.9074 0.9014 0.9089 0.9165 0.9139 0.8535 0.9063 0.9202 

PSNR AVE 30.3700 30.2062 29.6941 29.4834 30.2463 29.8101 27.6049 29.9206 29.9452 

FSIM AVE 0.9922 0.9919 0.9917 0.9904 0.9923 0.9927 0.9840 0.9918 0.9904 

SSIM AVE 0.9069 0.9047 0.9017 0.9045 0.9073 0.9004 0.8692 0.9022 0.9068 

12 PSNR OPT 33.0760 33.0612 31.8935 31.8043 33.1517 31.6193 30.7159 32.2235 32.4433 

FSIM OPT 0.9965 0.9973 0.9956 0.9964 0.9971 0.9941 0.9820 0.9969 0.9964 

SSIM OPT 0.9373 0.9396 0.9354 0.9279 0.9381 0.9230 0.8991 0.9276 0.9360 

PSNR AVE 32.9308 32.8262 31.7439 31.1283 33.0178 30.7665 29.9644 31.9335 32.2049 

FSIM AVE 0.9970 0.9968 0.9956 0.9947 0.9971 0.9906 0.9923 0.9945 0.9969 

SSIM AVE 0.9371 0.9386 0.9330 0.9231 0.9370 0.9094 0.9011 0.9237 0.9337 

TI4 4 PSNR OPT 25.0967 25.0248 23.8145 23.5509 23.4942 24.6870 24.6783 24.8779 22.9124 

FSIM OPT 0.9598 0.9600 0.9576 0.9512 0.9066 0.9409 0.9542 0.9508 0.8864 

SSIM OPT 0.9198 0.9179 0.9085 0.9045 0.9046 0.9172 0.9270 0.9231 0.9040 

PSNR AVE 24.8931 22.6990 21.9672 22.4045 22.4702 23.5840 23.9223 23.6128 21.7421 

FSIM AVE 0.9410 0.9516 0.9554 0.9463 0.8992 0.9297 0.9492 0.9394 0.8738 

SSIM AVE 0.8994 0.9071 0.8815 0.8757 0.8662 0.8706 0.9190 0.8989 0.8316 

8 PSNR OPT 30.2776 29.9667 29.8125 28.7596 29.2583 29.2379 29.4146 29.6568 28.5423 

FSIM OPT 0.9943 0.9950 0.9929 0.9912 0.9946 0.9923 0.9875 0.9944 0.9886 

SSIM OPT 0.9753 0.9711 0.9711 0.9648 0.9653 0.9679 0.9713 0.9682 0.9633 

PSNR AVE 29.1131 28.2197 29.0618 27.9243 27.4528 28.4622 26.9897 26.7425 26.4580 

FSIM AVE 0.9875 0.9834 0.9907 0.9732 0.9771 0.9761 0.9824 0.9826 0.9881 

SSIM AVE 0.9670 0.9650 0.9680 0.9613 0.9572 0.9661 0.9597 0.9591 0.9499 

12 PSNR OPT 32.6516 32.2969 29.4568 31.8648 31.4973 32.6384 31.2034 32.2362 32.1106 

FSIM OPT 0.9985 0.9983 0.9912 0.9973 0.9966 0.9971 0.9936 0.9968 0.9970 

SSIM OPT 0.9828 0.9800 0.9694 0.9804 0.9808 0.9847 0.9800 0.9811 0.9802 

PSNR AVE 31.9112 31.8803 27.6678 30.4305 30.0524 30.4779 28.7999 31.1073 29.9849 

FSIM AVE 0.9902 0.9815 0.9747 0.9922 0.9844 0.9855 0.9829 0.9794 0.9917 

11 
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Table 5 

( Continued ) 

SSIM AVE 0.9766 0.9777 0.9511 0.9678 0.9714 0.9721 0.9694 0.9684 0.9696 

TI5 4 PSNR OPT 26.3339 25.2370 26.0969 25.6033 25.2370 25.6544 26.0024 25.6927 25.7392 

FSIM OPT 0.9764 0.9581 0.9753 0.9638 0.9581 0.9641 0.9782 0.9644 0.9670 

SSIM OPT 0.9289 0.9155 0.9284 0.9244 0.9155 0.9231 0.9238 0.9234 0.9248 

PSNR AVE 25.7522 25.2161 25.1441 25.5437 25.2072 25.3377 24.4381 25.5263 25.2585 

FSIM AVE 0.9674 0.9579 0.9611 0.9633 0.9579 0.9598 0.9512 0.9624 0.9605 

SSIM AVE 0.9249 0.9154 0.9147 0.9240 0.9152 0.9174 0.9113 0.9226 0.9186 

8 PSNR OPT 31.6015 31.6272 30.6433 30.6162 31.1169 31.1022 28.7858 30.6359 30.4560 

FSIM OPT 0.9941 0.9938 0.9914 0.9930 0.9935 0.9943 0.9912 0.9902 0.9887 

SSIM OPT 0.9740 0.9747 0.9687 0.9680 0.9721 0.9697 0.9583 0.9680 0.9703 

PSNR AVE 31.3227 31.3853 30.0021 29.6498 31.0338 30.3693 27.5978 30.1483 30.1285 

FSIM AVE 0.9934 0.9936 0.9893 0.9897 0.9917 0.9901 0.9854 0.9895 0.9895 

SSIM AVE 0.9729 0.9734 0.9661 0.9602 0.9701 0.9692 0.9479 0.9676 0.9663 

12 PSNR OPT 33.9156 33.8313 32.6933 32.4560 34.3253 33.4866 31.6368 33.5374 33.1658 

FSIM OPT 0.9976 0.9966 0.9964 0.9961 0.9982 0.9958 0.9957 0.9968 0.9953 

SSIM OPT 0.9844 0.9846 0.9804 0.9789 0.9841 0.9840 0.9740 0.9846 0.9798 

PSNR AVE 32.8854 33.6961 31.7377 31.5215 33.7379 33.3778 30.2731 32.3157 32.2883 

FSIM AVE 0.9953 0.9971 0.9927 0.9942 0.9973 0.9961 0.9895 0.9936 0.9945 

SSIM AVE 0.9813 0.9837 0.9755 0.9740 0.9834 0.9829 0.9682 0.9794 0.9783 

TI6 4 PSNR OPT 27.0952 27.0571 26.5280 25.8064 27.0481 26.8089 26.4675 27.0168 26.8923 

FSIM OPT 0.9416 0.9399 0.9158 0.9386 0.9466 0.9466 0.9375 0.9447 0.9326 

SSIM OPT 0.8127 0.8120 0.7780 0.7631 0.7933 0.7989 0.7942 0.8088 0.8074 

PSNR AVE 26.0380 26.7506 25.3058 25.1141 26.8424 26.6023 25.3038 26.7426 26.3512 

FSIM AVE 0.9374 0.9408 0.9113 0.9091 0.9437 0.9409 0.9003 0.9366 0.9372 

SSIM AVE 0.7767 0.8004 0.7392 0.7222 0.7899 0.7928 0.7378 0.7922 0.7837 

8 PSNR OPT 30.7683 29.7804 28.5280 29.2569 29.6704 30.2685 29.0639 30.0731 29.1835 

FSIM OPT 0.9905 0.9829 0.9796 0.9773 0.9859 0.9870 0.9658 0.9877 0.9838 

SSIM OPT 0.8986 0.8771 0.8507 0.8780 0.8722 0.8820 0.8699 0.8819 0.8374 

PSNR AVE 30.0516 29.4403 28.4357 28.7573 29.3790 29.4358 27.6929 29.1557 29.0021 

FSIM AVE 0.9871 0.9839 0.9687 0.9777 0.9851 0.9811 0.9532 0.9830 0.9798 

SSIM AVE 0.8851 0.8683 0.8438 0.8484 0.8671 0.8613 0.8278 0.8651 0.8503 

12 PSNR OPT 34.0682 33.3724 31.6449 32.3395 32.4270 33.7192 32.5208 32.0305 32.1680 

FSIM OPT 0.9966 0.9968 0.9887 0.9911 0.9940 0.9974 0.9921 0.9947 0.9887 

SSIM OPT 0.9481 0.9403 0.9223 0.9270 0.9265 0.9452 0.9285 0.9153 0.9160 

PSNR AVE 33.0204 32.9946 30.9151 31.4851 31.6649 33.0353 29.7240 31.2675 31.4242 

FSIM AVE 0.9947 0.9963 0.9884 0.9885 0.9918 0.9966 0.9758 0.9907 0.9865 

SSIM AVE 0.9358 0.9336 0.9042 0.9160 0.9137 0.9301 0.8564 0.9081 0.9109 

TI7 4 PSNR OPT 25.8106 25.5218 23.9090 25.2561 25.5107 24.9137 25.0154 25.4736 25.4562 

FSIM OPT 0.9600 0.9575 0.9475 0.9641 0.9565 0.9519 0.9538 0.9560 0.9563 

SSIM OPT 0.8984 0.8866 0.8560 0.8867 0.8872 0.8756 0.8749 0.8857 0.8850 

PSNR AVE 25.4929 24.9973 23.5587 24.7786 25.4019 23.3312 24.3103 24.1016 24.6866 

FSIM AVE 0.9504 0.9473 0.9391 0.9617 0.9471 0.9356 0.9371 0.9509 0.9523 

SSIM AVE 0.8883 0.8752 0.8489 0.8831 0.8704 0.8741 0.8731 0.8832 0.8821 

8 PSNR OPT 30.2647 29.5444 28.5365 27.6782 28.5677 29.1153 27.0458 28.6207 29.1583 

FSIM OPT 0.9917 0.9910 0.9789 0.9843 0.9830 0.9870 0.9724 0.9847 0.9875 

SSIM OPT 0.9501 0.9383 0.9297 0.9354 0.9270 0.9372 0.9286 0.9351 0.9357 

PSNR AVE 29.8134 29.4759 27.8154 26.6244 27.6663 28.9844 26.9364 27.5084 27.8387 

FSIM AVE 0.9888 0.9812 0.9628 0.9776 0.9772 0.9722 0.9722 0.9837 0.9743 

SSIM AVE 0.9387 0.9284 0.9161 0.9221 0.9125 0.9318 0.9158 0.9247 0.9282 

12 PSNR OPT 32.7679 32.5982 31.0779 31.2751 31.8878 31.3939 25.4264 31.4426 31.4026 

FSIM OPT 0.9950 0.9957 0.9914 0.9953 0.9949 0.9930 0.9629 0.9915 0.9956 

SSIM OPT 0.9677 0.9659 0.9599 0.9623 0.9610 0.9644 0.9090 0.9603 0.9613 

PSNR AVE 32.6180 31.9376 30.9150 31.0995 30.6371 30.9362 24.6592 29.9264 30.7235 

FSIM AVE 0.9812 0.9806 0.9828 0.9822 0.9928 0.9744 0.9593 0.9862 0.9797 

SSIM AVE 0.9583 0.9510 0.9523 0.9570 0.9603 0.9515 0.9012 0.9516 0.9495 

TI8 4 PSNR OPT 26.7213 25.1606 26.2764 26.8710 25.9750 26.1720 26.3807 25.7760 26.2535 

FSIM OPT 0.9059 0.8487 0.8951 0.8957 0.8684 0.8869 0.8880 0.8695 0.8764 

SSIM OPT 0.9391 0.9378 0.9370 0.9404 0.9426 0.9404 0.9421 0.9393 0.9438 

PSNR AVE 24.7694 24.2600 25.4162 25.8784 25.3554 25.6181 26.1118 25.4175 25.7831 

FSIM AVE 0.8928 0.8015 0.8636 0.8773 0.8554 0.8683 0.8807 0.8632 0.8749 

SSIM AVE 0.9170 0.9135 0.9394 0.9384 0.9426 0.9394 0.9401 0.9375 0.9391 

8 PSNR OPT 30.8445 29.7758 28.8876 29.9425 29.1859 30.5104 29.0244 30.3842 29.9509 

FSIM OPT 0.9665 0.9515 0.9611 0.9595 0.9420 0.9648 0.9446 0.9620 0.9675 

SSIM OPT 0.9700 0.9648 0.9590 0.9629 0.9621 0.9674 0.9562 0.9664 0.9625 

PSNR AVE 30.0744 29.2353 27.8208 29.1908 29.3948 29.8612 28.5531 28.9138 29.0853 

FSIM AVE 0.9628 0.9442 0.9396 0.9481 0.9458 0.9556 0.9469 0.9537 0.9413 

SSIM AVE 0.9657 0.9635 0.9526 0.9609 0.9637 0.9647 0.9539 0.9582 0.9599 

12 PSNR OPT 33.1673 33.1434 31.1347 32.0253 33.0374 33.3131 30.4638 32.0626 32.7513 

FSIM OPT 0.9780 0.9782 0.9583 0.9720 0.9773 0.9780 0.9606 0.9719 0.9799 

SSIM OPT 0.9811 0.9803 0.9741 0.9742 0.9801 0.9802 0.9649 0.9778 0.9791 

PSNR AVE 32.5798 32.1333 30.9431 30.2601 32.0377 32.1140 30.2490 31.0997 31.9087 

FSIM AVE 0.9789 0.9723 0.9621 0.9639 0.9749 0.9721 0.9596 0.9742 0.9704 

SSIM AVE 0.9785 0.9769 0.9717 0.9664 0.9762 0.9766 0.9667 0.9718 0.9768 

TI9 4 PSNR OPT 25.1286 24.8940 25.5159 25.3399 24.9301 25.0029 23.0198 24.7994 24.9412 

FSIM OPT 0.9546 0.9517 0.9588 0.9534 0.9515 0.9536 0.9088 0.9549 0.9587 

SSIM OPT 0.9359 0.9334 0.9392 0.9397 0.9343 0.9339 0.9114 0.9299 0.9337 

12 
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PSNR AVE 24.5015 24.1732 24.1433 24.3072 24.9011 24.9399 22.9863 24.6826 24.3894 

FSIM AVE 0.9456 0.9203 0.9419 0.9390 0.9516 0.9514 0.9271 0.9535 0.9428 

SSIM AVE 0.9290 0.9217 0.9211 0.9265 0.9336 0.9338 0.9042 0.9289 0.9275 

8 PSNR OPT 30.2413 30.1749 29.2808 28.6627 30.4116 29.7491 27.7169 29.8082 29.5684 

FSIM OPT 0.9879 0.9880 0.9839 0.9869 0.9891 0.9854 0.9753 0.9856 0.9862 

SSIM OPT 0.9759 0.9754 0.9707 0.9662 0.9768 0.9737 0.9625 0.9740 0.9714 

PSNR AVE 30.0288 29.7013 27.8510 28.2162 29.6948 29.0018 27.1644 29.3461 28.8566 

FSIM AVE 0.9878 0.9856 0.9807 0.9801 0.9863 0.9811 0.9720 0.9850 0.9820 

SSIM AVE 0.9749 0.9732 0.9603 0.9650 0.9731 0.9701 0.9579 0.9717 0.9688 

12 PSNR OPT 33.3181 32.6910 32.1054 31.8795 32.4966 32.5028 31.1123 32.4794 32.7668 

FSIM OPT 0.9947 0.9942 0.9928 0.9927 0.9938 0.9917 0.9909 0.9935 0.9934 

SSIM OPT 0.9867 0.9855 0.9840 0.9829 0.9849 0.9856 0.9801 0.9849 0.9854 

PSNR AVE 32.6398 32.4817 31.3471 30.0379 32.1159 31.4299 29.0111 31.7748 31.5425 

FSIM AVE 0.9935 0.9935 0.9905 0.9852 0.9927 0.9892 0.9810 0.9917 0.9913 

SSIM AVE 0.9854 0.9851 0.9809 0.9756 0.9838 0.9815 0.9695 0.9828 0.9813 

TI10 4 PSNR OPT 24.9725 22.8728 24.2190 23.6342 23.1077 22.8389 24.6778 24.2442 24.2683 

FSIM OPT 0.9416 0.8699 0.9247 0.9013 0.8846 0.8946 0.9144 0.9078 0.8932 

SSIM OPT 0.7362 0.6752 0.7985 0.7674 0.6846 0.7662 0.7817 0.7063 0.7447 

PSNR AVE 23.9164 22.7516 22.8019 23.2465 22.8552 23.2187 23.1274 23.3012 23.3246 

FSIM AVE 0.9111 0.8651 0.9043 0.9092 0.8719 0.9001 0.8990 0.8933 0.8881 

SSIM AVE 0.7393 0.7092 0.6814 0.7035 0.6962 0.7284 0.6860 0.7004 0.7174 

8 PSNR OPT 29.4476 28.1726 28.0241 28.1767 28.6990 29.4345 29.3118 28.9466 28.9818 

FSIM OPT 0.9681 0.9602 0.9686 0.9720 0.9583 0.9698 0.9767 0.9752 0.9767 

SSIM OPT 0.8746 0.8527 0.8258 0.8225 0.8648 0.8660 0.8587 0.8550 0.8472 

PSNR AVE 28.6454 27.9537 27.3179 27.4278 28.1130 28.5336 28.5395 28.1281 28.3452 

FSIM AVE 0.9665 0.9526 0.9643 0.9684 0.9526 0.9633 0.9745 0.9605 0.9698 

SSIM AVE 0.8480 0.8464 0.8102 0.8095 0.8558 0.8470 0.8306 0.8361 0.8303 

12 PSNR OPT 32.5725 32.6196 30.7879 30.8428 32.2991 32.5998 30.6684 32.1626 31.6591 

FSIM OPT 0.9881 0.9837 0.9773 0.9775 0.9860 0.9862 0.9763 0.9909 0.9889 

SSIM OPT 0.9180 0.9251 0.9020 0.9072 0.9185 0.9225 0.8936 0.9114 0.9077 

PSNR AVE 32.0101 32.0126 30.0686 30.2244 31.8495 31.3295 29.4384 31.0302 31.1451 

FSIM AVE 0.9854 0.9828 0.9790 0.9787 0.9819 0.9813 0.9799 0.9842 0.9834 

SSIM AVE 0.9116 0.9143 0.8845 0.8809 0.9127 0.8954 0.8618 0.8938 0.9023 

↑ / ↔ 106 / 1 25 / 2 5 / 0 4 / 0 16 / 1 8 / 1 6 / 1 2 / 1 4 / 1 

Friedman’s mean rank 7.8750 6.2639 3.5000 3.9694 5.5750 5.7167 2.7444 4.8194 4.5361 

Rank 1 2 8 7 4 3 9 5 6 
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riplet corresponding to red ( 𝐼 𝑅 ) , green ( 𝐼 𝐺 ) and blue ( 𝐼 𝐵 ) colour plane.
or an arbitrary colour plane 𝐼 𝑝 ( 𝑥, 𝑦 ) , ∀𝑝 ∈ ( 𝑅, 𝐺, 𝐵 ) , the energy curve
 

𝑝 = { 𝐸 

𝑝 

0 , 𝐸 

𝑝 

1 , ⋯ , 𝐸 

𝑝 

𝐿 
} is generated using Eq. (8) . The optimal threshold

alues 𝜏𝑝, ∗ = ( 𝜏𝑝, ∗ 1 , 𝜏
𝑝, ∗ 
2 , ⋯ , 𝜏

𝑝, ∗ 
𝑑 

) , ∀𝑝 ∈ ( 𝑅, 𝐺, 𝐵 ) , using CSED based multi-
evel thresholding method for a colour image, are estimated as: 

𝜏𝑝, ∗ = 
(
𝜏
𝑝, ∗ 
1 , 𝜏

𝑝, ∗ 
2 , ⋯ , 𝜏

𝑝, ∗ 
𝑑 

)
= arg min 

0 <𝜏𝑝, ∗ 1 <𝜏
𝑝, ∗ 
2 < ⋯ <𝜏𝑝, ∗ 

𝑑 
<𝐿 −1 

{
𝜓 

𝑝 

1 
(
𝐶 

𝑝 

1 
)
+ ⋯ + 𝜓 𝑝 

𝑖 

(
𝐶 

𝑝 

𝑖 

)
+ ⋯ + 𝜓 𝑝 

𝑑+1 
(
𝐶 

𝑝 

𝑑+1 

𝑝 ∈ ( 𝑅, 𝐺, 𝐵 ) (2

here entropic information 𝜓 

𝑝 

𝑖 
of the 𝑖 th class 𝐶 

𝑝 

𝑖 
( 𝑓𝑜𝑟 𝑖 = 1 , 2 , ⋯ , 𝑑 + 1 )

f an arbitrary plane ( 𝑝 ) is evaluated using Eq. (28) . 

𝜓 
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(
𝐶 
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1 

)
= log 𝑒 
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𝜏1 ∑
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𝑒 
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) 
− 1 ∑𝜏1 
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[ ( 
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𝑖 
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log 𝑒 

( 
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𝑒 
𝑝 

𝑖 

) 

+ 𝐸 𝑝 𝜏1 log 𝑒 𝑒 
𝑝 
𝜏1 

] 
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𝐶 

𝑝 

𝑖 

)
= log 𝑒 
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) 
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𝑝 

𝑖 

[ 
𝑒 
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log 𝑒 𝑒 
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𝜏𝑖 −1 ∑
𝑖 = 𝜏𝑖 −1 +1 
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) 

log 𝑒 
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( 

𝐿 ∑
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𝑒 
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𝑖 

) 

log 𝑒 

( 

𝐿 ∑
𝑖 = 𝜏𝑑 +1 

𝑒 
𝑝 

𝑖 

) ] 
(28) 

The probability distribution of energy ep = e0p,e1p, ⋯ ,eLp of all pos-
ible individual gray level in an arbitrary image plane Ip of dimension,
 ×n is described as: 

 

𝑝 

𝑙 
= 

𝐸 

𝑝 

𝑙 ∑𝐿 

𝑖 =0 𝐸 

𝑝 

𝑖 

, ∀𝑙 ∈ [ 0 , 𝐿 ] (29)

here 𝐸 

𝑝 

𝑙 
is the energy value of the gray level 𝑙 in the arbitrary image

lane 𝐼 𝑝 , 
∑

𝑒 𝑙 = 1 and 0 ≤ 𝑒 𝑙 ≤ 1 . 
The optimal threshold values 𝜏𝑝, ∗ = ( 𝜏𝑝, ∗ 1 , 𝜏

𝑝, ∗ 
2 , ⋯ , 𝜏

𝑝, ∗ 
𝑑 

) , ∀𝑝 ∈ ( 𝑅, 𝐺, 𝐵 )
btained using the CSED based multilevel thresholding method for a
13 
olour image has 𝑑 threshold values for each plane, that classifies
he image plane into 𝑑 + 1 different classes 𝐶 

𝑝 

𝑖 
for 𝑖 = 1 , 2 , ⋯ , 𝑑 + 1 .

he thresholded image plane 𝐼 𝑝 
𝑇 
( 𝑥, 𝑦 ) consists of only 𝑑 + 1 gray lev-

ls, { 𝜃𝑝 1 , 𝜃
𝑝 

2 , ⋯ , 𝜃
𝑝 

𝑑+1 } , which are mean gray level values calculated by av-
raging the intensity values of the corresponding classes as: 

 

𝑝 

𝑇 
( 𝑥, 𝑦 ) = { 

𝜃
𝑝 

1 , 0 ≤ 𝐼 𝑝 ( 𝑥, 𝑦 ) ≤ 𝜏
𝑝, ∗ 
1 

𝜃
𝑝 

2 , 𝜏
𝑝, ∗ 
1 ≤ 𝐼 𝑝 ( 𝑥, 𝑦 ) ≤ 𝜏

𝑝, ∗ 
2 

⋯ ⋯ 

𝜃
𝑝 

𝑑+1 , 𝜏
𝑝, ∗ 
𝑑+1 ≤ 𝐼 𝑝 ( 𝑥, 𝑦 ) ≤ 𝐿 

, 1 ≤ 𝑥 ≤ 𝑚 and 1 ≤ 𝑦 ≤ 𝑛 

(30) 

After getting the red, green, and blue thresholded image planes, we
ombine the individual thresholded plane to obtain the colour thresh-
lding image 𝐼 𝑇 ( 𝑥, 𝑦 ) given as: 

 𝑇 ( 𝑥, 𝑦 ) = 

[
𝐼 𝑅 
𝑇 
( 𝑥, 𝑦 ) , 𝐼 𝐺 

𝑇 
( 𝑥, 𝑦 ) , 𝐼 𝐵 

𝑇 
( 𝑥, 𝑦 ) 

]
(31) 

It is needed to find 3 × 𝑑 numbers of optimal threshold values for a
olour image. Here, the computation complexity is 𝑂( 3 𝐿 

𝑑 ) . It is notewor-
hy to mention here that finding the optimal solutions is an exhaustive
earch process. Therefore, there is a strong need to propose a soft com-
uting approach. In this experiment, the suggested OEO is used as an
ptimizer. The proposed CSED-OEO based multilevel thresholding tech-
ique may attract readers for colour image thresholding applications,
ecause of its inherent advantages of attaining contextual information
long with the knowledge of the entropy interdependencies among dif-
erent classes. An effort is made here to minimize the shred boundary
etween different classes, which improves the accuracy of the method.
 detailed process of the proposal for colour image thresholding is dis-
layed in Fig. 7 . 

Generally, there is 256 × 256 × 256 number of colour levels in an
riginal RGB test image. If we use 𝑑 thresholds to segment the original
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Fig. 7. Flowchart of the proposed CSED-OEO based multilevel thresholding for colour images. 
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est image, the number of colour levels is reduced to ( 𝑑 + 1 ) 3 , for the
hresholded image. In our experiments, the segmented image is repre-
ented with 125 for d = 4, 729 for d = 8, and 2197 for d = 12 colour levels.
hus, the proposed method reduced the distinct colour levels to such a

arge extent. Hence, it is well suited for simplified interpretation. 

. Results and discussions 

In this section, we discuss the performance of the CSED-OEO based
ultilevel thresholding technique for remote sensing images. Its wor-

hiness for the segmentation of multispectral images is highlighted. In
hese experiments, we use the high dimensional colour satellite images
rom the Landsat image gallery [44] , which are captured by the Opera-
ional Land Imager (OLI) on the Landsat 8. The remote sensing images
14 
re taken well above the ground, so image features are rapidly chang-
ng their properties from one zone to another. This is the reason; the
ultilevel thresholding of high dimensional remote sensing images is
ore challenging. This demands us to use an efficient multilevel thresh-

lding technique. A comparative study on the CSED based multilevel
hresholding using recently developed and popular optimization algo-
ithm are carried out. Here, the EO [29] , HHO [36] , SFO [37] , WOA
38] , GWO [39] , PSO [35] , DE [35] and L-SHADE [40] are also used for
ptimization. 

Ten different test images (TI1 to TI10) from the Landsat image gallery

44] are considered for the experiments, which are displayed in Fig. 8 .
he visual information like test image, histogram, and energy curve of
he corresponding RGB plane is also shown in Fig. 8 . Along with this,
ig. 8 also provides information about the place and sensor of imaging,
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Fig. 8. Test images (TI1 to TI10) with their corresponding histograms. 
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imensions of the images. In the experiments, all the algorithms are
un independently 21 times for the threshold values 𝑑 = 4 , 8 , 12 , particle
 = 30 and maximum number of iteration count 𝑇 = 100 , to maintain

he consistency among the optimizer performances on the multilevel
hresholding using the suggested CSED method. It is reiterated that the
ptimization parameters setting of the OEO, EO, HHO, SFO, WOA, GWO,
SO, DE, and L-SHADE are presented in Table 1 . 

For a numerical finding, the optimal threshold values of the test im-
ges are presented in Table A.1 of the Appendix. The mean gray level
alues of thresholded images using the optimal thresholds are displayed
n Table A.2 of the Appendix. Tables A.1 and A.2 consists of numerical
15 
ata to provide a practical understanding. Whereas the qualitative re-
ults on the OEO are presented in Fig. 9 . The thresholded images pro-
ide a visual interpretation of the mean gray levels given in Table A.2 .
ig. 9 shows the thresholded images of 10 test images (TI1 to TI10)
or threshold values 𝑑 = 4 , 8 and 12. From Fig. 9 , it is revealed that the
SED-OEO based multilevel thresholding method has the potential to
btain good quality threshold values. It is also evident that the quality
f the thresholded images increases with an increase in the number of
hresholds. 

To conserve space, only two-sample test images TI8 and TI10 are
isplayed here for comparative analysis. The qualitative results using
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Fig. 9. Thresholded images using CSED-OEO multilevel colour image thresh- 
olding. 
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Fig. 10. Thresholded images using various optimization algorithms for multi- 
level colour image thresholding of test image TI8. 
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EO, EO, HHO, SFO, WOA, GWO, PSO, DE, and L-SHADE are presented
n Fig. 10 and Fig. 11 , respectively. Fig. 10 and Fig. 11 shows that the
verall visual quality of the OEO based thresholded images is more like
he original images, the 2 nd column is of 4-level, 3 rd column is of 8-level
nd 4 th column is of 12-level thresholded images. The 4-level thresh-
lded images use 125 colour levels, 8-level thresholded images use 729
olour levels, and 12-level thresholded images use 2197 colour levels to
epresent, which are shown in Fig. 9 - 11 . 
16 
The remote sensing images are high dimensional. The visual repre-
entation of thresholded images is not sufficient to ensure the superi-
rity of a method. So, here some well-known quantitative metrics such
s Peak Signal to Noise Ratio (PSNR) [45] , Feature Similarity (FSIM)
46] , and Structure Similarity (SSIM) [47] are used. The better is the
SNR, FSIM, and SSIM value, the better is the thresholding method.
he results based on performance metric PSNR, FSIM, and SSIM are
resented in Table 5 . The first categories of metrics used in Table 5 are
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Fig. 11. Thresholded images using various optimization algorithms for multi- 
level colour image thresholding of test image TI10. 

o  

(  

o  

m  

T  

t  

a  

i  

p  

i  

m  

m  

s  

F  

s  

c  

t  

5  

G  

F  

T  

a  

o

6

 

o  

o  

e  

t  

a  

r  

I  

i  

i  

m  

s  

a  

n  

s  

b  

i  

c  

t  

a  

G  

S  

o  

a  

h
 

c  

t  

h  

i  

c  

c  

s  

t  

9  

t  

s  

w  

t  

m  

o  

i  

A

 

p  

i  

A

D

 

i  

t

A

ptimal PSNR (‘PSNR OPT ’), optimal FSIM (‘FSIM OPT ’), and optimal SSIM
‘SSIM OPT ’), which are obtained from the thresholded image using the
ptimal threshold value presented in Table A.1 and the corresponding
ean gray level in Table A.2 . The second categories of metric used in
able 5 to describe the performance of various optimizer in multilevel
hresholding are average PSNR (‘PSNR AVE ’), average FSIM (‘FSIM AVE ’),
nd average SSIM (‘SSIM AVE ’), which are obtained from the thresholded
mage using independent threshold value obtained during the 21 inde-
endent runs of optimizer. These are estimated from the original test
mage, the corresponding thresholded image generated using the opti-
al threshold values presented in Table A.1 (see the Appendix), and the
ean gray levels presented in Table A.2 (see the Appendix). Let us as-

ign ‘ ↑ ’ for the superior results and ‘ ↔’ for the similar results of PSNR,
SIM, and SSIM using different optimization algorithms. The OEO has
hown superior results for PSNR and SSIM metrics. However, it shows
ompetitive results for FSIM metric. The performance on the quantita-
ive metrics presented in Table 5 summarizes the following – OEO (‘ ↑ ’
8.8%), EO (‘ ↑ ’ 13.8%), HHO (‘ ↑ ’ 2.8%), SFO (‘ ↑ ’ 2.2%), WOA (‘ ↑ ’ 8.9%),
WO (‘ ↑ ’ 4.4%), PSO (‘ ↑ ’ 3.3%), DE (‘ ↑ ’ 1.1%) and L-SHADE (‘ ↑ ’2.22).
17 
riedman’s mean rank test is also performed on the data presented in
able 5 . Interestingly, the OEO ranked first among other optimization
lgorithms. For instance, last row of Table 5 shows its superiority over
thers. 

. Conclusion 

The paper highlighted the merits of the proposal covering all aspects
f the multilevel colour image thresholding. As opposed to the previ-
usly published research work, mostly based on the maximization of
ntropy, the method proposed in this paper is based on the minimiza-
ion of an entropic objective function. Another new contribution is the
ttainment of the contextual information in the thresholded output. The
eason for attainment is the inherent mechanism using the energy curve.
nteresting statistical results are achieved in connection with the newly
ntroduced OEO because opposition particle concentration and escap-
ng strategy are also utilized to enhance the exploration capability. Even
ore interesting is its scalability and stability performances because the

earch trajectory follows both directions. The search history, trajectory,
nd the average fitness history of the OEO explicitly discuss its effective-
ess for optimization. Also, the Box plots and the convergence curves en-
ure its stability and faster convergence to obtain the optimal solutions
ased on the iteration count, respectively. The limitation of the OEO
s it takes more number function evaluation as compared to its prede-
essors EO. The Friedman mean rank test, Bonferroni-Dunn test, Holm’s
est, and 𝑝 -value of Wilcoxon’s signed ranked test shows the commend-
ble statistical performance of OEO over other optimizers such as EO,
WO, WOA, PSO, and DE. The OEO can be replaced in place of HHO,
FO, and L-SHADE optimization problem based on the posthoc analysis
f Holm’s test. The OEO can be further explored to the multi-objective
nd constrained handling optimization problem. Nonetheless, the OEO
as the potential to be used for the world of optimization 

Moreover, the CSED-OEO method provides reduced complexity be-
ause the energy curve is used instead of the 2D histogram used in mul-
ilevel thresholding techniques. Nevertheless, its performance on the
igh dimensional application is encouraging. The reason may be due to
ts effective strategy to minimize the shred boundary between different
lasses by minimizing their entropy dependencies. An in-depth statisti-
al analysis is provided to validate the method. Encouraging results are
hown, which may attract readers for its future applications. Notewor-
hy differences are observed from the visual results displayed in Figs.
-11 . Quantitative metrics – PSNR, FSIM, and SSIM are used for valida-
ion. Friedman’s mean rank test is also carried out (Table 7) to justify the
uperiority of our method over others. Its performances are compared
ith state-of-the-art methods and found better than others. It is believed

hat the idea may attract other researchers to explore further. The paper
ay enrich the literature in the context of segmentation-based analysis

f colour images. It would be useful for the segmentation of biomedical
mages like magnetic resonance images (MRI), thermogram images, etc.
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Tables A1 and A2 
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Table A1 

The optimal threshold values for each color component of the test images. 

Test Images 𝑑 OEO EO HHO SFO WOA GWO PSO DE L-SHADE 

TI1 4 R 34 82 142 243 33 112 185 

243 

36 128 171 

243 

52 109 198 

243 

33 112 185 

243 

34 94 154 243 40 132 178 

204 

34 116 177 

243 

38 89 167 243 

G 49 86 155 245 46 89 146 245 44 94 137 245 43 93 146 245 47 113 187 

245 

46 89 146 245 46 98 159 219 46 129 189 

245 

45 90 178 247 

B 68 134 175 

244 

80 135 202 

244 

19 80 157 225 80 171 209 

241 

9 80 135 225 80 138 193 

244 

58 74 129 212 81 133 189 

232 

72 133 175 

241 

8 R 8 32 67 105 

145 185 215 

243 

10 33 67 105 

140 185 215 

243 

8 33 70 101 

109 148 185 

243 

8 36 70 98 119 

182 216 243 

8 35 66 108 

141 183 216 

243 

5 17 40 81 118 

147 188 243 

3 50 64 105 

152 174 198 

226 

30 63 93 123 

151 192 212 

233 

39 58 89 117 

144 174 208 

242 

G 21 50 82 113 

150 183 217 

245 

22 49 82 113 

150 183 212 

245 

27 78 114 148 

166 197 230 

248 

28 43 83 123 

164 205 221 

245 

9 45 79 112 

145 178 212 

248 

21 57 84 107 

129 177 223 

235 

4 25 52 63 84 

151 214 243 

5 52 81 102 

141 188 212 

245 

33 52 85 107 

147 193 226 

250 

B 19 56 81 107 

131 171 209 

244 

12 54 81 107 

135 171 209 

244 

28 67 107 133 

162 190 220 

244 

9 42 61 82 146 

165 202 244 

25 51 80 110 

135 162 193 

244 

9 47 78 116 

146 178 209 

240 

5 39 55 82 121 

145 169 206 

10 49 69 105 

141 165 225 

240 

13 78 102 134 

173 195 216 

244 

12 R 9 35 60 82 97 

123 147 171 

193 215 230 

243 

7 35 66 86 112 

130 148 182 

200 219 232 

243 

1 19 29 47 70 

86 129 154 

179 206 216 

240 

9 15 31 70 86 

128 134 144 

168 181 215 

243 

10 36 54 71 91 

112 139 162 

185 207 230 

243 

10 25 30 66 91 

105 128 147 

164 179 199 

226 

27 35 48 61 90 

103 114 128 

204 210 224 

242 

17 38 53 65 88 

100 131 155 

161 187 220 

237 

8 39 68 88 108 

123 136 158 

176 204 225 

245 

G 1 24 48 64 82 

109 128 150 

169 192 217 

245 

6 26 55 74 89 

110 128 147 

166 200 226 

250 

9 39 50 78 94 

127 156 168 

192 197 230 

250 

26 39 54 90 

117 143 158 

170 183 205 

240 245 

5 23 42 58 81 

113 130 153 

174 196 226 

248 

13 26 38 64 83 

109 130 153 

170 190 209 

248 

23 40 82 93 

111 129 155 

161 172 180 

236 252 

5 17 41 83 91 

112 133 145 

174 197 214 

236 

25 51 65 86 

117 133 142 

156 185 206 

229 252 

B 9 27 51 66 82 

107 131 154 

175 202 220 

244 

11 27 47 63 80 

107 132 147 

170 191 225 

241 

14 36 51 81 

116 124 134 

145 193 202 

217 240 

13 34 51 60 77 

100 124 137 

149 166 190 

246 

8 19 32 50 66 

82 106 134 

164 195 216 

244 

35 48 62 85 

117 127 140 

172 184 199 

220 240 

3 30 47 75 88 

114 118 166 

193 205 217 

244 

12 24 36 49 85 

112 130 145 

169 191 202 

225 

20 38 59 78 

102 143 160 

187 198 205 

216 241 

TI2 4 R 30 90 157 222 30 90 157 222 43 79 157 222 37 85 153 222 32 90 164 222 32 95 157 222 33 65 127 183 29 85 153 223 34 104 161 

226 

G 58 118 168 

232 

58 118 168 

232 

58 110 156 

232 

66 118 171 

232 

57 118 171 

232 

60 117 162 

216 

50 79 156 209 56 110 154 

216 

50 105 153 

226 

B 35 77 108 162 35 77 108 162 77 108 152 

204 

1 79 108 182 74 114 162 

202 

76 108 156 

204 

73 111 204 

233 

75 113 164 

220 

75 114 157 

213 

8 R 14 32 67 93 

125 154 182 

220 

16 30 65 99 

136 175 213 

244 

13 43 74 95 

118 158 183 

238 

44 80 102 141 

166 214 228 

247 

16 30 65 99 

136 175 213 

244 

1 13 28 67 110 

160 207 244 

15 32 111 121 

146 168 233 

251 

30 61 94 122 

150 179 213 

244 

29 55 90 119 

157 180 205 

238 

G 45 69 85 108 

138 168 196 

235 

47 68 95 118 

148 178 207 

235 

50 67 84 112 

158 198 216 

232 

45 67 100 131 

154 168 207 

232 

25 47 80 111 

148 175 207 

235 

24 46 68 89 

123 163 197 

239 

46 69 106 125 

133 171 187 

249 

25 50 85 120 

150 178 210 

232 

46 79 112 143 

163 177 210 

241 

B 11 41 79 108 

148 182 205 

235 

1 36 77 108 

151 180 212 

247 

4 11 71 93 108 

173 196 245 

48 67 73 93 

112 148 194 

240 

1 31 54 79 108 

162 204 240 

38 76 99 123 

147 174 200 

226 

12 78 103 130 

153 169 215 

245 

1 36 75 108 

133 163 203 

240 

9 52 79 111 

154 185 217 

254 

12 R 1 13 30 64 90 

115 138 159 

183 207 232 

253 

13 35 63 94 

113 128 148 

169 186 207 

228 247 

17 38 47 55 72 

98 127 158 

176 217 233 

251 

17 37 50 65 83 

90 111 119 

171 198 226 

244 

16 29 48 68 88 

110 132 153 

175 196 222 

247 

29 42 81 99 

128 142 151 

174 181 190 

228 249 

4 21 55 88 104 

128 157 170 

203 214 242 

251 

1 16 29 54 89 

104 137 165 

181 200 208 

251 

1 17 36 88 103 

123 145 161 

183 201 213 

235 

G 7 25 44 60 80 

99 120 143 

163 187 211 

232 

3 24 50 73 92 

111 130 149 

172 193 216 

237 

26 35 46 70 88 

137 145 167 

197 211 221 

241 

9 15 25 46 52 

89 104 119 

144 189 205 

241 

1 25 46 67 87 

109 128 149 

168 187 211 

239 

4 16 50 71 95 

108 128 146 

163 184 204 

226 

22 43 62 69 77 

102 125 134 

168 183 187 

215 

1 25 38 73 94 

116 137 152 

173 193 233 

248 

24 41 62 86 99 

117 147 166 

197 214 220 

245 

B 6 23 44 77 93 

108 125 151 

175 202 226 

254 

1 21 53 79 97 

114 133 156 

176 212 236 

254 

19 39 65 76 99 

108 124 139 

176 207 226 

240 

11 27 38 49 64 

99 124 139 

159 201 227 

254 

1 21 45 77 93 

114 150 175 

199 220 240 

254 

1 21 58 77 86 

99 110 123 

151 178 207 

233 

2 20 61 73 91 

112 123 151 

215 230 248 

254 

6 24 52 78 103 

129 149 172 

189 208 223 

245 

10 38 77 93 

121 148 163 

174 202 227 

229 252 

TI3 4 R 48 102 155 

214 

42 97 153 212 50 97 153 212 42 120 171 

212 

42 97 153 212 41 97 155 212 53 109 154 

225 

42 97 155 210 44 104 158 

212 

G 65 117 172 

219 

60 112 167 

219 

62 120 165 

219 

72 126 165 

213 

60 112 167 

219 

60 112 167 

219 

81 112 167 

225 

60 110 167 

219 

57 111 164 

219 

( continued on next page ) 
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Table A1 ( continued ) 

B 59 120 168 

219 

57 114 171 

219 

62 120 157 

213 

54 107 162 

219 

57 112 162 

218 

59 112 167 

219 

114 143 202 

227 

57 112 163 

219 

53 110 172 

215 

8 R 31 59 90 116 

143 172 201 

229 

31 58 87 115 

143 172 201 

228 

41 58 87 115 

134 166 196 

228 

34 56 95 125 

152 181 203 

237 

29 58 87 117 

149 177 207 

237 

24 47 84 118 

152 178 210 

237 

3 48 64 79 109 

142 171 208 

36 66 94 114 

149 180 205 

237 

27 52 106 127 

158 190 221 

239 

G 37 66 96 122 

151 179 208 

235 

40 66 97 126 

155 181 208 

236 

36 51 86 131 

156 172 206 

234 

63 92 103 128 

167 187 209 

233 

37 66 94 120 

149 175 205 

234 

40 65 94 119 

142 172 209 

238 

49 88 95 114 

157 179 209 

221 

40 84 116 142 

170 201 218 

234 

50 93 112 144 

164 193 211 

235 

B 47 74 99 125 

151 179 207 

234 

1 51 81 112 

142 171 203 

233 

22 50 76 107 

145 169 203 

234 

1 47 75 107 

137 172 206 

233 

45 72 97 122 

149 177 207 

233 

24 48 78 105 

133 167 201 

233 

55 119 129 

150 173 195 

210 240 

1 54 78 110 

139 172 207 

241 

52 89 107 143 

164 198 224 

240 

12 R 3 24 43 64 83 

99 118 141 

163 187 214 

237 

1 24 42 61 78 

97 120 143 

168 193 217 

242 

6 13 27 59 74 

85 114 149 

168 194 221 

237 

25 43 91 112 

128 157 174 

179 200 213 

222 233 

2 23 42 61 86 

107 127 149 

169 190 215 

237 

36 59 76 90 

105 116 129 

143 162 185 

214 235 

32 52 73 94 99 

115 146 157 

188 203 215 

222 

1 29 55 87 102 

119 133 156 

181 202 214 

235 

4 25 72 90 107 

124 136 150 

173 199 218 

233 

G 36 58 77 96 

117 135 152 

167 185 201 

220 241 

33 53 71 92 

112 130 149 

167 185 203 

222 241 

34 50 59 87 

104 112 132 

173 185 207 

222 241 

27 46 67 84 93 

112 137 152 

185 203 223 

242 

31 48 68 87 

107 126 144 

162 181 201 

222 241 

8 19 38 62 84 

104 122 140 

163 185 215 

237 

26 64 74 80 94 

124 145 169 

188 206 214 

222 

25 36 55 76 

100 108 131 

157 167 186 

221 241 

37 63 87 98 

114 136 160 

189 199 226 

237 246 

B 1 22 46 68 88 

109 130 153 

174 194 217 

239 

1 15 40 62 85 

107 130 153 

175 196 219 

240 

8 20 38 67 94 

119 142 158 

171 194 221 

239 

15 34 51 87 96 

111 142 163 

180 191 213 

243 

1 22 48 71 92 

114 133 153 

173 196 219 

240 

8 20 43 59 89 

115 136 169 

178 187 221 

228 

25 45 81 97 

117 121 151 

171 186 200 

233 238 

4 26 44 55 71 

101 127 150 

174 198 221 

247 

4 47 63 83 101 

132 146 176 

194 209 227 

241 

TI4 4 R 21 98 154 241 20 99 158 241 21 65 166 241 30 65 156 241 20 99 158 241 20 99 163 241 16 82 131 200 20 91 147 241 20 90 142 241 

G 6 32 102 161 6 32 102 161 38 82 116 167 6 32 99 162 6 32 108 217 6 38 101 134 37 81 142 225 6 30 95 169 6 29 99 213 

B 14 81 138 198 16 81 140 198 79 125 170 

198 

16 101 132 

198 

16 81 133 198 16 81 136 198 8 97 171 214 16 68 145 198 10 113 150 

199 

8 R 20 54 82 109 

139 170 203 

241 

20 59 89 119 

149 174 206 

241 

34 52 83 111 

130 149 194 

241 

2 21 58 91 132 

172 202 241 

2 20 65 104 

138 170 206 

241 

3 21 38 63 108 

134 167 241 

20 57 88 104 

123 153 202 

246 

1 20 62 92 112 

156 194 242 

25 77 98 112 

137 161 206 

242 

G 6 36 60 84 113 

151 187 221 

6 32 72 102 

131 163 194 

221 

7 28 74 102 

134 163 205 

221 

5 36 69 97 112 

138 179 223 

6 32 76 108 

138 167 194 

221 

6 30 62 85 113 

147 184 220 

11 54 87 102 

117 144 195 

208 

6 31 75 117 

147 164 189 

225 

7 34 81 109 

144 188 203 

224 

B 16 41 59 79 

106 133 166 

198 

16 67 93 121 

146 170 198 

216 

19 65 86 118 

137 170 220 

234 

21 68 113 131 

167 189 201 

234 

7 16 21 69 102 

133 170 203 

10 21 59 82 

121 140 177 

213 

11 41 62 80 93 

165 187 214 

20 60 91 125 

162 195 213 

230 

16 76 95 119 

146 166 177 

203 

12 R 2 6 21 54 81 

104 124 145 

166 188 209 

241 

2 25 54 90 109 

126 139 156 

180 208 225 

241 

2 25 47 64 83 

123 131 144 

176 195 204 

241 

1 6 21 33 58 

72 111 125 

152 181 195 

251 

20 44 64 88 

111 135 154 

171 191 209 

228 241 

2 17 39 66 82 

96 108 138 

163 196 227 

241 

16 21 48 67 87 

104 118 126 

130 173 186 

208 

1 18 57 88 100 

111 121 139 

164 192 209 

240 

1 20 42 53 82 

98 117 139 

178 186 206 

238 

G 7 12 32 59 82 

102 122 142 

163 184 205 

224 

6 30 53 83 104 

130 148 161 

176 189 202 

224 

6 13 24 82 117 

121 136 170 

195 200 219 

243 

8 39 59 76 96 

119 125 127 

152 170 193 

224 

1 6 29 45 63 

85 107 132 

166 195 222 

243 

8 29 37 54 67 

83 96 110 135 

156 177 217 

4 49 56 70 90 

102 128 143 

173 175 228 

238 

4 29 52 76 88 

127 149 162 

175 198 207 

243 

4 31 79 114 

124 135 151 

164 178 197 

212 225 

B 7 41 61 81 102 

121 138 151 

170 189 216 

234 

8 32 47 66 92 

107 123 140 

158 179 203 

234 

1 10 42 80 103 

133 151 156 

169 198 230 

234 

8 49 70 77 83 

103 124 146 

170 189 228 

234 

1 14 39 65 81 

100 121 146 

167 198 216 

234 

1 57 66 76 91 

107 137 151 

167 183 212 

234 

58 86 92 120 

124 133 147 

153 167 175 

177 188 

14 22 34 56 67 

81 97 114 136 

167 189 213 

8 39 53 73 106 

115 135 152 

171 192 209 

234 

TI5 4 R 41 82 126 171 37 78 123 171 37 92 127 183 37 80 127 171 37 78 123 171 36 82 126 171 31 80 115 164 37 78 123 164 40 82 134 183 

G 55 129 177 

227 

9 55 133 225 57 99 163 225 7 62 143 199 9 55 133 225 9 55 133 209 65 111 180 

218 

7 56 141 208 20 65 142 209 

( continued on next page ) 
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Table A1 ( continued ) 

B 9 131 167 225 22 108 167 

230 

5 105 177 227 34 105 161 

232 

34 108 167 

230 

10 108 167 

230 

36 132 167 

235 

34 110 158 

219 

15 97 159 221 

8 R 28 51 78 102 

123 146 164 

197 

26 51 78 102 

123 148 171 

195 

37 60 83 102 

122 153 181 

200 

1 26 51 78 104 

133 155 193 

25 58 82 111 

140 168 194 

230 

38 57 70 90 

104 142 162 

180 

2 46 62 80 121 

162 187 207 

29 49 70 90 

109 150 166 

188 

37 62 94 112 

147 161 180 

205 

G 20 49 79 113 

140 171 203 

232 

3 49 82 112 

143 171 201 

232 

24 53 88 116 

154 180 189 

229 

49 68 96 112 

158 174 211 

232 

9 49 78 108 

140 171 201 

232 

22 61 90 119 

148 172 205 

232 

4 50 85 110 

152 182 222 

235 

9 52 103 137 

149 171 196 

221 

9 45 83 114 

137 158 190 

216 

B 10 80 108 137 

160 186 216 

242 

12 81 108 137 

159 186 216 

242 

3 10 91 119 

165 186 205 

241 

34 46 96 126 

154 186 206 

241 

22 81 108 137 

159 186 216 

243 

14 44 67 99 

133 169 207 

241 

2 78 90 118 

177 185 204 

210 

5 69 103 145 

160 188 206 

244 

15 81 95 131 

157 200 220 

243 

12 R 1 30 51 69 90 

119 143 159 

176 191 207 

230 

1 25 41 62 78 

94 111 127 

146 165 183 

204 

25 47 62 97 

109 121 148 

166 179 189 

221 230 

25 36 45 49 63 

97 122 143 

158 173 183 

230 

25 41 58 70 84 

102 127 153 

171 189 206 

230 

22 35 58 80 92 

111 121 143 

160 183 212 

230 

6 24 44 56 85 

98 115 155 

184 192 218 

229 

31 55 69 83 

110 130 144 

162 179 197 

214 228 

25 36 49 66 78 

99 135 161 

175 190 218 

229 

G 7 30 48 73 95 

112 131 149 

170 190 208 

230 

7 29 46 68 88 

112 136 161 

186 209 232 

254 

46 56 68 82 

110 119 136 

168 180 205 

229 239 

20 58 73 98 

108 130 151 

176 186 202 

224 241 

7 46 62 82 104 

126 150 171 

190 209 225 

240 

45 57 77 97 

116 130 144 

162 182 201 

222 238 

24 28 53 61 66 

91 108 148 

181 208 220 

232 

25 44 57 83 

112 129 141 

172 185 203 

218 239 

24 44 54 100 

113 129 150 

172 192 204 

214 232 

B 3 38 74 92 111 

126 145 158 

178 201 223 

243 

5 38 66 80 96 

116 137 156 

179 201 223 

244 

38 65 88 95 

106 126 145 

153 174 201 

212 244 

38 50 89 105 

113 126 133 

157 189 199 

221 230 

3 22 46 66 85 

108 137 156 

179 201 221 

244 

15 42 83 95 

111 130 145 

156 178 197 

216 237 

6 49 54 62 79 

82 110 153 

168 194 213 

244 

14 72 79 91 

108 122 143 

159 174 187 

211 236 

9 34 69 80 95 

104 126 143 

183 206 232 

250 

TI6 4 R 42 106 148 

219 

42 106 148 

227 

29 116 152 

223 

42 107 158 

227 

42 116 162 

227 

42 106 154 

227 

41 83 125 195 45 106 152 

219 

45 103 146 

231 

G 50 111 167 

208 

62 111 170 

208 

50 122 177 

206 

59 116 170 

225 

62 110 156 

208 

59 111 167 

208 

127 153 185 

211 

64 110 168 

211 

51 120 177 

211 

B 110 147 188 

230 

110 147 188 

230 

113 154 188 

230 

138 167 199 

226 

107 149 188 

230 

115 146 190 

230 

108 126 174 

217 

110 150 190 

230 

106 151 188 

226 

8 R 17 43 79 107 

134 158 197 

227 

17 45 75 106 

138 170 202 

233 

19 33 82 105 

157 193 213 

247 

19 69 86 107 

139 177 219 

233 

17 48 80 116 

148 185 219 

247 

38 60 101 137 

162 195 220 

252 

39 97 116 134 

145 203 232 

243 

17 48 86 109 

143 165 189 

228 

15 44 80 134 

148 183 218 

240 

G 24 59 86 114 

142 167 200 

238 

24 52 104 131 

160 188 216 

251 

32 54 105 131 

145 180 223 

251 

24 51 97 125 

187 208 238 

251 

24 50 82 113 

146 177 208 

251 

24 62 96 127 

147 170 200 

230 

47 65 112 146 

173 176 202 

225 

24 51 96 117 

141 170 197 

228 

50 100 121 

137 153 176 

211 249 

B 44 69 102 127 

147 177 203 

230 

44 73 108 140 

172 199 221 

246 

44 51 103 143 

161 176 209 

230 

74 112 124 

147 189 216 

234 246 

44 73 104 131 

159 188 215 

238 

48 87 106 131 

160 196 236 

252 

40 67 84 113 

148 185 213 

225 

51 76 116 143 

164 194 229 

252 

54 104 124 

138 150 172 

200 230 

12 R 25 31 54 69 87 

112 126 140 

157 182 223 

247 

4 17 45 65 85 

106 129 149 

172 202 227 

247 

13 23 73 91 

117 129 143 

167 187 197 

238 252 

3 29 61 93 112 

138 159 178 

193 209 243 

247 

4 30 52 76 102 

121 139 162 

187 212 229 

247 

22 41 55 70 87 

106 126 149 

172 199 223 

252 

23 33 45 65 78 

99 133 143 

150 161 188 

232 

1 20 42 59 73 

106 120 147 

161 200 229 

247 

7 23 42 52 70 

97 128 151 

169 190 202 

234 

G 24 40 56 83 93 

111 125 147 

171 206 223 

251 

24 39 62 75 94 

113 134 155 

177 200 223 

242 

24 52 62 91 

105 121 161 

185 215 219 

238 251 

45 63 99 120 

140 157 184 

196 206 225 

244 251 

24 50 62 86 

108 131 162 

180 198 211 

230 251 

24 39 59 77 92 

111 130 150 

170 198 220 

238 

40 64 66 83 

106 127 134 

173 185 208 

237 252 

24 51 80 99 

119 126 147 

161 182 195 

216 241 

41 49 69 106 

117 129 144 

160 173 213 

237 251 

B 54 66 81 91 

106 122 135 

147 167 192 

208 238 

48 73 91 104 

122 143 161 

181 199 215 

238 252 

44 73 83 96 

126 154 159 

180 217 226 

238 254 

49 71 87 98 

110 147 152 

173 183 201 

230 246 

54 71 85 107 

124 143 156 

173 190 209 

230 246 

44 59 79 93 

109 125 140 

165 196 217 

246 254 

75 78 94 104 

119 123 140 

162 187 224 

239 245 

44 56 71 81 

102 129 151 

172 184 211 

219 236 

44 56 96 110 

127 141 157 

170 179 195 

219 239 

TI7 4 R 16 64 120 190 54 107 158 

205 

56 163 191 

239 

10 64 118 174 54 102 155 

205 

55 128 195 

239 

7 67 93 166 55 112 162 

205 

57 103 159 

205 

G 22 81 135 186 22 81 135 186 81 123 185 

219 

23 75 134 185 22 81 126 185 22 84 132 186 90 125 153 

192 

22 83 130 187 21 80 130 179 
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Table A1 ( continued ) 

B 64 118 171 

228 

61 113 171 

228 

64 110 171 

229 

6 68 145 213 62 118 177 

228 

62 118 176 

229 

54 135 170 

234 

64 109 172 

228 

63 116 174 

227 

8 R 18 51 79 107 

135 166 202 

239 

16 59 94 124 

152 179 205 

239 

28 54 87 108 

136 166 200 

239 

13 26 64 96 

110 138 209 

239 

13 56 96 129 

165 205 236 

250 

31 52 93 118 

145 162 205 

239 

16 57 124 154 

164 174 213 

237 

16 53 82 100 

164 197 239 

250 

12 58 105 133 

155 181 202 

240 

G 18 43 70 100 

128 155 185 

219 

20 49 77 103 

131 159 186 

219 

14 29 84 108 

135 177 195 

221 

11 39 71 137 

158 181 198 

226 

22 75 105 135 

165 194 221 

246 

12 40 70 100 

129 160 186 

219 

26 40 48 80 

103 123 203 

218 

21 39 69 94 

113 153 184 

218 

17 41 79 107 

128 155 176 

214 

B 11 48 73 102 

135 166 200 

239 

11 59 93 118 

150 184 214 

240 

59 99 118 133 

158 194 212 

239 

10 38 61 84 

114 187 220 

237 

9 60 92 121 

153 184 213 

240 

8 21 60 90 110 

159 180 222 

19 36 73 97 

135 196 200 

226 

9 62 94 113 

135 154 187 

233 

10 51 70 98 

122 143 191 

233 

12 R 17 47 65 82 

100 119 135 

154 173 195 

212 239 

6 17 33 51 72 

92 113 133 

155 179 205 

239 

14 32 42 57 87 

103 142 160 

182 199 214 

239 

14 22 45 78 99 

126 146 167 

174 210 244 

250 

9 37 62 88 107 

127 149 172 

193 213 236 

250 

4 29 41 67 81 

96 122 138 

152 189 239 

250 

5 16 56 71 78 

123 147 163 

174 202 232 

247 

11 37 55 80 99 

138 152 165 

199 208 226 

252 

11 34 54 77 

117 134 157 

166 182 195 

214 238 

G 10 30 51 71 90 

112 136 155 

177 198 225 

246 

11 28 48 66 84 

103 122 140 

159 179 199 

222 

1 11 24 54 83 

98 138 153 

167 190 223 

246 

22 37 60 80 99 

141 149 185 

203 218 234 

246 

2 23 46 75 98 

122 146 165 

185 203 225 

246 

1 13 24 38 61 

77 102 127 

171 196 225 

246 

10 49 51 54 63 

67 161 176 

214 226 236 

243 

12 22 32 69 86 

111 136 147 

169 190 213 

233 

10 29 50 73 96 

118 129 159 

196 215 226 

248 

B 10 27 46 64 82 

103 121 146 

170 191 215 

241 

6 20 57 81 102 

121 141 160 

181 202 222 

242 

5 24 49 82 98 

114 125 161 

178 185 217 

239 

8 22 48 66 102 

121 140 176 

199 209 236 

244 

1 17 44 66 93 

118 138 160 

183 202 222 

242 

5 15 39 64 85 

114 139 164 

181 203 221 

241 

8 36 85 101 

113 128 145 

151 174 177 

212 247 

4 13 38 51 82 

101 113 129 

156 185 217 

238 

3 18 30 57 88 

112 123 136 

180 202 218 

237 

TI8 4 R 43 98 126 177 27 61 96 146 23 95 130 174 27 57 108 177 27 61 96 146 27 57 96 149 27 61 115 149 24 61 86 147 25 61 137 169 

G 46 98 159 219 10 52 115 229 15 53 94 152 19 52 118 156 10 52 99 140 10 52 99 153 10 52 115 156 15 51 98 140 9 50 98 143 

B 70 113 165 

192 

67 109 171 

216 

38 125 153 

212 

39 115 147 

189 

67 109 171 

216 

46 113 171 

216 

68 114 170 

216 

39 109 170 

219 

70 110 169 

217 

8 R 15 63 88 116 

146 174 189 

221 

24 61 88 115 

138 162 185 

225 

9 29 57 117 

146 165 220 

242 

12 38 64 95 

108 130 187 

225 

10 27 61 88 

115 146 180 

226 

10 27 45 88 

115 146 178 

223 

13 29 45 58 

144 158 182 

195 

13 29 61 83 

111 124 180 

225 

13 29 61 93 

147 183 202 

225 

G 26 52 94 118 

152 181 200 

226 

15 52 71 104 

140 160 200 

229 

30 52 69 102 

130 180 196 

229 

10 52 104 118 

128 142 173 

200 

11 52 99 140 

160 200 227 

247 

23 53 71 95 

116 154 183 

229 

13 25 52 54 99 

151 175 228 

6 50 77 109 

136 165 197 

227 

24 53 75 112 

138 159 192 

234 

B 7 49 89 110 

139 168 190 

220 

1 21 39 69 109 

146 180 216 

39 69 125 146 

154 168 187 

216 

23 67 90 107 

137 174 198 

225 

7 39 68 109 

147 181 216 

253 

7 39 56 109 

131 149 177 

209 

24 38 51 96 

112 150 177 

230 

18 37 67 109 

127 152 179 

209 

7 17 37 73 117 

146 209 228 

12 R 26 49 67 85 

108 125 145 

163 180 202 

223 240 

9 27 45 61 95 

111 127 143 

165 186 220 

240 

4 34 63 85 103 

111 115 147 

167 184 214 

240 

3 11 41 88 99 

118 131 145 

176 194 226 

241 

10 28 47 60 88 

115 135 153 

170 189 220 

240 

7 21 28 58 88 

113 127 143 

165 184 223 

254 

9 26 36 59 69 

80 108 134 

157 193 234 

254 

29 41 67 85 

103 115 143 

157 170 196 

207 223 

9 31 45 56 74 

85 104 134 

153 168 205 

229 

G 6 24 36 51 76 

97 112 128 

156 180 209 

227 

10 28 52 71 99 

119 140 157 

178 196 210 

229 

10 26 36 52 66 

90 121 134 

152 194 220 

226 

15 24 61 73 

103 114 132 

141 165 177 

211 229 

10 32 50 61 77 

98 118 140 

156 183 206 

229 

6 21 39 52 74 

95 118 138 

158 182 201 

216 

48 52 61 83 

109 132 140 

145 192 221 

222 236 

10 25 51 71 

117 139 165 

181 195 213 

241 251 

16 28 48 77 98 

123 140 164 

188 208 224 

253 

B 21 39 61 79 97 

114 132 153 

176 198 221 

243 

3 22 39 56 71 

89 109 129 

150 171 195 

221 

1 21 44 69 90 

107 135 161 

187 227 239 

253 

1 6 27 72 88 

111 136 149 

177 208 221 

253 

7 22 39 69 88 

109 129 150 

171 195 216 

233 

20 40 70 89 

100 115 123 

136 147 164 

184 204 

3 53 65 79 105 

131 143 155 

170 184 195 

207 

7 41 69 85 118 

141 172 192 

201 212 230 

243 

3 44 62 90 115 

124 144 161 

167 176 212 

237 

TI9 4 R 35 90 147 199 34 83 150 199 37 108 152 

199 

61 111 156 

194 

34 83 150 199 34 83 151 199 38 79 122 186 35 83 151 199 39 87 151 199 

G 21 68 119 187 21 69 118 189 14 72 143 195 16 65 115 186 16 69 118 189 14 67 121 189 10 39 50 176 16 69 115 168 21 69 122 186 

( continued on next page ) 
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Table A1 ( continued ) 

B 5 80 126 172 5 80 130 173 64 116 160 

200 

5 75 121 171 5 80 128 171 5 75 124 171 100 121 180 

188 

5 66 112 173 5 91 133 179 

8 R 31 60 85 111 

143 173 200 

229 

1 34 69 104 

137 165 195 

228 

35 57 91 120 

142 175 193 

229 

16 49 80 108 

141 182 201 

228 

29 56 83 111 

143 171 199 

228 

6 34 66 100 

129 159 195 

226 

34 78 112 127 

140 176 192 

222 

1 26 61 101 

127 155 189 

222 

2 32 69 94 116 

149 186 221 

G 16 43 71 108 

131 159 192 

217 

16 42 69 109 

136 164 192 

221 

21 39 72 111 

167 175 204 

221 

14 55 71 113 

129 168 200 

221 

11 42 73 110 

136 164 194 

221 

16 48 68 110 

132 158 192 

222 

21 27 54 71 

115 176 215 

246 

20 41 70 105 

131 156 177 

208 

21 36 79 118 

150 176 193 

219 

B 5 26 56 81 105 

133 163 200 

1 48 74 100 

130 155 175 

200 

47 74 92 102 

118 146 203 

230 

1 32 55 97 133 

158 203 214 

1 49 78 103 

130 155 175 

200 

1 16 58 83 114 

137 168 200 

5 40 83 92 131 

170 188 201 

6 41 79 104 

129 153 168 

203 

5 45 68 108 

143 158 185 

199 

12 R 1 25 55 73 96 

113 137 156 

178 203 229 

254 

1 23 38 59 77 

96 114 135 

155 177 199 

229 

1 25 62 81 104 

120 142 154 

176 192 201 

229 

21 57 72 89 

112 123 154 

173 184 199 

211 231 

1 29 50 71 95 

116 140 160 

180 199 221 

237 

24 42 62 86 

107 121 130 

145 160 174 

192 218 

23 52 66 99 

114 129 156 

175 212 213 

223 231 

1 28 71 89 104 

134 146 154 

167 188 207 

229 

6 19 32 51 80 

107 120 131 

146 176 200 

231 

G 16 38 68 87 

102 119 139 

162 180 195 

210 223 

3 21 41 55 77 

100 118 137 

157 178 201 

222 

21 36 45 69 75 

109 114 135 

169 188 202 

222 

19 28 39 74 85 

122 132 154 

175 194 208 

221 

14 42 65 89 

112 138 159 

181 201 221 

242 254 

1 23 37 57 70 

101 117 149 

175 201 221 

254 

3 14 59 71 91 

98 116 139 

159 193 212 

222 

10 43 69 89 

100 120 129 

138 160 178 

199 216 

19 35 53 64 85 

114 127 141 

167 185 200 

219 

B 3 22 44 60 78 

96 114 132 

151 171 186 

200 

1 26 50 74 93 

112 129 149 

171 190 202 

230 

3 55 62 87 107 

122 142 171 

179 193 214 

230 

10 30 41 57 70 

83 101 117 

134 186 199 

230 

1 26 48 68 93 

114 135 159 

180 200 217 

230 

1 43 59 70 81 

103 122 142 

169 200 218 

230 

6 53 78 100 

110 112 126 

154 189 195 

197 227 

1 16 43 52 70 

94 113 130 

157 178 215 

229 

8 43 62 74 83 

98 125 150 

167 179 204 

215 

TI10 4 R 20 87 149 219 22 82 166 252 27 102 160 

199 

21 76 188 252 22 82 166 252 21 87 185 252 18 84 113 185 23 79 160 236 18 87 158 235 

G 90 140 187 

251 

71 159 231 

251 

94 140 186 

251 

89 159 198 

251 

89 159 231 

251 

66 99 159 251 52 103 181 

211 

64 147 207 

251 

96 151 229 

251 

B 6 91 142 205 8 91 161 247 59 140 186 

247 

8 92 133 168 8 91 161 247 8 90 164 247 89 129 163 

184 

8 87 136 199 88 152 212 

247 

8 R 20 56 86 111 

146 173 199 

236 

18 49 80 107 

160 195 236 

252 

43 81 115 147 

185 216 235 

252 

51 87 112 145 

172 190 226 

252 

16 49 80 107 

158 195 236 

252 

19 91 108 124 

154 190 234 

253 

21 32 77 113 

139 160 202 

226 

24 75 96 138 

171 208 239 

252 

15 63 80 120 

173 213 235 

252 

G 31 66 106 134 

155 181 206 

234 

30 59 93 132 

159 195 231 

251 

12 26 73 104 

140 154 211 

251 

47 99 122 141 

157 190 230 

251 

30 59 93 132 

159 191 231 

251 

30 63 93 140 

162 181 206 

232 

42 60 89 107 

149 166 198 

236 

69 80 111 139 

157 215 232 

251 

31 66 84 126 

141 163 186 

212 

B 6 27 75 110 

146 175 223 

247 

8 30 59 91 135 

170 225 247 

6 59 106 133 

162 182 226 

247 

15 55 84 107 

163 184 196 

247 

6 51 90 120 

147 182 225 

247 

1 59 80 101 

130 151 178 

216 

22 63 93 108 

164 195 213 

224 

4 36 87 107 

139 163 186 

226 

5 31 81 104 

128 159 200 

227 

12 R 16 32 49 66 84 

103 124 146 

172 208 237 

252 

1 23 49 69 88 

112 140 163 

184 210 237 

252 

14 50 82 112 

121 132 147 

166 183 221 

237 252 

15 41 52 66 96 

123 147 166 

184 201 221 

252 

1 16 42 70 93 

116 143 164 

185 210 237 

252 

30 42 67 76 

106 123 132 

153 188 213 

237 252 

5 49 68 84 96 

143 156 177 

183 188 216 

234 

23 34 53 62 75 

114 139 154 

167 206 233 

252 

33 44 70 87 

109 118 131 

161 181 205 

230 252 

G 30 51 66 93 

122 142 163 

177 198 218 

234 251 

7 12 30 54 66 

89 116 140 

159 181 206 

232 

19 44 59 66 77 

96 113 155 

180 219 236 

251 

3 27 77 109 

116 123 147 

180 211 217 

224 251 

7 31 54 71 89 

116 140 168 

189 214 235 

251 

27 60 88 98 

112 123 138 

150 168 180 

209 232 

7 25 55 79 106 

112 133 144 

160 188 230 

240 

28 52 71 88 

105 121 139 

159 171 205 

223 235 

28 55 84 112 

126 139 150 

172 186 202 

219 233 

B 8 30 59 75 95 

110 129 146 

161 185 213 

227 

5 26 51 70 90 

105 121 142 

161 182 204 

226 

8 33 44 59 76 

91 133 144 

176 207 226 

247 

1 31 55 75 85 

100 126 154 

160 172 206 

247 

1 26 51 66 85 

105 126 147 

168 199 226 

247 

1 16 34 51 70 

91 109 126 

149 170 206 

226 

10 47 73 96 

123 140 150 

167 182 219 

232 245 

8 27 59 81 99 

108 129 141 

178 199 219 

237 

4 34 40 56 93 

117 152 174 

198 228 244 

247 
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Table A2 

Mean gray level for each color component of the thresholded images obtained using the optimal threshold values. 

Test Images 𝑑 OEO EO HHO SFO WOA GWO PSO DE L-SHADE 

TI1 4 R 19 57 109 167 

249 

19 69 142 200 

249 

20 76 148 189 

249 

21 78 142 211 

249 

19 69 142 200 

249 

19 57 109 167 

249 

20 80 152 189 

223 

19 70 142 194 

249 

20 63 123 185 

249 

G 32 69 109 173 

254 

30 70 109 165 

254 

29 71 110 157 

254 

29 70 112 165 

254 

31 77 134 207 

254 

32 69 109 173 

254 

30 73 118 174 

242 

30 80 148 209 

254 

30 70 114 199 

255 

B 42 98 150 197 

252 

46 100 156 

220 252 

11 48 101 178 

244 

46 101 186 

223 251 

5 47 100 158 

244 

42 98 150 197 

252 

39 66 99 152 

236 

46 100 152 

206 248 

44 98 149 197 

251 

8 R 5 21 49 85 124 

162 197 226 

249 

6 21 50 85 122 

159 197 226 

249 

5 21 51 85 105 

128 164 200 

249 

5 21 53 84 109 

145 195 227 

249 

5 21 51 86 124 

159 195 227 

249 

3 13 24 60 98 

132 164 203 

249 

2 21 57 83 127 

163 184 208 

243 

19 46 78 108 

137 168 201 

221 246 

20 49 73 103 

130 158 187 

220 249 

G 14 37 68 97 

128 162 197 

230 254 

15 37 68 97 

128 162 195 

226 254 

18 62 94 128 

157 177 211 

239 255 

19 36 67 100 

139 177 213 

232 254 

5 31 67 94 126 

158 191 227 

255 

14 42 70 96 

117 146 193 

229 251 

3 18 40 59 72 

107 167 227 

254 

3 35 68 92 117 

157 199 226 

254 

22 43 70 96 

122 162 207 

237 255 

B 11 40 68 96 

115 147 186 

225 252 

6 39 66 96 116 

150 186 225 

252 

19 46 94 116 

146 174 203 

231 252 

5 32 51 71 101 

155 180 220 

252 

16 40 64 97 

118 147 175 

213 252 

5 35 61 98 126 

159 191 223 

251 

3 30 47 67 99 

130 156 184 

232 

5 36 59 94 115 

152 185 233 

251 

7 47 95 111 

150 183 205 

229 252 

12 R 5 21 48 71 90 

110 135 159 

181 202 222 

236 249 

4 21 51 76 99 

121 139 163 

190 208 225 

238 249 

1 13 23 38 59 

78 106 141 

166 190 211 

226 248 

5 13 22 50 78 

106 131 139 

156 174 194 

226 249 

6 21 45 63 81 

102 126 150 

172 195 216 

236 249 

6 20 27 48 78 

98 117 138 

156 171 188 

209 243 

19 30 42 55 75 

97 109 121 

155 207 216 

232 249 

11 24 46 59 77 

94 115 143 

158 172 199 

228 247 

5 21 54 78 98 

116 130 147 

167 188 212 

234 249 

G 1 16 37 59 72 

95 118 138 

159 178 203 

230 254 

4 19 43 67 81 

99 119 137 

156 177 212 

237 255 

5 28 45 67 86 

108 139 162 

177 195 211 

240 255 

18 33 48 71 

102 128 150 

164 176 193 

220 243 254 

3 17 34 52 70 

96 121 140 

162 183 209 

236 255 

8 21 33 55 72 

96 119 140 

161 178 199 

225 255 

16 33 67 88 

102 120 140 

158 166 176 

199 244 255 

3 13 31 67 87 

101 122 139 

157 183 205 

224 251 

17 39 60 74 

100 125 138 

149 167 194 

217 240 255 

B 5 21 40 59 74 

97 115 142 

163 187 211 

231 252 

6 21 39 55 71 

96 115 139 

157 180 205 

233 251 

8 29 44 65 98 

120 129 140 

162 198 209 

228 251 

7 27 43 56 68 

93 108 130 

143 157 177 

211 252 

5 15 27 42 58 

74 96 115 147 

177 205 229 

252 

25 42 55 73 99 

122 133 153 

178 191 209 

230 251 

2 21 39 60 83 

99 116 132 

178 199 211 

229 252 

6 20 32 43 65 

98 119 137 

156 179 197 

213 244 

12 32 48 68 95 

112 151 172 

193 202 211 

228 251 

TI2 4 R 20 62 120 183 

236 

20 62 120 183 

236 

21 62 114 183 

236 

21 62 116 181 

236 

20 63 122 187 

236 

20 63 122 187 

236 

20 51 95 153 

201 

20 59 116 181 

237 

20 70 129 186 

239 

G 36 87 141 185 

243 

36 87 141 185 

243 

36 84 131 177 

243 

38 91 142 187 

243 

36 87 142 187 

243 

36 87 142 187 

243 

35 64 112 175 

224 

36 83 131 174 

230 

35 77 127 174 

239 

B 26 57 92 126 

188 

26 57 92 126 

188 

53 92 125 172 

220 

1 54 92 127 

203 

52 93 129 179 

218 

52 93 129 179 

218 

52 93 129 216 

244 

52 93 128 185 

233 

52 93 128 178 

227 

8 R 10 23 51 80 

109 139 168 

196 234 

11 23 50 82 

117 155 191 

224 252 

10 23 59 85 

107 137 171 

199 248 

21 63 91 120 

153 187 220 

236 253 

11 23 50 82 

117 155 191 

224 252 

1 10 22 50 89 

133 182 219 

252 

11 23 73 116 

133 157 190 

241 255 

20 47 78 108 

136 164 193 

224 252 

20 44 73 105 

137 169 192 

216 248 

G 34 56 78 96 

123 152 180 

209 245 

34 57 82 106 

133 162 189 

218 245 

35 58 76 98 

133 174 206 

223 243 

34 55 84 115 

142 161 182 

217 243 

21 35 63 95 

129 161 187 

218 245 

20 34 57 79 

105 141 177 

210 248 

34 57 88 116 

129 150 179 

202 254 

21 35 67 101 

135 163 190 

219 243 

34 62 95 127 

153 170 189 

221 249 

( continued on next page ) 
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Table A2 ( continued ) 

B 6 32 60 92 125 

161 193 217 

245 

1 27 58 92 125 

163 194 224 

254 

2 9 51 87 100 

126 184 212 

252 

37 58 70 87 

101 127 165 

210 249 

1 24 45 66 92 

126 180 217 

249 

29 58 90 110 

132 158 186 

211 238 

7 54 91 117 

137 161 187 

226 252 

1 27 57 92 121 

141 180 216 

249 

5 40 65 93 127 

167 199 228 

255 

12 R 1 10 22 49 77 

103 126 148 

171 194 217 

241 255 

10 22 50 79 

104 121 138 

159 178 196 

215 236 253 

12 23 43 52 64 

85 112 142 

167 193 224 

241 255 

12 23 44 58 74 

87 101 115 

142 185 208 

234 252 

11 23 40 59 78 

99 121 142 

164 186 206 

232 253 

20 36 62 90 

113 135 147 

163 178 186 

203 237 254 

3 15 26 72 96 

116 142 164 

186 208 225 

247 255 

1 11 23 43 72 

97 120 151 

173 191 204 

221 255 

1 12 23 63 96 

113 134 153 

172 192 207 

222 246 

G 5 21 34 52 70 

90 109 132 

153 174 196 

220 243 

2 20 35 61 83 

101 121 139 

160 182 202 

225 247 

22 32 40 57 80 

110 141 156 

180 203 216 

230 249 

7 13 22 34 49 

70 97 112 132 

163 196 217 

249 

1 21 34 56 78 

98 119 138 

159 177 196 

222 248 

3 14 35 60 84 

102 118 137 

155 173 192 

213 239 

19 34 52 66 74 

90 113 130 

150 176 185 

197 230 

1 21 33 51 84 

105 127 145 

162 182 206 

240 253 

20 33 50 75 93 

108 132 157 

179 204 217 

230 252 

B 3 18 36 60 88 

100 117 134 

161 187 212 

235 255 

1 15 42 66 89 

105 124 140 

165 191 222 

243 255 

13 32 53 71 90 

104 117 131 

149 190 216 

232 249 

6 22 34 45 57 

88 111 131 

146 177 212 

236 255 

1 15 37 61 88 

102 128 161 

186 209 228 

246 255 

1 15 45 67 84 

92 104 117 

133 163 191 

218 244 

1 15 47 67 86 

100 118 133 

173 222 237 

251 255 

3 19 42 65 91 

116 136 159 

180 198 215 

231 252 

5 30 58 88 105 

131 155 169 

187 213 228 

237 255 

TI3 4 R 28 75 130 187 

240 

25 70 127 185 

239 

28 74 127 185 

239 

25 81 148 193 

239 

25 70 127 185 

239 

24 69 128 185 

239 

30 81 133 193 

244 

25 70 128 184 

239 

26 74 133 187 

239 

G 43 95 145 197 

245 

40 90 140 195 

245 

41 96 143 194 

245 

46 103 146 

190 243 

40 90 140 195 

245 

40 90 140 195 

245 

52 98 140 199 

246 

40 89 139 195 

245 

39 88 138 193 

245 

B 45 87 145 197 

245 

43 84 143 198 

245 

46 88 139 188 

243 

42 80 134 194 

245 

43 83 137 194 

244 

45 84 140 196 

245 

73 129 175 

216 247 

43 83 138 195 

245 

41 81 141 196 

244 

8 R 20 45 75 104 

130 159 187 

217 245 

20 45 73 102 

130 159 187 

216 245 

24 50 73 102 

125 151 182 

214 245 

21 45 76 111 

140 168 193 

223 248 

19 44 73 103 

134 164 193 

225 248 

17 36 66 102 

136 166 195 

226 248 

2 28 56 72 94 

127 158 190 

238 

22 51 81 105 

133 166 193 

224 248 

18 40 79 117 

144 175 207 

231 249 

G 28 52 83 110 

137 165 194 

224 249 

30 54 83 113 

141 168 195 

225 249 

28 44 70 111 

144 164 190 

223 249 

42 79 98 117 

148 178 199 

223 248 

28 52 82 108 

135 162 191 

222 249 

30 53 81 108 

131 157 191 

227 250 

34 70 92 105 

136 168 195 

216 245 

30 64 102 130 

156 186 210 

227 249 

35 74 103 129 

154 179 203 

225 249 

B 38 62 86 111 

138 166 194 

223 249 

1 40 68 95 127 

157 188 221 

248 

19 40 64 91 

126 158 187 

222 249 

1 38 63 90 122 

155 190 222 

248 

37 60 85 109 

136 164 193 

222 248 

21 39 65 91 

119 151 185 

220 248 

42 85 124 140 

162 185 203 

228 251 

1 42 67 93 124 

156 191 228 

251 

41 72 98 125 

154 182 213 

233 251 

12 R 2 17 34 54 74 

91 109 130 

153 176 201 

227 248 

1 17 33 52 70 

88 109 132 

157 181 206 

232 250 

3 11 20 43 67 

80 100 133 

159 182 209 

230 248 

17 34 67 102 

121 144 166 

177 190 207 

218 228 247 

1 16 33 52 74 

97 118 139 

160 180 203 

228 248 

22 48 68 83 98 

111 123 137 

153 174 200 

226 247 

20 42 63 84 97 

108 132 152 

174 196 210 

219 242 

1 19 42 71 95 

111 127 145 

169 192 209 

226 247 

2 18 48 81 99 

116 131 144 

162 187 209 

227 247 

G 28 48 68 87 

108 127 144 

160 177 194 

212 233 251 

26 44 63 83 

103 122 140 

158 177 195 

214 233 251 

27 43 55 74 96 

109 123 152 

180 197 215 

233 251 

23 37 57 76 89 

103 125 145 

169 195 214 

234 251 

25 40 59 79 98 

117 136 153 

172 192 213 

233 251 

7 18 29 51 74 

95 114 132 

152 174 201 

228 250 

22 46 70 78 88 

111 135 157 

179 198 211 

219 245 

22 31 46 66 89 

105 120 144 

162 177 205 

233 251 

28 51 76 93 

107 126 148 

175 195 214 

232 242 253 

B 1 19 38 58 79 

98 120 142 

164 185 207 

230 250 

1 12 34 52 74 

96 118 142 

165 186 209 

232 251 

5 17 33 54 81 

106 131 151 

165 183 209 

232 250 

12 30 43 71 92 

104 126 153 

172 186 203 

232 252 

1 19 39 61 82 

102 124 143 

164 185 209 

232 251 

5 17 36 52 75 

101 126 153 

174 183 206 

225 247 

22 37 65 89 

107 119 136 

162 179 194 

220 236 250 

2 23 37 50 64 

86 113 139 

163 187 211 

237 253 

2 38 56 74 92 

116 139 162 

186 202 219 

235 251 

TI4 4 R 13 70 124 178 

251 

12 70 126 181 

251 

13 52 108 185 

251 

16 53 105 179 

251 

12 70 126 181 

251 

12 70 128 183 

251 

12 61 105 162 

209 

12 66 117 174 

251 

12 66 114 171 

251 

G 2 22 78 137 

180 

2 22 78 137 

180 

23 66 101 144 

184 

2 22 76 136 

180 

2 22 82 153 

227 

2 23 78 120 

164 

23 66 118 167 

232 

2 22 73 139 

185 

2 21 76 151 

224 

B 3 56 93 156 

212 

3 56 93 158 

212 

56 91 140 182 

212 

3 58 111 151 

212 

3 56 93 151 

212 

3 56 93 154 

212 

2 58 111 187 

223 

3 53 82 162 

212 

2 59 125 166 

213 

8 R 12 45 69 95 

124 154 185 

211 251 

12 48 75 104 

134 162 187 

213 251 

19 45 68 97 

121 140 171 

203 251 

1 13 48 75 111 

151 185 210 

251 

1 12 52 84 121 

154 185 213 

251 

2 13 33 53 85 

121 150 185 

251 

12 47 73 96 

114 138 175 

210 253 

1 12 50 77 102 

133 175 203 

251 

13 59 88 105 

125 149 180 

213 251 

( continued on next page ) 
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Table A2 ( continued ) 

G 2 23 53 73 100 

135 167 197 

230 

2 22 60 88 119 

148 176 203 

230 

2 21 60 89 121 

149 179 212 

230 

2 23 58 84 105 

127 158 191 

231 

2 22 62 94 125 

153 179 203 

230 

2 22 53 74 100 

133 164 195 

229 

3 34 72 95 110 

132 166 201 

220 

2 22 61 99 134 

156 175 199 

232 

2 22 65 96 130 

164 195 211 

232 

B 3 39 51 67 89 

116 146 179 

212 

3 53 77 102 

131 156 182 

207 224 

4 52 74 96 126 

150 188 226 

239 

4 53 81 121 

144 177 195 

213 239 

2 12 20 53 80 

112 147 183 

215 

2 17 50 68 93 

129 154 192 

222 

3 39 52 70 86 

106 175 199 

223 

4 50 71 101 

138 175 204 

221 234 

3 55 84 103 

129 155 172 

188 215 

12 R 1 5 13 45 68 

93 114 135 

156 177 196 

215 251 

1 13 45 73 100 

118 133 148 

168 191 214 

229 251 

1 13 40 57 74 

102 127 138 

160 185 199 

212 251 

1 5 13 29 49 

66 91 118 138 

167 188 204 

255 

12 37 55 77 

100 123 145 

163 181 198 

215 232 251 

1 12 33 55 75 

89 102 123 

150 179 205 

231 251 

12 19 40 59 78 

96 111 122 

128 151 180 

195 216 

1 12 47 73 94 

106 116 130 

151 178 199 

215 251 

1 12 36 49 68 

90 108 128 

158 182 194 

213 250 

G 2 11 22 51 71 

93 113 133 

153 173 192 

212 232 

2 22 46 70 94 

119 140 155 

169 182 195 

210 232 

2 13 20 64 101 

120 130 153 

181 198 207 

228 245 

2 24 52 68 87 

109 123 127 

141 161 180 

202 232 

1 3 21 39 56 

75 97 121 150 

178 204 230 

245 

2 21 34 48 61 

76 90 104 124 

146 166 189 

227 

1 29 53 64 81 

97 117 136 

158 174 188 

233 241 

1 21 44 66 83 

110 139 156 

169 185 202 

218 245 

1 22 64 98 120 

130 144 158 

171 186 203 

218 232 

B 2 39 52 69 89 

110 128 144 

159 179 201 

223 239 

2 31 43 56 76 

98 114 131 

148 167 190 

215 239 

1 4 40 57 89 

113 141 154 

162 181 211 

232 239 

2 45 58 74 80 

91 111 133 

156 179 205 

231 239 

1 5 37 53 72 

89 108 131 

155 180 207 

223 239 

1 49 62 71 83 

98 117 144 

158 175 196 

220 239 

50 69 89 101 

122 129 140 

150 160 171 

176 183 206 

3 19 33 49 61 

74 88 104 123 

148 177 200 

222 

2 37 48 61 84 

110 123 143 

160 180 200 

218 

TI5 4 R 26 61 101 148 

193 

24 58 97 146 

193 

24 63 107 154 

199 

24 59 100 149 

193 

24 58 97 146 

193 

24 59 101 148 

193 

21 56 96 138 

190 

24 58 97 143 

190 

25 61 103 158 

199 

G 42 95 156 203 

246 

3 42 97 185 

245 

42 80 135 196 

245 

2 44 105 174 

239 

3 42 97 185 

245 

3 42 97 175 

241 

45 89 151 200 

244 

2 42 102 178 

241 

3 45 106 178 

241 

B 2 88 148 202 

251 

4 81 135 205 

251 

1 80 137 207 

251 

5 80 132 205 

252 

5 81 135 205 

251 

3 81 135 205 

251 

8 88 149 209 

252 

5 82 133 194 

249 

4 77 125 196 

250 

8 R 20 41 64 90 

112 135 155 

181 207 

19 40 64 90 

112 136 160 

184 206 

24 50 71 93 

112 137 167 

191 209 

1 19 40 64 91 

117 144 174 

205 

19 43 69 96 

124 154 182 

205 232 

24 49 64 80 97 

121 152 171 

198 

1 28 55 71 98 

141 175 197 

213 

21 40 60 80 99 

127 158 178 

202 

24 51 76 103 

128 154 171 

193 212 

G 3 40 66 96 127 

157 188 219 

247 

2 40 68 97 129 

159 187 218 

247 

4 41 73 102 

137 168 185 

210 246 

40 59 83 104 

138 167 193 

222 247 

3 40 65 94 125 

157 187 218 

247 

3 43 77 105 

135 161 189 

220 247 

2 40 70 98 133 

168 203 229 

247 

3 41 80 121 

144 161 184 

209 244 

3 39 66 99 126 

149 175 204 

243 

B 3 70 93 122 

149 174 203 

231 254 

3 70 94 122 

148 173 203 

231 254 

1 7 75 104 141 

176 197 226 

253 

5 44 77 110 

141 171 197 

226 253 

4 70 94 122 

148 173 203 

232 254 

3 42 62 82 115 

150 191 227 

253 

1 69 84 103 

145 182 196 

208 248 

1 63 84 123 

152 175 198 

229 254 

4 70 88 112 

145 181 211 

233 254 

12 R 1 21 41 60 79 

103 131 151 

168 184 199 

213 232 

1 19 34 53 70 

86 102 119 

137 156 175 

194 211 

19 37 55 78 

103 115 134 

157 173 184 

202 223 232 

19 31 41 48 57 

78 108 133 

151 166 179 

199 232 

19 34 51 64 77 

93 114 140 

162 181 198 

212 232 

18 29 48 69 86 

101 116 132 

152 172 197 

216 232 

5 19 35 51 69 

92 106 134 

170 188 203 

221 231 

21 44 62 76 96 

120 137 153 

171 189 205 

218 231 

19 31 43 58 72 

89 114 148 

168 183 202 

221 231 

G 2 29 40 62 85 

104 122 141 

161 181 200 

220 246 

2 27 39 58 79 

100 125 150 

174 198 221 

246 255 

39 51 63 76 96 

115 128 154 

175 193 218 

235 248 

3 42 67 86 103 

120 142 165 

182 194 214 

234 248 

2 39 54 73 94 

116 139 162 

181 200 218 

234 248 

39 51 68 88 

107 124 138 

154 173 192 

212 231 248 

4 27 41 58 64 

79 100 130 

166 195 215 

227 247 

5 39 51 72 98 

121 136 158 

179 194 211 

230 248 

4 39 49 80 107 

122 141 162 

183 199 210 

224 247 

B 1 20 67 83 101 

119 136 151 

169 191 213 

235 254 

1 22 62 73 88 

106 127 147 

168 191 213 

235 254 

11 61 77 92 

101 116 136 

150 164 189 

207 231 254 

11 48 74 97 

109 120 130 

146 174 195 

211 226 251 

1 10 44 62 76 

96 122 147 

168 191 212 

234 254 

4 39 71 89 103 

121 138 151 

168 189 208 

228 253 

2 47 53 59 72 

81 95 132 161 

182 205 231 

254 

3 66 76 85 99 

115 133 151 

167 181 201 

225 253 

2 16 63 75 88 

100 115 135 

161 196 221 

243 255 

TI6 4 R 23 88 127 167 

234 

23 88 127 167 

240 

15 93 134 169 

237 

23 89 132 174 

240 

23 94 139 176 

240 

23 88 130 171 

240 

22 73 105 152 

211 

25 88 129 169 

234 

25 86 125 166 

243 
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Table A2 ( continued ) 

G 43 95 130 180 

226 

51 96 131 183 

226 

43 101 138 

188 224 

49 98 134 185 

238 

51 95 128 170 

226 

49 95 130 180 

226 

103 138 164 

195 228 

52 95 130 181 

228 

43 100 137 

189 228 

B 96 121 161 

205 240 

96 121 161 

205 240 

97 124 167 

205 240 

102 149 180 

211 237 

94 119 162 

205 240 

97 125 160 

207 240 

95 116 138 

191 231 

96 121 164 

207 240 

94 119 164 

204 237 

8 R 8 32 70 95 121 

146 172 207 

240 

8 33 67 93 122 

153 181 213 

244 

9 27 71 95 131 

171 201 226 

253 

9 58 79 97 123 

156 188 226 

244 

8 35 71 99 132 

164 195 231 

253 

20 53 86 119 

150 174 204 

233 255 

21 82 107 125 

140 164 213 

238 250 

8 35 75 98 126 

154 175 200 

241 

7 32 71 108 

141 163 193 

228 248 

G 24 49 80 101 

127 151 179 

215 247 

24 44 92 117 

142 170 199 

230 255 

30 46 92 118 

138 156 194 

234 255 

24 43 87 111 

141 196 221 

244 255 

24 43 76 99 

128 157 188 

224 255 

24 51 87 111 

136 156 181 

213 241 

41 58 96 127 

156 175 186 

212 238 

24 43 87 107 

128 151 180 

210 240 

43 89 111 129 

144 162 188 

226 254 

B 42 65 92 112 

135 158 188 

215 240 

42 69 95 119 

152 183 209 

231 251 

42 49 92 116 

151 168 190 

219 240 

69 97 118 132 

161 201 224 

240 251 

42 69 93 115 

141 170 200 

225 246 

46 82 97 116 

141 173 212 

243 255 

37 64 80 99 

124 161 198 

219 237 

48 71 98 125 

152 176 209 

238 255 

51 93 113 130 

144 159 184 

213 240 

12 R 12 28 45 64 80 

100 119 133 

149 168 193 

234 253 

2 11 33 59 77 

96 118 139 

160 182 211 

236 253 

6 19 63 84 105 

123 136 155 

176 192 209 

245 255 

2 18 51 82 103 

125 149 168 

185 200 222 

245 253 

2 19 43 69 91 

112 130 151 

173 196 220 

237 253 

11 33 50 65 80 

97 116 138 

160 182 208 

235 255 

11 28 40 59 73 

90 116 139 

147 156 172 

199 243 

1 11 32 53 68 

92 113 134 

154 174 210 

237 253 

3 15 34 48 64 

86 113 140 

160 178 195 

213 245 

G 24 36 49 77 89 

102 118 135 

156 183 214 

234 255 

24 36 53 72 87 

104 123 143 

164 186 210 

232 249 

24 44 58 84 99 

113 136 170 

196 217 228 

244 255 

40 56 89 110 

130 147 167 

190 201 215 

234 248 255 

24 43 57 80 98 

120 143 170 

188 204 220 

239 255 

24 36 51 73 86 

102 121 139 

158 181 208 

229 247 

36 55 66 78 96 

117 131 146 

179 194 221 

244 255 

24 43 75 91 

109 123 136 

153 170 188 

204 227 249 

37 46 63 93 

112 123 136 

151 166 186 

224 243 255 

B 51 63 77 87 99 

113 128 140 

156 177 200 

221 246 

46 69 86 98 

112 130 151 

170 190 207 

225 245 255 

42 69 80 91 

108 135 157 

168 196 222 

232 245 255 

46 67 83 93 

104 121 150 

161 178 192 

214 237 251 

51 67 81 97 

115 131 149 

164 181 199 

219 237 251 

42 56 74 88 

101 116 131 

150 177 206 

229 250 255 

70 77 89 99 

111 121 130 

149 172 203 

231 242 250 

42 53 67 78 93 

113 137 160 

178 196 215 

227 244 

42 53 89 103 

117 133 148 

163 175 187 

206 228 246 

TI7 4 R 7 35 90 154 

207 

21 79 134 179 

216 

21 108 177 

207 246 

4 32 90 147 

196 

21 77 130 177 

216 

21 89 160 209 

246 

3 31 80 131 

191 

21 82 138 181 

216 

22 79 133 180 

216 

G 14 57 106 159 

212 

14 57 106 159 

212 

56 101 153 

203 230 

15 55 102 158 

211 

14 57 102 154 

211 

14 58 107 157 

212 

59 107 140 

171 215 

14 58 105 157 

212 

13 57 103 154 

208 

B 42 85 141 203 

249 

41 82 138 203 

249 

42 83 135 204 

249 

3 43 95 180 

245 

41 84 143 206 

249 

41 84 143 206 

249 

39 82 152 207 

251 

42 83 135 204 

249 

42 84 141 204 

249 

8 R 7 33 65 93 122 

151 182 214 

246 

7 34 76 109 

139 166 191 

215 246 

12 39 70 98 

123 151 182 

212 246 

5 20 41 80 103 

125 169 217 

246 

5 31 76 113 

147 183 215 

242 254 

13 41 72 106 

133 154 181 

215 246 

7 33 88 140 

159 169 191 

220 245 

7 32 67 91 133 

180 210 244 

254 

5 31 81 120 

145 168 191 

214 247 

G 11 37 57 83 

114 142 169 

203 230 

12 41 62 89 

117 146 172 

204 230 

8 24 59 96 122 

156 186 209 

231 

7 32 56 100 

148 169 190 

212 234 

14 55 89 120 

150 179 208 

230 250 

7 33 56 83 115 

145 172 204 

230 

17 35 45 63 91 

113 160 211 

229 

13 34 55 80 

104 134 168 

202 229 

10 35 59 92 

118 142 165 

196 227 

B 6 37 59 86 117 

150 184 222 

252 

6 41 75 105 

133 167 200 

229 252 

41 77 108 126 

145 176 204 

227 252 

5 32 48 72 97 

144 205 230 

251 

4 41 75 105 

136 168 200 

228 252 

4 17 41 74 99 

131 170 203 

248 

12 31 50 84 

114 164 199 

214 249 

4 42 77 103 

124 145 170 

213 250 

5 38 60 83 109 

132 166 215 

250 

12 R 7 31 56 74 91 

110 128 145 

164 184 203 

219 246 

3 12 25 41 61 

82 103 124 

145 167 191 

215 246 

6 23 37 49 72 

95 124 151 

171 190 207 

220 246 

6 19 33 60 88 

113 137 157 

171 190 218 

247 254 

4 23 48 75 98 

118 139 161 

182 203 220 

242 254 

2 17 35 53 74 

89 109 131 

146 170 205 

244 254 

2 11 33 64 75 

100 136 155 

169 187 213 

237 252 

4 24 45 68 90 

119 146 159 

181 204 216 

230 255 

4 23 43 66 96 

126 146 162 

174 189 204 

220 245 

G 6 23 44 61 80 

101 124 146 

166 188 212 

233 250 

7 22 42 57 74 

93 113 132 

150 169 190 

211 231 

1 7 19 45 67 

91 118 146 

160 178 207 

231 250 

14 32 51 69 89 

120 146 166 

195 211 226 

238 250 

1 15 40 60 86 

110 135 156 

175 195 214 

233 250 

1 8 20 34 51 

69 89 115 149 

184 211 233 

250 

6 41 51 53 59 

65 107 169 

196 220 231 

239 247 

7 18 29 54 77 

98 124 142 

158 179 202 

223 239 

6 22 43 61 84 

107 124 145 

176 206 221 

233 252 

B 5 24 38 54 73 

92 112 133 

158 181 204 

230 252 

3 16 41 69 91 

111 131 151 

171 193 213 

233 252 

2 20 38 63 90 

106 120 142 

170 182 203 

229 252 

4 18 38 56 82 

111 130 157 

189 205 224 

241 253 

1 11 36 53 79 

105 128 149 

172 193 213 

233 252 

2 11 33 49 75 

98 126 151 

173 193 213 

232 252 

4 31 54 93 107 

121 137 148 

162 176 196 

233 254 

2 9 32 44 65 

91 107 121 

142 171 203 

229 251 

2 13 27 43 72 

99 118 130 

156 192 211 

229 251 
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Table A2 ( continued ) 

TI8 4 R 5 69 112 160 

203 

3 43 78 120 

200 

3 57 113 159 

202 

3 42 82 152 

203 

3 43 78 120 

200 

3 42 77 121 

201 

3 43 86 132 

201 

3 42 75 115 

201 

3 42 95 157 

202 

G 17 75 137 180 

230 

3 37 78 174 

238 

3 39 74 128 

180 

4 40 78 142 

180 

3 37 75 122 

177 

3 37 75 132 

180 

3 37 78 141 

180 

3 38 75 121 

177 

2 36 75 123 

178 

B 42 97 137 176 

209 

41 96 137 185 

230 

32 101 138 

169 228 

32 96 132 161 

207 

41 96 137 185 

230 

34 95 138 185 

230 

41 97 138 185 

230 

32 93 137 185 

232 

42 96 137 184 

231 

8 R 3 36 76 103 

131 164 184 

203 230 

3 42 75 102 

127 152 177 

203 233 

2 17 43 86 131 

157 200 227 

247 

2 24 50 79 102 

119 172 203 

233 

2 17 43 75 102 

130 169 202 

234 

2 17 37 67 102 

130 167 202 

232 

2 20 37 52 97 

152 174 191 

207 

2 20 44 73 98 

118 163 202 

233 

2 20 44 77 119 

172 196 209 

233 

G 5 42 74 105 

139 170 189 

209 236 

3 39 64 84 124 

152 178 209 

238 

6 43 63 82 117 

166 187 206 

238 

3 37 76 111 

124 136 163 

184 212 

3 38 75 122 

152 178 209 

235 251 

5 41 64 82 105 

140 172 194 

238 

3 20 42 54 75 

130 167 188 

238 

2 35 67 88 125 

155 179 206 

237 

5 42 66 88 127 

151 176 203 

242 

B 4 35 79 100 

127 151 177 

201 233 

1 17 33 55 96 

130 159 193 

230 

32 55 103 136 

150 161 176 

198 230 

18 41 83 100 

125 151 184 

208 235 

4 32 54 96 130 

160 193 230 

255 

4 32 49 95 122 

140 160 189 

225 

19 33 46 86 

103 132 161 

192 239 

15 32 53 96 

120 139 163 

191 225 

4 15 32 56 99 

132 163 218 

237 

12 R 3 38 57 76 97 

117 135 156 

174 195 209 

230 246 

2 17 37 53 78 

104 119 135 

156 179 202 

227 246 

1 14 47 75 94 

108 113 131 

159 178 201 

222 246 

1 6 24 65 94 

109 125 138 

165 188 205 

232 246 

2 18 38 53 75 

102 125 145 

163 182 203 

227 246 

2 13 25 43 74 

101 120 135 

156 177 202 

231 255 

2 16 32 47 65 

75 94 121 147 

184 205 240 

255 

4 36 53 76 94 

109 129 151 

165 189 202 

213 232 

2 18 38 51 67 

79 95 119 145 

162 196 212 

237 

G 2 16 31 44 67 

85 105 122 

145 171 190 

216 237 

3 20 42 64 83 

109 131 150 

170 186 202 

217 238 

3 19 32 44 62 

78 103 128 

145 175 203 

223 236 

3 20 53 67 84 

109 125 137 

156 172 188 

218 238 

3 22 43 59 69 

85 108 131 

150 172 192 

214 238 

2 14 32 45 66 

83 106 130 

150 172 190 

207 227 

18 50 59 73 92 

122 136 143 

173 201 222 

228 243 

3 19 41 64 86 

130 156 174 

188 202 222 

245 253 

3 22 41 67 85 

110 132 155 

176 196 215 

234 255 

B 17 33 51 73 90 

105 124 142 

162 186 207 

231 248 

2 18 33 49 64 

83 100 121 

139 159 181 

205 233 

1 17 33 57 83 

100 124 146 

171 200 233 

244 255 

1 4 23 44 83 

100 126 142 

160 189 214 

233 255 

4 18 33 55 82 

100 121 139 

159 181 203 

225 240 

16 33 56 83 96 

107 120 130 

142 155 173 

193 221 

2 36 59 75 95 

120 137 149 

162 177 189 

201 224 

4 33 56 81 102 

131 153 181 

197 206 221 

236 248 

2 33 54 82 102 

120 134 152 

164 172 189 

224 243 

TI9 4 R 19 66 123 171 

221 

18 60 123 173 

221 

19 84 131 174 

221 

26 94 133 174 

219 

18 60 123 173 

221 

18 60 123 174 

221 

19 60 106 150 

215 

19 61 123 174 

221 

20 66 124 174 

221 

G 5 44 99 163 

208 

5 45 99 164 

209 

4 46 120 173 

213 

4 43 96 161 

207 

4 45 99 164 

209 

4 44 100 164 

209 

3 34 45 145 

201 

4 45 97 149 

197 

5 45 102 163 

207 

B 2 60 100 147 

190 

2 60 102 150 

191 

52 87 137 178 

207 

2 58 95 144 

189 

2 60 101 148 

189 

2 58 96 146 

189 

69 110 147 

185 200 

2 53 87 139 

191 

2 66 110 153 

194 

8 R 18 45 74 101 

128 158 186 

214 239 

1 18 52 91 123 

150 180 212 

238 

19 46 77 108 

131 158 184 

211 239 

13 28 66 97 

126 160 192 

214 238 

17 42 71 100 

128 157 185 

214 238 

4 18 50 87 117 

143 176 211 

237 

18 57 99 120 

134 157 184 

208 235 

1 16 43 86 116 

140 172 206 

235 

1 18 50 84 107 

133 167 205 

234 

G 4 35 57 93 122 

147 177 204 

227 

4 35 55 93 125 

152 179 205 

230 

5 34 55 95 147 

172 190 212 

230 

4 39 63 96 122 

152 185 210 

230 

4 35 57 95 126 

152 180 206 

230 

4 37 58 94 123 

147 177 205 

230 

5 26 39 63 97 

155 194 225 

250 

5 34 55 91 120 

146 168 192 

221 

5 33 57 102 

138 165 185 

205 229 

B 2 23 47 69 92 

119 148 180 

207 

1 41 62 87 114 

143 165 187 

207 

41 62 83 97 

110 132 169 

208 234 

1 29 47 75 114 

146 178 208 

219 

1 42 65 90 116 

143 165 187 

207 

1 13 48 71 97 

125 151 183 

207 

2 35 64 88 110 

149 180 194 

208 

2 36 62 91 116 

141 160 184 

209 

2 39 58 86 125 

151 171 192 

207 
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Table A2 ( continued ) 

12 R 1 16 39 65 87 

106 126 146 

167 191 216 

238 255 

1 16 30 49 69 

88 106 125 

145 166 188 

214 239 

1 16 42 73 95 

113 131 148 

165 184 197 

215 239 

15 37 65 82 

103 118 138 

164 179 192 

206 221 240 

1 17 39 61 85 

107 129 150 

170 190 211 

229 244 

16 32 52 76 99 

115 126 138 

153 167 183 

206 233 

16 36 59 87 

108 122 142 

166 194 213 

218 227 240 

1 17 49 82 98 

121 140 150 

161 178 198 

218 239 

4 14 25 42 67 

97 114 126 

139 161 188 

215 240 

G 4 34 53 79 95 

111 131 152 

172 188 203 

216 231 

1 9 34 49 66 

91 110 129 

148 169 190 

211 230 

5 33 41 57 73 

95 112 127 

155 179 195 

211 230 

4 27 34 56 80 

106 128 145 

166 185 201 

214 230 

4 35 54 79 102 

128 150 171 

191 210 229 

245 255 

1 8 33 47 64 

89 110 137 

164 188 210 

229 255 

1 7 41 65 83 

95 108 130 

150 177 202 

217 230 

3 35 56 81 95 

111 125 134 

151 170 189 

207 227 

4 33 44 59 76 

101 122 135 

156 177 193 

209 229 

B 1 19 39 53 69 

87 105 123 

142 160 179 

193 207 

1 23 43 63 84 

103 121 139 

159 181 196 

208 234 

1 46 59 75 97 

115 132 155 

175 186 203 

218 234 

4 27 37 50 64 

77 92 109 126 

157 192 207 

234 

1 23 42 59 80 

103 124 147 

169 189 207 

221 234 

1 38 52 65 76 

92 113 132 

154 183 207 

222 234 

2 45 66 89 105 

111 119 140 

171 192 196 

205 231 

1 13 38 48 62 

82 104 122 

144 167 193 

219 233 

3 38 54 68 79 

90 111 138 

158 173 190 

208 220 

TI10 4 R 6 61 124 189 

237 

7 58 128 218 

254 

7 75 131 181 

229 

7 54 134 225 

254 

7 58 128 218 

254 

7 61 135 224 

254 

6 58 101 141 

225 

7 56 126 206 

244 

6 60 127 204 

244 

G 61 118 163 

222 253 

52 118 202 

240 253 

63 119 163 

222 253 

60 123 181 

226 253 

60 123 202 

240 253 

51 84 125 214 

253 

46 79 133 199 

232 

50 113 181 

229 253 

64 123 198 

240 252 

B 2 73 111 180 

225 

3 73 117 209 

249 

51 95 165 216 

249 

3 74 110 151 

211 

3 73 117 209 

249 

3 73 117 210 

249 

72 107 146 

175 216 

3 71 108 173 

222 

72 112 188 

228 249 

8 R 6 40 73 101 

129 158 187 

219 244 

6 35 66 96 132 

179 218 244 

254 

9 65 102 131 

165 203 226 

244 254 

10 71 102 129 

157 181 211 

240 254 

6 34 66 96 132 

178 218 244 

254 

6 63 101 118 

137 173 215 

244 255 

7 27 58 99 127 

149 183 215 

240 

7 54 87 122 

152 192 224 

245 254 

6 42 72 106 

140 196 224 

244 254 

G 25 51 89 121 

143 170 196 

220 242 

24 49 77 116 

143 179 215 

240 253 

10 22 53 90 

122 147 188 

231 253 

43 72 113 130 

149 175 212 

240 253 

24 49 77 116 

143 177 213 

240 253 

24 50 79 119 

150 173 196 

220 241 

38 50 76 100 

125 157 184 

218 242 

51 75 99 124 

147 192 224 

241 253 

25 51 76 111 

133 151 176 

201 232 

B 2 22 65 93 124 

161 202 233 

249 

3 25 51 76 110 

153 202 234 

249 

2 51 83 118 

148 173 206 

234 249 

9 47 72 96 128 

175 191 220 

249 

2 44 74 105 

131 166 206 

234 249 

1 51 71 91 114 

140 165 200 

230 

17 55 78 101 

129 182 205 

219 234 

2 31 72 98 120 

152 176 207 

234 

2 26 68 93 115 

144 184 214 

235 

12 R 6 24 42 58 76 

95 116 134 

158 192 223 

244 254 

1 7 38 60 80 

102 127 150 

175 199 224 

244 254 

6 33 68 100 

117 127 139 

156 176 206 

229 244 254 

6 28 47 60 83 

113 134 156 

176 194 212 

238 254 

1 6 30 58 83 

107 130 153 

176 200 224 

244 254 

7 37 56 72 94 

116 128 141 

171 203 225 

244 254 

3 15 60 77 91 

124 150 167 

181 186 204 

225 244 

7 29 45 58 69 

99 128 146 

160 189 221 

243 254 

7 39 59 79 100 

114 125 143 

172 195 219 

242 254 

G 24 46 58 81 

111 131 152 

171 188 209 

226 241 253 

6 11 25 47 60 

79 106 127 

149 172 196 

220 241 

16 40 51 63 72 

87 106 129 

169 203 228 

242 253 

2 22 55 96 113 

120 133 165 

198 215 221 

237 253 

6 25 47 62 81 

106 127 153 

179 203 225 

242 253 

22 49 75 94 

106 118 130 

144 159 175 

197 221 241 

6 21 47 67 94 

110 123 138 

152 175 212 

236 244 

23 46 61 80 98 

114 129 148 

166 190 215 

229 242 

23 47 70 101 

120 132 145 

161 179 195 

211 226 241 

B 3 25 51 69 85 

103 119 137 

155 175 201 

220 235 

2 21 44 64 80 

98 113 130 

153 173 194 

215 234 

3 28 40 54 69 

84 109 139 

161 194 217 

234 249 

1 26 48 68 81 

93 112 139 

158 167 192 

225 249 

1 21 44 61 76 

96 115 135 

158 186 213 

234 249 

1 11 29 45 64 

81 100 117 

136 160 191 

216 234 

4 41 65 85 109 

131 146 159 

176 203 226 

236 247 

3 22 51 71 91 

104 118 135 

161 190 210 

230 241 

2 29 38 50 76 

105 131 163 

188 213 235 

245 249 

28
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